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1 Introduction

Throughout this paper, R is a noetherian commutative (with non-zero iden-
tity) ring. It is well-known that the local cohomology theory of Grothendieck
is an important tool in commutative algebra and algebraic geometry. There
are some generalizations of this theory, one of them was introduced by Herzog
[10]. He defined the generalized local cohomology modules Hi(M, N) of M

This research is funded by Vietnam National Foundation for Science and Technology De-
velopment (NAFOSTED) under Grant No. 101.04-2018.304

Nguyen Thanh Nam

Faculty of Mathematics & Computer Science, University of Science, Vietnam National Uni-
versity Ho Chi Minh City, Vietnam

E-mail: hoanam8779Qgmail.com

Tran Tuan Nam

Department of Mathematics-Informatics, Ho Chi Minh University of Pedagogy, Ho Chi Minh
city, Vietnam

E-mail: namtuantran@gmail.com, namtt@hcmue.edu.vn

Nguyen Minh Tri
Department of Natural Science Education, Dong Nai University, Dong Nai, Viet Nam
E-mail: triminhng@gmail.com, nguyenminhtri@dnpu.edu.vn



2 Nguyen Thanh Nam et al.

and N with respect to I by
H}(M, N) = lim Ext(M/I" M, N).

In 2009, Takahashi, Yoshino and Yoshizawa introduced local cohomol-
ogy modules with respect to a pair of ideals (I,J) [17]. For an R-module
M, the (I, J)-torsion submodule of M is I ;(M) = {z € M | I"z C
Jx for some positive integer n}. They denoted by H} ; the i-th right derived
functor of the functor I'7 ;. It is clear that when J = 0, the functor Hj
coincides with the usual local cohomology functor H?.

In [14], for two R-modules M and N, we defined It j(M,N) to be the
(I, J)-torsion submodule of Hompg (M, N). For each R-module M, there is a
covariant functor Iy ;(M,—) from the category of R-modules to itself. The
i-th generalized local cohomology functor H} ;(M,—) with respect to a pair
of ideals (I,J) is the i-th right derived functor of the functor Iy ;(M,—).
This definition is really a generalization of the local cohomology functor H } g
On the other hand, H} ;7(M,N) is also an extension of the generalized local
cohomology module Hi(M, N). Also in [14], we study some basic properties
of H}VJ(M, N).

The organization of the paper is as follows. In Section 2, we study the
minimax properties of H}‘J(M, N). Tt should be mentioned that the minimax
modules were introduced by H. Zéschinger [19]. Let M be a finitely generated
R-module. The first result is Theorem 1 which says that if N and Hj ;(N) are
minimax for all ¢ < ¢, then so is Homg(R/a, H} ;(M,N)) for all a € W(I,J).

In Section 3 we proceed with the study of the artinianness of Hy ;(M, N).
In Proposition 1, if N is a minimax module, then Hf';d(M7 N) is an ar-
tinian module, where p = pdM and d = dim N. Theorem 2 gives us the iso-
morphism H} ;(M,N) = H} ;(M,N) provided Suppg(Hj ;(M,N)) C {m}.
In the case (R,m) is a local ring and N is a minimax module such that
Suppr(H} ;(M,N)) € {m} we prove that Hj ;(M,N) is artinian. One of
our main results is Theorem 3 which says that in a local ring (R, m), the mod-
ule H}"J(M, N) is artinian for all i < ¢ if and only if H:(M, N) is artinian for
all i <t and a € W(I,J).

The last section is devoted to the study of top generalized local cohomology
modules. One of the basic problems concerning local cohomology is to find the
set of attached prime ideals of local cohomology modules of finitely generated
R-modules. Let (R, m) be a local ring and M, N finitely generated R-modules
with pdM = p < oo,dim N = d < oco. Theorem 4 gives us the set of at-
tached prime ideals of top generalized local cohomology module H f:r,d(M ,N)
as follows

Att(HY S (M, N)) = {p € Assp(N/JN) | cd(I, M, R/p) = p + d}.

Finally, Proposition 3 shows that if I 4+ J is m-primary and dim N = d > 0,
then H?’Sd(M, N)=0or Hff,d(M, N) is not finitely generated.
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2 The minimax properties of H}ﬂ,(M, N)

Let I, J be two ideals of R. In [17] they denoted by W ([, J) = {p € Spec(R) |
I C p+J, for some n > 1} and W(I,J) = {a<R | I" C a+J, for some n >
1}.

For two R-modules M and N, in [14] we defined

I'1 j(M,N) = I'r j(Homg (M, N)).

In the special case M = R, I7 j(R,N) = It ;(N) the (I, J)-torsion sub-
module of N. For each R-module M, It ;(M,—) is a left exact covariant
functor from the category of R-modules to itself and the i-th right derived
functor of Iy j(M, —) is called the i-th generalized local cohomology functor
H} ;(M,—) with respect to a pair of ideals (I, .J).

Lemma 1 ([14, 2.2]) Let M be a finitely generated R-module and N an R-
module. Then

Iy,;(M,N) = Homg(M, I'1, s (N)).
Lemma 2 ([14, 2.6]) Let N be an (I, J)-torsion R-module. Then
Hj ;(M,N) = Extj(M, N)
for all i > 0.

We recall some facts about minimax modules. An R-module M is said to be
minimax if M has a finitely generated submodule L such that M/L is artinian
([19]). The class of minimax R-modules is a Serre subcategory. In particular,
let M be a finitely generated R-module and N a minimax R-module. Then
for any integer 4, the modules Tor®(M, N) and Ext% (M, N) are minimax.

Lemma 3 ([11, 2.1]) Let I be an ideal of the ring R and M a minimaz R-
module. Then M 1is I-torsion-free if and only if I contains a non-zerodivisor
on M.

The following theorem concerns with the minimaxness of Hli7 ;(N) and
H}, ;(M, N), note that the module N is not necessarily finitely generated.

Theorem 1 Let M be a finitely generated R-module and N an R-module. If
t is a non-negative integer such that H},(N) is minimaz for all i <t, then

(i) Extio(R/a, N) is minimaz for all i <t for all a € W(I,.J). }
(ii) We assume in addition that Ext'y(R/a, N) is minimax for alla € W (I, J),
then Homg(R/a, Hf ;(N)) is minimaz.
(ili) In the case N is minimaz, then Homg(R/a, H} ;(M,N)) is also minimaz
for alla e W(I,.J).
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Proof (i) We use induction on ¢. When ¢ = 0, it is nothing to prove.
Let t >0 and N = N/I7 ;(N), the exact sequence

0—I7;(N)—-N-—=N-=0
induces a long exact sequence
- BExt%(R/a, 7 5(N)) = Exth(R/a,N) — Extih(R/a,N)--- .

Since I7,7(N) is minimax, the proof of (i) is completed by showing that
Ext®(R/a, N) is minimax for all i < ¢. By virtue of [17, 1.13], H} ;(N) =
H} ;(N) for all i > 0 and I'7 ;(N) = 0.

Denote by E = E(N) the injective hull of N and L = E/N. Note that

ASSR(F]“](E)) = W(I, J) ﬁASSR(E) = VV(I7 J) ﬁASSR(N) = @, SO FLJ(E) =
0. The short exact sequence

0-N—-E—-L—0
induces the following isomorphisms
Hj ;(L) = H;(N) and Extz(R/a, L) = Exty{ ' (R/a, N)

for all 4 > 0. 4
It follows from the inductive hypothesis that Extp(12/a, L) is minimax for
all i < t — 1. Therefore Exty(R/a, N) is minimax for all ¢ < ¢ and the proof
of (i) is complete. B
(ii) The proof is by induction on ¢. When ¢ = 0, note that N is a-torsion-
free, so Homp(R/a, N) = 0. Applying the functor Homp(R/a, —) to the exact
sequence B
0—-1I71;(N) > N—-N=0
we conclude that Homg(R/a, I'7 ;(N)) = Homg(R/a, N) and then Homg(R/a, I'1 ;(N))
is minimax.
Assume that ¢ > 0. It follows from the proof of (i), we have
Homp(R/a, H; (L)) = Homg(R/a, Hf ;(N))
>~ Hompg(R/a, H}J(N)).
By the inductive hypothesis, Hompg(R/a, H}}l (L)) is minimax and then Homg(R/a, H} ;(N))
is mininax.
(iii) We use induction on t. When t = 0, we have H} ;(M, N) = Homp(M, I'1 ;(N)
by 1. Since I'1, 7(N) € N, Homg(M, I'1, ;(N)) is minimax and then Homg(R/a, HY ;(M, N))

is also minimax.
Let t > 0. The short exact sequence

0—TI7;(N)—-N-—=N-=0
induces a long exact sequence

wo = Hy (M, I1,5(N)) = Hj ;(M,N) = Hj ;(M,N) = -+ ()
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It follows from Lemma 2 that H} ;(M, I j(N)) = Ext'a (M, I'1_(N)) for all 4,
then Hj ;(M,I'7 7(N)) is minimax for all i. By virtue of the exact sequence (¥),
the proof will be finished if we prove that Homg(R/a, H} ;(M, N)) is minimax.
Since N is (I,.J)-torsion-free, it is also a-torsion-free for all a € W(I,.J).
By Lemma 3 there exists an N-regular element = € a. Now the short exact
sequence

0+N3N-N/zN -0

gives rise a long exact sequence
o HHMN) S BN (MON/aN) S B (MN) S H] (MUN) -

Since Hj ;(N) = Hj ;(N) for alli > 0, it follows from [15, 2.5] that H} (M, N)
is minimax for all i < ¢. Thus Hj ;(M,N/xN) is minimax, so Hj ;(N/xN)
is minimax for all i < ¢ — 1. Note that N /zN is also minimax. The inductive
hypothesis shows that Hompg(R/a, Hf:,l(M, N/zN)) is minimax.

Splitting the above exact sequence, we obtain two exact sequences

0—=Imf— Hf:,l(M,N/xN) —Img— 0,

0 —Img— Hj ;(M,N) -5 Hj ;(M,N).
Applying the functor Homp(R/a,—) to these exact sequences, we get the
following exact sequences
0 — Hompg(R/a,Im f) — Hompg(R/a, H}:Jl(M,N/a:N))
— Hompg(R/a,Im g) — Exth(R/a,Im f)---

0 — Homp(R/a,Img) — Homp(R/a, H; ;(M,N)) % Homp(R/a, Hf ;(M,N)).

Since Hf_Jl (M, N) is a minimax module, Im f is also a minimax module.

Then Homp(R/a,Img) is also minimax. As x € a, the last exact sequence
gives an isomorphism

Hompg(R/a,Img) = Homg(R/a, H} ;(M,N)).

Therefore Hompg(R/a, H} ;(M, N)) is minimax and the proof of (iii) is com-
plete.

Corollary 1 Let M be a finitely generated R-module, N an R-module. Let t
be a non-negative integer such that H}J(N) is minimaz for all i < t.

(i) Assume that for each a € W(I,J), Exth(R/a, N) is minimaz and there
is a finitely generated R-module K such that Suppr(K) C V(a). Then
Hompg(K, H; ;(N)) is a minimaz module.

(ii) If N is minimaz and K is a submodule of H; ;(M, N) such that Exth(R/a, K)
is minimaz, then Homg(R/a, Hy ;(M,N)/K) is also minimaz.
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Proof (i) As Suppr(K) C V(a), there exists a finite chain 0 = Ky C K; C
... C K,, = K of submodules of K such that K;/K;_; is a homomorphic image
of finitely many copies of R/a for all i = 1,2,...,n by Gruson’s theorem. Then
we have a short exact sequence

0—L; — (R/a)™ — K; — 0,

where L; is an R-module and m is a positive integer. It deduces a long exact
sequence

0 — Hompg (K, H; ;(N)) = Hompg((R/a)™, Hj ;(N)) — Hompg(Ls, Hj ;(N)).
We also have a short exact sequence
0— Ly — (R/ll)m2 — KQ/Kl — 0.

Applying the functor Hompg(—, H; ;(N)) to this short exact sequence, we get
an exact sequence

0— HomR(Kg/Kl,Hf’J(N)) — HomR((R/a)mz,Hf’J(N))
— HOIDR(LQ, H;J(N)) s

Then Homp(Ky, H} ;(N)) and Hompg(Ko/ Ky, Hy ;(N)) are minimax by The-
orem 1 (ii). By using induction on n, it follows that Hompg(K,,—1, H} ;(N)) and
Homp(K/K,_1, Hf’J(N)) are minimax modules. Therefore Homp (K, Hf’J(N))
is minimax for all finitely generated R-module with Suppy(K) C V(a).

(ii) Applying the functor Hompg(R/a, —) to the short exact sequence

0— K — H}J(M,N) — Hf"](M,N)/K -0
we obtain a long exact sequence
Homg(R/a, H},J(M, N)) — Hompg(R/a, H},J(M, N)/K) = Extp(R/a, K)

It follows from Theorem 1 (iii) that Homg(R/a, H} ;(M,N)) is minimax.
Hence the conclusion follows from the hypothesis.

3 The artinianness of H}"J(M, N)

In [14, 3.1], we proved that if (R,m) is a local ring and M, N are finitely
generated R-modules with dim N = d and pdM = p, then H?‘;d(M, N) is an
artinian R-module. We have a generalization of [14, 3.1] for minimax modules
in the following theorem.

Proposition 1 Let (R,m) be a local ring and M a finitely generated R-
module with pdM = p. If N is a minimazr R-module with dim N = d, then
Hfj]d(M, N) is an artinian R-module.
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Proof Since N is a minimax R-module, we have a short exact sequence
0—-L—>N-—A—0,
where L is finitely generated and A is artinian. It induces a long exact sequence
...— Hj ;(M,L) — Hj ;(M,N) — Hj ;(M,A) - ....

From [14, 3.7], H; ;(M, A) is an artinian R-module for all i > 0. Combin-
ing [14, 3.2] with [18, 2.4] we conclude that Hfj}d(M, L) is an artinian R-
module since dim L < dim N = d. Therefore H f:r,d(M ,N) is also an artinian
R-module.

In [6], when M, N are finitely generated R-modules and (R, m) is a local
ring, Chu and Tang showed that Suppz(H:(M,N)) C {m} if and only if
Hi(M,N) is artinian. In the following theorem, we generalize this result in
the case of H}ﬁ(M, N).

Theorem 2 Let (R,m) be a local ring and t a non-negative integer. Assume
that M s a finitely generated R-module and N is an R-module such that
Suppg(Hj ;(M,N)) C {m} for all i <t.

(i) Then H}J(M, N) = H} ;(M,N)=H}(M,N) for all i <t.

(i) If N is minimaz, then Hi ;(M,N) is artinian for all i <t.

Proof (i) First we prove Hj ;(M,N) = H, ;(M,N) for all i < t. Denote by
F(—) :=I'n,j(—) and G(—) := I'1 ;(M, —) functors from the category of R-
modules to itself. Note that F' is a left exact functor. For each R-module N,
we have

FG(N) = I'm,s(I'7,(M,N))
= I, (7,7 (Homp(M, N)))
= I'myr1,s(Hompg(M, N))
= I'n,y(Hompg(M, N))
= I'm,s(M,N).

Hence FG(—) = I'n, 5 (M, —).

Let E be an injective R-module. Since I ;(E) is an injective module,
RF(G(E)) = RiF(I7.;(M, E)) = R F(Homp (M, I'r.;(E))) = 0 for all i > 0.
By [16, 10.47] there is a Grothendieck spectral sequence

BT = H}, ,(H] (M, N)) = HEF(M,N).

As Suppgr(H{ ;(M,N)) € {m} € W(m,J), Hf ;(M,N) is an (m, J)-torsion
module for all 0 < ¢ <t¢. By [17, 1.13]

EP" = H? (HY ,(M,N))=0
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forallp>0,0<qg<t.
Let 0 <n <, there is a filtration @ of H" = Hy, ;(M, N) such that

0=9¢""'H"CP"H" C...C P'H" CP'H" = H" ;(M,N)
Ein—t = ¢tgn /@ ™ 0 < i < n.
In particular
Egén ~ @OHn/@lH"7

Eini 2 gign /T H™ = 0,0 < i < n.

Hence #'H" = ¢?H" = ... = o""1H" = 0 and E)" = ¢VH" = HQ)J(M,N).
Let r > 2, from the homomorphisms of the spectral sequence

0= E;r,nqtrfl N E?,n N E:,nfrJrl =0

we get that Ey™ = Es™ = ... = E%". Thus
Hy ;(M,N) = Ey" = HS‘L,J(H}L,J(M? N)) = Hf ;(M,N)

as Hf ;(M, N) is an (m, J)-torsion module.

Next, to prove Hj ;(M,N) = H; (M, N) for all i <t, we apply the above
argument with F'(—) := Iy j(—) replaced by F(—) := I'n(—).

(ii) Combining [8, 2.2] and (i), we see that Hj ;(M,N) is artinian for all
1 <t when N is finitely generated.

We now assume that N is a minimax module. Then there is a short exact

sequence
0—>L—>N-—>A—=0,

where L is finitely generated and A is artinian. It induces a long exact sequence
...— Hj ;(M,L) — Hj ;(M,N) — Hj ;(M,A) - ....

Note that Suppp(H} ;(M, A)) € {m} because Hj ;(M, A) is artinian by [14,

3.7]. Combining the hypothesis with the long exact sequence, we have SuppR(H}‘yJ(M, L)) C
{m} for all i < ¢. As L is a finitely generated R-module, H} ;(M, L) is artinian

for all ¢+ < ¢ by the above proof. From the long exact sequénce H}‘VJ(M7 N) is

artinian for all 4 < ¢. The proof is complete.

We will see a relationship on artinianness of Hj ;(M,N) and Hj(M, N) in the
following theorem.

Theorem 3 Let M be a finitely generated R-module and t a non-negative

integer.

(i) Then Suppg(Hj ;(M,N)) C Max(R) for alli < t if and only if Supppr(HL (M, N)) C
Max(R) for alli <t and all a € W(I,.J).

(ii) Assume that (R, m) is a local ring and N is finitely generated. Then Hy ;(M, N)
is artinian for all i < t if and only if Hy(M,N) is artinian for all i <t
and a € W(I,J).
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Proof (i) (=).Leta € W(I,J) and n < t. Let F(—) := I'y(M, —) and G(—) :=
I't 7(—) be two functors from the category of R-modules to itself. For an R-
module N, we have FG(M,N) = I'o(M,I'1 ;(N)) = I',(M,N). If E is an
injective R-module, then so is I'7 j(E) hence G(E) is right F-acyclic. By [16,
10.47] there is a Grothendieck spectral sequence

Ey® = HY(H] ;(M,N)) = HZ(M, N)

there is a filtration @ of H™ = H(M, N)
such that o _ _
Eé,on—z o 9151]_In/457.+1[{n

for all i < n. Since E4"~% is a subquotient of E;’"ﬂ-, we have by the hypoth-
esis that Suppg(EL"~) C Max(R) for all i < n. Therefore Suppz(P*H") C
Max(R) for all i < n. In particular, Suppg(HZ(M,N)) = Suppg(®°H™) C
Max(R).

(«). By [18, 2.2] we see that

Suppp(Hj ;(M,N))C | Suppr(Hi(M,N)).
acW (1,J)
It follows from the hypothesis Suppg(H} ;(M, N)) € Max(R) for all i < t.

(ii) If H}’J(M7 N) is artinian, then SuppR(H}'J(M, N)) C {m}. It follows
from (i) we see that Supp(H; (M, N)) C {m} and then H(M, N)) is artinian
by [6, 2.4] for all ¢ < ¢ and all a € W(I, J). The sufficient part is implied by
(i) and Theorem 2 (ii).

We now show a result concerning on artinianness of H}](N) and H:(M, N).
Proposition 2 Let M be a finitely generated R-module, N an R-module and
t a non-negative integer. Assume that H}"J(N) is artinian for all i <+t. Then
Hi(M,N) is also artinian for all i < t.

Proof Let F(—) :=I'1(M,—) and G(—) := I1 5(—) be two left exact functors
from the category of R-modules to itself. There is a Grothendieck spectral

sequence
EPY = HP(M, H?J(N)) = H}H_q(M, N).
: P

Let j < t, there is a filtration & of H/ = HJ (M, N) such that
0=¢'"'HI C®'H) C...C ¢*H’ C ¢°H’ = HI (M, N)
a,nd .. . . . . .
Bt = ¢ HI /O HT 0 <i<j.
Combining the hypothesis with [13, 2.6], E5'? is artinian for all ¢ < ¢ and
for all p > 0. Since E%J~" is a subquotient of Ey”? ", it follows that E%J ¢ is

artinian for all j — i < t. Consequently, ' H7 is artinian for all 0 < i < j, and
the conclusion follows.
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4 Top generalized local cohomology modules

We first recall the concept of secondary representation that was introduced
by I. G. Macdonald in [12]. An R-module M # 0 is said to be secondary if,
for any = € R, the multiplication by = on M is either surjective or nilpotent.
Then /Anng(M) is a prime ideal p and we say that M is p-secondary. A
secondary representation of M is an expression of M as finite sum of secondary
submodules. If such a representation exists, we will say that M is representable.
For the convenience, a zero module is considered as a representable module.
A secondary representation of M

M =M +...+ M,

where M; is p;-secondary, is said to be minimal if the prime ideals p; are distinct
and none of the summands M; is redundant. Any secondary representation of
M can be refined to a minimal one. The set {p1,...,pr} is called the set of
attached prime ideals of M and denoted by Attg(M). Note that, artinian
modules are representable modules ([12]).

In [20], Zo6schinger gave another definition of attached prime ideals. Let
M be an R-module (not necessarily admitting a secondary representation), a
prime ideal p of R is said to be an attached prime ideal of M if p = Anng(M/T)
for some submodule T" of M. This definition agrees with the preceding one of
attached prime if M admits a secondary representation.

Lemma 4 (See [2]) The following statements hold true.

(i) If0 - A — B — C — 0 is an exact sequence of R-modules, then
AttrC C AttgB C AttgC U AttgA.
(ii) If N is a finitely generated R-module, then
Attr(M ®g N) = AttgM N Suppp N
for all R-module M.

In the case (R,m) is a local ring, it should be noted by [14, 3.1] that
Hf:r,d(M, N) is artinian, where p = pdM < oo and d = dim N < oco. Hence,
the module H ff]d(M , N) has a secondary representation. We now show the set
AttR(Hfjd(M, N)) in the following theorem.

Theorem 4 Let (R, m) be a local ring and M, N finitely generated R-modules
with p = pdM < oo and d = dimN < oo. Then Attr(HY (M, N)) =
Attr(HP (M, N/JN)) and

Attr(HYHY (M, N)) = {p € Assp(N/JN) | cd(I, M, R/p) = p + d}.

In order to prove Theorem 4 we need the following lemmas.
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Lemma 5 Let M, N be two finitely generated R-modules and t a non-negative
integer. If Hy ;(M, R/p) =0 for all p € Suppp(N), then H; ;(M,N) = 0.

Proof Since N is a finitely generated R-module, there is a chain of submodules
of N
0=NogCNCN,C...CN,=N

such that N;/N;_1 = R/p; for some p; € Suppy (V). The short exact sequence

induces Hj ;(M,N;) = Hj ;(M,N; 1) for 1 < i < k by the assumption.
Therefore Hy ;(M,N) = Hj ;(M, No) = 0.

We have an immediate consequence of Lemma, 5.

Corollary 2 Let M, N be two finitely generated R-modules and t a non-
negative integer. Assume that H})J(M, R/p) = 0 for all p € Suppg(N) and
L is a finitely generated R-module such that Suppr(L) C Suppg(N). Then
H! ,(M,L) = 0.

Lemma 6 Let M, N be two finitely generated R-modules. Assume that Ext's (M, H;J(N)) =
0 for alli>p orj>r. Then

HY'"(M,N) = Extip (M, Hj ;(N)).

Proof Let G(—) := Iy ;(—) and F(—) := Hompg(M, —) be functors from the
category of R-modules to itself. Then FG(—) = I ;(M,—) and F are left
exact. If F is an injective R-module, then

R'F(G(E)) = R'Homg(M, I'1 ;(E)) =0

for all ¢ > 0, as Iy j(E) is an injective R-module. By [16, 10.47] there is a
Grothendieck spectral sequence

B = Bxtip(M, H] ,(N)) = H{ (M, N),
We now consider the homomorphisms of the spectral sequence
Eﬁ—k},r-&-k}—l N E£7T N Ez-‘rk:,r-&-l—k.

By the assumption, we have E;J =0foralli > porj>r. Then Eg_kﬁwk_l B
E£+k,r+1—k =0 for all £ > 2, so

p,r __ p,r __ _ p,T
EPT = EPT = . = EP.

Thus the proof is completed by showing that EZ" = HfT,T(M , V). Indeed,
there is a filtration @ of H?*" = HY*"(M, N) such that

0=grtrigrtr c grtrgrtd C .. C ' HPTT C O HPTT = HYET(M, N)
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and
ELptr—t o2 et /L P (0 < < p Ao

By the above argument, we get Ey?™" % = Extl (M, Hf:rf*i(N)) = 0 for all
i # p. Hence

er+1pgprtr — ¢p+2Hp+r — = @rtrtlpgptr 0

and
PPHPTT = P AP = = ¢V HPTT = YT (M, N).
It follows
EPT =~ @pHp+r/@p+1Hp+r ~ Hf:r]r(M, N)
The proof is complete.
By [4, 2.1], if (R, m) is a local ring and N is finitely generated with d =
dim N, then H¢ ;(N) is artinian. On the other hand, H}’J(N) = 0 for all

i>dimN ([17,’4.7 (1)]). Therefore the following result is a consequence of
Lemma 6.

Corollary 3 ([14, 3.1]) Let M,N be two finitely generated modules over a
local ring (R,m). Assume that p = pdM < oo and d = dim N < oo. Then

Hfj}d(M, N) = Exth(M, H{ ;(N)). Moreover Hfjd(M, N) is artinian.

The supremum of all integers ¢ for which H} s(M,N) # 0, denoted by
cd(I, J, M, N), is called the cohomological dimension of M, N with respect to
(1,J)

cd(1, J, M, N) = sup{i | Hy ;(M,N) # 0}.

If N is finitely generated, then combining Lemma 6 with [17, 4.7] we conclude
that

cd(I,J,M,N) < min{pdM + dim N, pdM + dim N/JN + 1}.

We also recall that the cohomological dimension of N with respect to a pair
of ideals (I, J) is defined as ([4])

cd(I,J, N) = sup{i | H ;(N) # 0}.
Lemma 7 Let M, N, L be finitely generated R-modules such that pdM < oo
and Suppg (L) C Suppr(N). Then cd(1,J,M,L) < c¢d(I,J,M,N). Moreover
Cd(17 Ju M’ N) = Cd(‘[a J7 M7 L) Zf SuppR(N) = SuppR(L)
Proof The proof is similar to that in the proof of [3, Theorem B].

We now can prove Theorem 4.
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Proof (Proof of Theorem 4) Note that H}:’J(M, N)=0foralli >p+d. If
HYSY(M,N) = 0, then cd(I,J, M, N) < p+d and Attr(HY (M, N)) = 0.
Let p € Assg(N/JN), then R/p is J-torsion. It follows from [14, 2.7] that
Hj ;(M,R/p) = H}(M,R/p) for all i > 0. Since p € Suppp(N), we have
cd(I,J,M,R/p) < cd(I,J,M,N) < p+d by Corollary 2 and Lemma 7. Hence
H?*(M, R/p) = 0 and then

{p € Assg(N/JN) | cd(I, M,R/p) =p+d} = 0.
We can assume Hfj,d(M, N) # 0. By Lemma 6, one gets
Attp(HYH (M, N)) = Attp(Exth, (M, HY ;(N))).
Since Exth, (M, —) is a right exact additive functor, there is an isomorphism
Exth (M, H{ ;(N)) = Ext (M, R) ®g H{ ;(N).
It follows from Lemma 4(ii) that
Attp(HY S (M, N)) = Att(H{ ;(N)) N SuppzExt?, (M, R).
By [5, 2.1], one gets
Attr(H{ ;(N)) = Attg(H{ (N/JN)).
This implies that
Attp(HY (M, N)) = Attp(H{(N/JN)) N Supp zExt?, (M, R)
= Attr(Exth(M,R) ®p H}(N/JN))
= Attr(Exth (M, HY(N/JN))
= Attgr(H?Y* (M, N/JN)).
We know by [9, 2.3] that
Attp(HYT(M,N/JN)) = {p € Assg(N/JN) | cd(I, M, R/p) = p + d}.
Therefore, we can conclude that
Attr(HT (M, N)) = {p € Assp(N/JN) | ed(I, M, R/p) = p+d},
and the proof is complete.

The following proposition shows a result on the vanishing of top generalized
local cohomology modules H ?‘Sd(M ,IN).

Proposition 3 Let (R,m) be a local ring and M, N finitely generated R-
modules with pdM = p < oo and dimN = d < oco. Assume that I + J is
m-primary and dim N = d > 0. Then H?T]d(M, N)=0 or Hfj}d(M, N) is not
finitely generated.
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Proof Tt follows from the proof of [14, 3.4] that Hj ;(M,N) = H{ ;(M,N)
for all 7 > 0. Moreover
Attr(H'7 (M, N)) € Attr(Hy 5 (N)
C Attr(Hy(N)) (by [5, 2.1])
= {p € Assg(N) | dim R/p = d}.
Since dim N = d > 0, we have AttR(Hf::;i(M, N)) & {m}.
If Hff]d(M ,N) # 0 and it is finitely generated, then it has finite length. Hence
AttR(H‘};t]d(M, N)) = {m}, which is a contradiction.

Proposition 4 Let (R,m) be a local ring and M, N finitely generated R-
modules with pdM = p < oco,dim N = d < oco. Let Iy, Iy be two proper ideals
of R such that I C Ir. Then Attp(HY (M, N)) C Attp(Hy $(M, N)).

Proof From [5, 2.5], there is a surjective homomorphism
H?Q,J(N) - Hfll,J(N)~

By applying the right exact functor Ext’, (M, —) to the above homomorphism,
we get an exact sequence

Ext}, (M, Hf, ;(N)) — Ext},(M, Hf. ;(N)) — 0.
Hence, the assertion follows from 3 and 4(ii).

Lemma 8 Let N be a finitely generated R-module and t a non-negative integer
such that cd(I,J,N) <t. Then

Hi ;(N/aN) = Hj ;(N)/aH] ;(N).
In particular, if a € Suppg(N), then
Hj ;(N/aN) = H} ;(R/a) ®r N.

Proof Let S = R/Anng(N), it follows from [17, 2.7] that there is an iso-
morphism Hj ;(N) = Hjg ;6(N) for all i > 0. Note that cd(IS,.JS,S) =
cd(I,J,N), hence H}'SJS(S) = 0 for all 4 > ¢ by the hypothesis. It implies
that Hjg ;4(N) = 0 for all S-module N and i > . Thus H}g ;4(—) is a right
exact functor on the category of S-modules. Now we have

H ;(N/aN) = H}g ;5(N/aN)
= H;S,JS(S ®s N/aN)
= Hig 5(S) ©@s N/aN
= Hig 75(S) ©s (N @r R/a)
= Hig 15(S ®s N) ®g R/a
= Hig ;5(N) ®r R/a
= H} ;(N) @ R/a= H} ;(N)/aH] ;(N).
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If a € Suppr(N), then R/a is also an S-module. From the above proof, we
have

Hj ;(N/aN) = Hig ;5(5) ®s (R/a®r N) = Hi ;(R/a) @r N,
and the lemma follows.

Combining [17, 4.5] with Lemma 8, we have a result on artinianness of gener-
alized local cohomology modules.

Proposition 5 Let (R,m) be a local ring and M,N finitely generated R-
modules. Assume that I + J is m-primary and p = pdM,t = dim N/JN.
Then HY S (M, N)/JH}S (M, N) is artinian.

Proof From 6 we have HY (M, N) = Ext}, (M, H} ;(N)), because H} ;(N) =
0 for all ¢ > t. Combining the right exactness of the functor Exth, (M, —) with
8, we get

HYY(M,N)/JHY S (M, N) = Ext?, (M, H} ;(N)/JH} ;(N)).

By [4, 2.3, H} ;(N)/JH} ;(N) is artinian and the claim follows.
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