¢

DO SANH ( chi bién )
NGUYEN VAN DINH - NGUYEN VAN KHANG

CO HOC

TAP MOT

TINH HOC VA DONG HOC

NHA XUAT BAN GIAO DUC




GS. TSKH. DO SANH (chd bién)
GS. TS. NGUYEN VAN DINH - GS. TSKH. NGUYEN VAN KHANG

CO HOC

TAP MOT
TiNH HOC VA PONG HOC

(D& duge HYi d8ng mbdn hoc cia Bd Gido dyc va Dao tao
th8ng qua dung lam tai ligu glang day

trong céc truong dal hoc ki thuft)

(Tdi bdn ldn thi mui)

TRUONG cao pdna
KY THUAT cONG NGHE DY pres

THU N
[S6OKCBATL . 04, 4f popF

NHA XUAT BAN GIAO DUC



LOI GIOI THIEU

Co hoc la mot trong nhilng mOn hoc nén tdng duge gidng
day trong céc trudng dai hoc ki thust. Né khong nhing 12 co
sd cho héng loat cdc moén ki thult co sd va ki thuat chuyén
nginh ma cbn xiy dyng tiém lyc tu duy khoa hoc cho cdc ki
st vid cdn b) khoa hoc ki thuat tuong lai.

Viéc gidng day mon Co hoc lf thuyét trong cdc trudng dai
hoc ki thudt cia nubc ta ting buSc dugc ndng cao va chufin
héa, Ty ndm 1969 trong difu kién v0 cing khé khan cia cube
khéng chién chfng My cifu nuée, BY Dai hoec va THCN da cho
xufit ban gido trinh Co hoc Il thuy&t do Gido sy Vién sl Nguyén
Van Dao chi bién véi tu cach la gido trinh chudn d€ gidng day
trong céc trudng dgi hoc ki thuft. Gido trinh d6 trong nhilng

ném qua di gdép phén tich cuc vao viéc gidng day vA hoc tap
mbn Co hoe H thuyét.

Nghy nay, d€ dép dng nhing ddi hdi méi cla khoa hoc va
thuc t€ sdn xuflt cla d&t nufc vA cha bdn thAn viéc néng cao
chdt lugng ddo tao, BO Gido duc vd Dao tao dang chi dao céc
trubng dai hoc ti€n hanh cdi cdch mot cich slu rOng viéc gidng
day, hoc tap theo quy trinh dao tso méi, trong d6 mén Co hoc
If thuyét duge dua vao gidng day & hai nAm dfu cho tit ci cdc
nganh ki thuit cla céc trudng dai hoc.

Gido trinh Co hoc (Co hoe co sd) 14n ndly duge bién soan véi
khéi lugng 10 don vi hoc trinh co bidn, nhdm phyec vu chuong
trinh cdi céch gido dyc cha B8 Gido duc va Dao tao.

Quyén sdch chic chén cdn thigu sét. Ching tdi r&t mong
nhin duge nhitng ¥ kién déng gdp cda ban doe. Cdc ¥ kifn xin
gui vé Ban bién tip sdch KI thuat dai hoc vA huéng nghi¢p day
ngh# - Nha xufit ban Gido due, 81 Trn Hung Dao - Ha Nai.

VU DAO TAO DAl HOC



LOI NOI PAU

Dudi sy chi dao cia Vy Dao tao Dai hoec va Ho¢i d6ng giang
day mdn Co hoc ciia Bo Gido duc va Dao tao, mot t4p thé téc
g4 cia cdc trudng dai hoc di bién soan gido trinh Co hoc nhim
phuc vy chuong trinh cii cach gido duc cia B cho cédc trudng
dal hoe ki thuat,

Gido trinh Co hoc gém bén phén va duge in thanh ba tap.

Tép mét : G6m hai phdn Tinh hoc va Dong hoc.

Tép hai : Phén Déng lue hoc

Tép ba : Phin Co hoc va méi trudng lién tuc.

Bién soan tap mot 1a cdc déng chi D& Sanh (chuong 1, chuong
Z phin Tinh hoc va chju tréch nhiém chd bién), Nguyén Van Dinh
(chuong 3, chuong 4 phéin Tinh hoc), Nguyén Van Khang (phén
Ddng hoc).

Sau méi phdn déu cd cdc cau hdi on tdp. D6 cing chinh 1a
ndi dung kiém tra két qua thu nhan cia sinh vién.

Gido trinh da duge dua ra ldy y kién déng gdp rOng rdi cida
nhiéu cin b9 gidng Hay co hoc ciia céc trudng dai hoc ki thuat,
cia cdc xémina gidng day Co hoc do Bo Gido duc va Dao tao
va Héi Cd hoc Viét Nam phéi hop t8 chite.

Ching t8i xin chan thanh cdm on tft ci cic ddng chi da ddng
BOp vao vifc hoan thién tdp gido trinh. Dac biét ching t&i xin cam
on Gido s¢ Vién sl Nguyén Van Dao, Giso su - Pham Huyén, Gido -
su ~ Nguyén Thuic An, Phdé Gido su Phan Nguyén Di da doc ban
thédo va gdp nhiéu y kién quy bau.

Ching t0i cing xin cdm on Vu Dao tao Dai hoc cda Bo Gido
duc vA Dao tao da viét l&i gisi thidu cho quyén séach.

CAC TAC GIA




MO DAU

Co hoc li thuyét la khoa hoc nghién cdu cdc quy ludt vé
chuyén dong co hoc cla cdc vat thé trong khong gian, theo thoi
gian.”

Chuyé€n déng co hoc duge hi€u 1a sy d6i ché (bao gém ci su
bién dang) cla cdc vat thé so véi vat thé€ duge chon lim chufin
goi 12 hé quy chifu. Cdc vat thé trong co hoc i thuy&t duge
xfly dyng dudi cdc dang m6 hinh chét di€m, co hé (hé céc chst

diém rdi rac va litn tuc) va mot dang rit quan trong céa nd
la vat rdn tuyét doi.

Khoéng gian 'trnng ¢d hoc li thuy&t duge quan niém khong
phu thudc vao thdi gian va vat thé chuyén dong trong nd.
Khong gian cd tinh chét déng nhat, ding huéng va do dg,
théa mén cdc tinh chdt cta khéng gian Oclit, trong d6 cdie
titn dé va cdc dinh li cia hinh hoc Oclit duge sit dung.

Thoi gian cing duge quan niém khéng phy thudc vao khong
gian, vao vat th€ chuyfn dong, troi déu ti quéa khd, qua hién
tai dén tuong lai, d6i v6i moi hé quy chiéu.

Khéng gian va thoi gian nhy vay duge goi la khong — thoi

glan tuyét d6i, ching la dang If tuéng héa (mod hinh) ciia khong
gian va thdi gian thyc.

Ca hoc li thuyét duge xAy dung theo phuong phdp tién dé,
co 83 trén hé tién dé do Niuton dua ra l4n dfu tién trong tac
phdm ndi tiéng "Co sd todn hoc cia tri€t hoc td nhign" -
(Philosophiaenturalis Principia Mathematica, 1687). Do dd, Co
hoc 1i thuy&t cdn cd tén goi la Co hoe Niuton.

" Co hoc Niuton chi khio sat d6i véi cic viit th€ od kich thuée
hitu han va chuyén dong v6i van t6c bé hon nhiéu l4n vin tdc
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énh sing. Co hoc cla céc vat thé cd kich thudc vi mé duge
khdo sit trong co hoc lugng tl, cdn co hoc cla cdc vat thé
chuyén dong véi van téc cung cd vén t6c dnh sing duge khdo
sit trong cd hoc tuong d8i cha Anhxtanh.

Co hoc li thuyét phat sinh vA phét tri€n gin lién véi sy phat
trién cia lyc lugng sidn xuft xa hoi vA tri thiée van hda cua
nhan loai, dac biét, .v6i sy phét tri€n cta ki thudt.

Co hoc Il thuyét la co s6 va xudt phdt di€m cho nhiéu by
mén co hoe khde nhu sic bén vat lidu, i thuy&t dan héi, thiy
khi dong luc hoc,..., ching duge xay dung trén cédc dinh ludt
chung ciia co hoc I thuyft véi cdc dinh luat bd sung do cdc
tinh chét dac thy cla thyc thé vat chit. Trong sitc bén vat ligu
va li thuy6t dan h6i k€ dén bign dang cia vat thé va duoe b
sung thém cdc dinh ludt v& quan hé gilla bi#n dang va luc.
Trong thiy — dbng lyc hoc k€ dén van téc bién dang cia thue
thé vat chdt véi dinh luat b8 sung vé sy lién hé gita van tée
bién dang va lyc, con trong khi déng ltc hoc k& thém tinh chat
nén duge cha thé khi

Trong cédc trudng dai hoe ki thust, mon Co hoe I thuyét lam
nén ting cho hing loat cdc moén ki thult co s va ki thuat
chuyén nganh nhu Sde bén vat ligw, Nguyén li may, Dong luc
hoe méy, Dong luc hoc cong trinh...

Co hoc li thuyét da cd lich sit phét tri€n lau ddi do lao dong
cia nhiéu th& hé cdc nha bdc hoc. Ngay trong thoi ki cf dai
ngudi ta cing di bi€t dp dung nhidu quy lust cia co hoc, vi
dy, quy ludt mat phdng nghiéng, don bdy,.. d€ xay dung nhiéu
cong trinh d6 s6 vln cdn t6n tai dén tén ngay nay.. Dusi day
ching ta 8é néu lén mdt s8 giai doan phdt tri€n titu bifu cla
co hoc  thuyét. ;

Su phat trifn manh mé cia cdc khoa hoc ty nhién, trong d6
cd co hoc, bdt dfu tit théi ki Phue hung, dfu tién & Italia va
sau dd tai cdc nubc khde. Trong thoi ki nay nfi bat lén tén tudi
cha hoa sf thién tai ngudi Italia Lédna do Vinxi (1452 - 1519)
mot nha hinh hec va ki su cd tai, cd nhifu khdo sdt trong linh
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vic cd cfiu, ma sat trong mdy va chuyén déng trén mat phing
nghiéng. Cung thdi c&n ké dén nha béec hoc Ba Lan néi tiéng,
Nicolai Copecnic (1473 - 1543), ngudi di xay dung li thuyét vé
chuyfn dfng cia cdc hanh tinh trong théi duong hé. Dua vao
cdc cdng trinh nay va vao céc s lidu quan sit cta thién vén
ma Keple (1571 - 1630) da ph4t hién ra ba dinh luat néi tifng
cia chuy€n déng cdc hanh tinh, dé 1A co 8§ cho Niuton tim ra
dinh luat hfp din v tru néi tiéng.

Céc khdo sit cd tAm quan trong dac biét, cd ¥ nghia nén téng
cho sy phét tri€n co hoc 12 cdc cOng trinh cia nha béc hoc thién
tai ngudi Italia, Galile (1564 — 1642). Truée Galils, co hoc dugc
phat tri€n chi ySu 1A phéin tinh hoe. Chinh Galilé da dé cap dén -
cdc dinh luat chuyén dong dubi téc dung cia lyc, hic phin déng lvc
hoe, trong cédc nghién ciu vé& su roi clia vt hodic sy ném cia vat
lam v6i dudng ndm ngang mdt géc a, ... Dinh luat néi tiéng cda
dong luc hoc, mét trong nhilng phét minh vi dai nh&t ctia con
ngudi, dinh luat quan tinh, thudc vé Galile. Ong cing dat nhing
nén mong ddu tién vé i thuyft d6 bén cida cdc cong trinh.

Cée cOng trinh cla Niuton (1643 - 1727) da hoan t&t thai
ki ddu cda khoa hge ty nhién, Niuton da théng nhét, md rong
vd xfy dung co sd cho cdc thanh tyu hién thdi cla co hoc nhd
mdt hé théng cdc dinh luat ma ngdy nay ching cd tén 1a he
tien dé dong lvc hoc mang tén Niuton, |

Tiép theo cOng trinh duge xay dung mot cdch hé théng hoan
chinh va chat ché cda Niuton, co hoc i thuyét trdi qua mot giai
doan phét trién hét siéc s6i dong vd phong phi tir thé ki thu
XVIIT - XIX va cA th€ ki XX.

Qué trinh phét tri€n nay da din dén viéc xudt hién If thuyét
tuong d6i clia Anhxtanh.

Dong gop vao sy phst trifn co hoc trong thdi ki ndy cd céc
nha bac hoc nhy Dalambe (1717 — 1783) ma tén tudi gn lién

voi nguyén li nBi tiéng mang tén 6ng, nguyén l Dalambe,
nhut Ole (1707 — 1783), Vién sl Vién han la&m khoa hoc Nga,
ngudi dd cd nhiéu cbng trong viée sit dung cdc phuong phép
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gidi tich d€ nghién cifu cac baj todn ddng luc hoc vat rén. Ole
Ia ngudi ddu tién viet giso trinh cg hoc theo huéng giai tich
hdéa c6 nhan dé "Déng luc hoe" (Meliamica sive métus scientia,

Hllﬂbggiﬁthhhﬁnmhmm& ngdy nay duge goi 1A co hoc
gidi tich duge trinh bay trong tdc phfm séng 18p nganh "Ca hoc
gidi tich® (Mecanique analytique, 1788) ciia nha béc hoc lén ngudi
Phip Laghrang, trong dd co hoc di duge trinh bady nhé phuong
phip gidi tich dua vao mét nguyen | chung, khéng cd mét hinh
vé ndo. Giai doan phét trign phong phi nay cia cg hoc gin lién
vhi tén tufi cia nhifu nha béc hoc, ma ede cong trinh nghién edu
gAn lifn voi tén tudi ciia ho nhy Haminton (1805 — 1865), Jacobi
(1804 — 1851), Gaoxo(1777 - 1805) ...

Ngdy nay sy phat tri€n cia oo hoc i thuyst gén lién véi céc
vin dé cia vat li va ki thuat hién dai nhyv co hoc vi tru, digu
khi€n ty dong, ki thuat ro bat,..




Phén mét

TINH HOC

MO DAU

Tinh hoe 1a phfin nghién ewu trang thdi cn bing cia
Vit rdn (vat rdn tuyét d6i) dudi tic dung cia cée lue.

Hai vén dé chinh duge nghién ciu trong tinh hoe la:

1. Thu gon hé luc, tic la bién déi hé luc da cho thanh mot
hé luc khée titong duong véi no, nhung don gidn hon. Thu gon
hé luc v® dang don gidn nhét, duoe goi l& dgng t6i gidn cig
hé lue. Tap hop cée dang tdi gidn khée nhau cga cac hé luc
duge goi la ede dang chudn cta hé luc.

2. Thiét 14p cde disu kign d&i véi he lue ma dudi tic dung
cia néd vat rén can bdng, duge got tat la cic didu kién can béng
cua he lye. _

DE gidi quy&t hai vén dé néy trén, trong tinh hoc si dung
phuong phép tién dé&, 1a phuong phdp dua trén cdc khai niém
cd bdn va hé tién d€, nhé cac suy dién logic d€ tlm cde quy
ludt cia dai tudng duge nghisn edu.

Céde khéi nitm co ban la nhitng khéi niém nén tdng ddu tién
d& xay dung noi dung mén hoc, cdn ecdc tién d& Ia nhing ménh
dé cong nhén cac tinh chat cua cdc khéi niém co ban.

CHUONG 1

CAC KHAI NIEM CO BAN
VA HE TIEN DE TINH HOC

1.I. CAC KHAI NIEM CO BAN

Trong tinh hoc 6 ba khii niém co ban sau day: vat rén tuyét
dfi, can bing va luc.



1.1.1 VAT RAN TUYET DOI

Vot rén tuyét doi la mot tdp hop vé hgn cac chét diém ma
khodng cach gifta hai chdt diém bdt ki luén ludn khéng ddi,

Vat rin tuyét d6i chi 1A md hinh ctia cdc vat th€ khi cdc
bién dang ciia nd bd qua duge do qud bé hoac khong ddng vai
trd quan trong trong quéd trinh khao sit. Trong nhimg trudng
hop khi cac bién dang tuy bé nhung déng vai trd quan trong,
thim chi quyét dinh, tdc khéng th& bé qua duge, thi cén thiét
phai bé sung nhiing gid thiét, tic xiy dung mé hinh gin ding
hon. Vin dé nay s& dugc xem xét dén trong gido trinh sic bén
vat lidu.

D€ dun gidn, vat rdn tuyét d6i thudng duce goi vdn tdt la
vt rdn.

1.1.2. CAN BANG

Vat rdn duge goi 1a cin bing khi vi trf cia né khong thay
dfi so vdi vi tr{l cha mOt vat ndo d6 duoe chon lam chufn goi
l4 hé quy chi®u. Trong tinh hoc hé quy chifu duge chon 1a he
quy chifu trong dé tién dé quan tinh duge théa man, né duge
goi la hé quy chifu qudn tinh. V&n dé ndy sé duge trinh bay
chi ti€t trong phin D¢ng luc hoc. CAn bAng d6i véi he quy chigu
quén tinh dugc goi 1A cAn bdng tuyét déi.

Vat li hoc hién dai da ching minh rAng khong tén tai he quy
chi€u quan tinh. Do vy, chi c6 thé chen cde hé quy chifu ghn
ding hé quy chi€u quédn tinh. Trong ki thuat, hé quy chifu quén
tinh gdn ding duge chon la qua ddt. Cha ¥ rAng trong tinh todn
ngudi ta chon hé truc toa dd gin voi hé quy chifu, dugc goi la
hé truc toa dd quy chifu. Vai mot hé quy chi€u cd thé gin vai
nhiéu hé tryc toa do quy chifu khac nhau.

1.1.3. LYC

Tu nhitng quan sit trong ddi sfng cing véi nhitng kinh
nghiém va thuc nghiém ngudi ta di dén nhén xét ring: nguyén
nhin gy ra sy bién d6i cla trang thai chuyén dong co hoc, tue

10




s dbi chb cla cdc vat th€ (bao gfm cd bién dang) trong dd
cAn bang chi 1a trudng hop riéng, chinh la téc dung tuong hé
gita cic v3t thé. Tic dung tuong hd gitta cdc vAt ma két qua
cia nd gy nén cdc bifn dang hoac su thay ddi van t6c cia
ching dudc goi 124 nhitng tdc dung co hoc (phan biét véi cdc tac
dung tuong hé khéc nhu hda, nhiet, dién,...)

Téc dung tuong hé co hoc dugc goi la luc.

Khéi niém Ivc duge cAm nhidn trong dii s6ng hing ngay
nhy khi xdch hoac ddy mét vat nao dd qua su cang cta céc
ca bép.

Thuc nghiém ching minh rdng lyc duge dac trung bdi cde
yéu t6 sau:

— Diém dét cia luc 1a difm ma vAt duge truyén téc dung
tuong hé co hoe tit vat khéc.

— Phudng chifu cia hic la phuong chifu chuyén déng ti
trang thdi yén nghi cla chft di€ém (vat cd kich thuée bé) chju
tdc dung cla lue,

— Cudng d6 cida lyc la s6 do tée dung manh yéu cia luc so
vii lyc duge chon lam chufn goi 12 don vi lue. Don vj lye la
Niuton, duge ki higu N.

Dinh nghia vé& don vi luc s dugc trinh bay trong phdn dong
lue hoe.

Do d6 c6 thé ding vecto bifu

e difn cde dac trung 1_1_1'-1, goi la vecto
luc, chdng han, F, Q,..

Diém dit cha vecto 13 diém dac

eta lye, phuong chiéu elda vecto bigu

i dién phuong chifu cla lye, mddun

cla vecto bifu difn cubtng dd cua
lte. Gid mang vectd luc duge goi la
Hink 1-1 dudng tdc dung cia lyc (H. 1- 1).
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1.1.4. CAC DINH NGHIA KHAC

1. Md men ecua Iye d&i véi mot diém Vi md men cia
lye d6i vai mét truc .

a) M6 men cia lue ddi pei mot . B
difm : M6 men cia lyc F d6i v
di€ém O, ki hiéu ?nlul,’_ﬁ la mot vecto
vubng gde véi mat phdng chia diém
O va lye ]?san cho khi nhin tir ddy
mit cla nd nhin xufng thdy lyc F
véng quanh O theo chigy ngude chidy
kim déng h6, c6 modun bing Fd, &
dé d 1a khoing c4ch vudng gde tir
tAm md men O dén dudng téc dung Hinh 1-2

cia lue, duge gol 1A tay don cia Iye F dsi vOi tAim md men O
(H. 1-2).

R& rﬁngﬁul{?} = 0 khi F = ﬁ'hna:: khi dutng t4c dung ciia
lue F qua tam me men O,

_— A
Ngodi ra: |m (F)| = 2dt OAB
D& dang chi ra ring: '

—» —s —
i j k

ﬁ[?}:?n F - x ¥ z (1-~1)
. F}' FIJ

Trong d6 t = OA 1a vects dinh vi cla difm A; x, y, 2 1a toa
di digm A; e Fj,. F, 12 céc hinh I:hiﬁ't_:_‘ EE-H —1:‘-“: # trén cac true
cia h¢ true tga dd vudng gde Oxyz; i, j, k 1a céc vecto don
vi trén cde truc toa d9. T cong thic (1 = 1) tinh duge cée
hinh chi6u len ba truc toa do cda vects m,(F), d6 la:

m (F) = yF, ~ 2y mo (F) =2F - F, ; m_(F) =xF, ~yF, (1-2)
Khi cde lye cing ndm trong mOt mat phing véi di€m O thi

cdc vects md men cla cdce hfe d6i véoi difm O sa sOng song voi
nhau. Trong trudng hgp d6 ngudi ta dua ra khéi niém m6 men
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dai s6 cia lye F d6i véi di€m O,
ki higu T (F), 1a lugng dai 6 Ah
+ Fd, ¢ déu duong khi luc F
vdng quanh O theo chiéu nguge
chiéu kim déng hd vA cd diu
4m trong trudng hgp nguge lai. 7 (F)

b} M6 men cia lyc doi v
mdt fruc

M6 men cia lye F d6i véi
truc A, ki hitu T,(F) 1a mo
men dq.l s cla luc T d6i vai
diém O, & d6 F’ 12 hinh chitu
cia lye F lén mat phdng =

vudng gdée v6i tryc A, cdn O 1A Hinh 1-3
giao di€m gidta truc A vd mat phdng x, (H. 1- 3) tic la:

R6 rang 1A m {?} =0 khi ¥ -u hodc khi ?mng song
hodc cét truc A, ti.‘i‘t: 12 lyc va truc dfng phéng.

¢) Dinh Ui lién h¢ gilta mé men cia luc d&i véi-mot difm
vd md men cia lye ddi véi mdt truc.

Dinh H. M6 men cia luc F déi véi truc A bdng hinh chiu
lén truc dy cia vecto mé men cia luc F déi véi diém O ndm trén
truc.

m, (F) = beh (m, (F)] (1 - 4)

Chiing minh. Ghnn truc z tn::ug véi truc A vA mét pl:.ﬁng toa
d¢ Oxy tring v6i mat phdng = (H. 1-3).

Goi A" 12 hinh chifu cla diém dat A cda lyc F trén mit

phdng Oxy. Néu A cf cfic toa d0 la x, v, z thl A’ cd céc toa d&
I x, v, 0.

T@ dinh nghia m6 men cda luc d8i v6i mdt truc, ta cd:
m, (F) = m, (F) = heh,, [m, (F)] (a)
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Dua vio bi€u thidc vecto cta mé men cia lyc dbi véi mot
difm ta vigt:

-

=

j
m, (M =7FaP=

o o

X y
L E
& dd: F= OX
Tit d6 ta d& dang tinh duge:
heho,(m,(F)] = xF, - yF,
Khi so sdnh bi€u thic ndy véi cong thic (1 — 2), ta cg:
heh,{m, (F)] = heb_(m, (F)) (b)

Tit (a) vA (b), ta rit ra:

m, (F) = heh_[m_ (F)] = heh,[m, (F))
D6 12 didu cfin ching minh.
Kl hitu mb men cia lyc ¥ d6i voi cée true toa do Ia
II_&{?}. % l.'?}, ;z (F). Ap dung dinh Ii vita neu trén, ta cd :

n (P = m, (F
1,(F | m (P = m, (F) (1-85)
m,(F) = m, (F)
Trong d6 (sem cong thie 1- 2); m,, (F); m,, (7; m,,
14 hinh chigu cla veets mn{ﬁ tiong ing trén céc truc toa do
vudng gde Ox, Oy, va O=z.

2. Hé lyc

Hétuel&ﬂphm_&hiﬂu Iucﬂingﬂfdgnghnﬂmrﬁn.ﬂé
e gom céc e F), F,,.., F, duge ki hisu I (o ¥yos 7).

Dua vao tdc dung co hoc cla he lyc ta cd:

He luc tuong duomg véi hé lye khéc khi né of the dyng co
hoc nhu h¢ lyc d6. Hai b Iy twong duong P, ¥ )
(4, Té,, #,) 88 duge ki hitu nhy say :

FHlhuF)=@ 3. @)
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Hop luc cia hé luc |12 mét luc duy nhét tuong duong vai hé
lye dy. Goi R 1A hop lue cia he lue (F), Ty, F,), ta o6

e T T

Heé luc cin bang la hé luc n&u téc dung lén vat rdn khong
lam thay d8i trang thai chuyén déng cla vit cd dugc khi khong
chju tdc dung cia hé luc &y. Trong trudng hop riéng, dudi tac
dung clia hé lyc vat rdn can bldng thi hé lyc duge goi 1a hé lue
can bAng HEé lyc c&n bang con goi 12 hé lyc tuong duong véi
khong vi duge ki hiu :

... Fiad

Khi dya vio sy phan b8 cia cdc dudng tdc dyng cia cdc luc
thudc hé luc ta cd :

- Hé lyc khong gian bét ki khi duding tic dyng ndm tay ¥
trong khong gian.

- Hé lue phédng bAt ki khi dubng téc dung cic luc nAm tuy
¥ trong cing mdt mat phing.

- Hé lyc song song (hé& lyc song song phidng vd hé luc song
song khong gian) khi dubng tac dung céc lye song song véi nhau.

- Hé luc déng quy (hé hic ddng quy phidng va hé lyc dSng quy
khong gian) khi dudng tdc dung cde luc di qua cing mdt difm.

- Hé nglu lyc (hé nghu luc phidng va hé nglu luc khéng

gian) khi hé lue gfm cédc cap lue (tde ting d6i mdt) song song
nguge chifu vA cing cudng do.

3. Nglu lyc

a) Dinh nghia. Ngdu luc la hé luc gdm hai luc song song
nguoe chidu va cing cudng do.

b) Cdc dde trung cia ngdu lue. Ngiu luc duge dac trung bdi
mit phdng tic dung cia nd (mat phing chia hai lyc thanh
phén), chiéu quay cla ngiu lyc trong mét phang va cudng do
tic dung cba nghu luye. Cutng dd tdc dung nghu lyc phu thude
vio gi4 tri clia cdc luc thanh phfn va tay don nglu luc (khodng
cich gita hai dubng tdc dung cida hai luc thanh phfn). Nguoi ta
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Hinh 1-4

ding tich s6 Fd, duge goi Ia
mé men cia ngiu lyc, dé€ dac
trung cho eudng d9 tdc dung cia
ngiu lue.

Dé bifu difn cdc dac trung
cia nghu luc ngudi ta ding vecto
md men nglu lye, ki hiéu ;,
co gbe tai mat phing nglu luc,
huéng vuéng gée véi mat phdng
ngiu lyc sao cho khi nhin tir dfu
mit cda vecto &y xufng mat

phdng ngiu lyc thdy chiéu quay cia ngiu lue nguge chibu quay
kim déng hé vA cd médun bing momen ngdu lue, tic bing F.d
(H. 1 - 4).

¢) Dinh li lien hé gitta vecto mé men ngdu luc va mo men

cua lue déi véi mot diém.

Dinh ly. M6 men d6i véi mot diém bat ki cia ngu lyc bing

vecto mé men ngldu lye,

md men cla lyc d6i voi mot difm

m(F) + m, () = M (1 - 6)
Chitng minh : Theo dinh nghia

=@ -PATFT=FaF=1
Ta dinh li trén ta rit ra:

(H.1 = 5) ta cd : T 7
nF=TrAFT o) =FrP o
Vay:
m (B + m () = | /=
=TATF+AF =
=TAF-FaF-= *

Hinh 1-5

Dinh li. Vecto mé men ngdu luc bdng mé men cia mot
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4, Vat ty do va vt khong ty do
V&t rdn o6 th€ thuc hién moi di chuyén vo cing bé tit vi tri

- dang xét sang vi tri 1an c4n cia nd, duge goi la vat ty do. Trai

~ lai, nfu mot s6 di chuyfn clia vAt bi cdn trd bdi nhing vt
'~ khéc, thi vat d6 dugc goi 12 vat khong ty do. Vi du, qua bdng

duoc bom cang bay lo limg la vat ty do, cdbn mot vt dang ndm
trén ban la vAt khong ty do.

Nhing diéu kién cdn trd di chuyfn cda vt khdo sdt dugc
goi 1a nhiing lién k&t dat lén vat &y. Trong tinh hoc chi khdo
g4t loai lién k&t duge thuc hién bing su tifp xidc hinh hoc giila
vt th8 duge khio sit v8i cde vAt th€ khic, dé 1a nhing lién
két hinh hoc. VAt khéng tu do cdn dugc goi la vat chiu lién
k&, cdn cdc vAt khéc cdn trd vt duge khido sdt goi la vat gay -
litn két.

5. Luc lién két va luec hoat dong. Phan lye lién két

Nhitng lue dic trung cho tic dung tuong hd gilta céc vat cd
litn k&t vdi nhau qua ch8 ti€p xic hinh hoc duge gei 1A nhiing
lyc litn k&t. Céc lyc khéng phai la lue lién k&t dude goi la luc
hoat ddng. Ndi khdc di, luc hoat dong la nhitng luc khong bj bién
mét cing véi lién ké&t, thi dy, trong lyc thudc loai lyc hoat dong.
Lyc lien k&t do cdc vAt giy liem két tdc dyng lém vét chju lién
k&t duge goi 1a cdc phan lyc lién ké&t, cdn cdc lyc do vat chju lién
két tdc dung 1&n cdc vat ghy litn k&t duoc goi 1a dp luc.

1.2. HE TIEN DE TINH HOQC

Tién dé 1 : Tién dé vé hai lye cAn bing

Didu kién can va di df cho hé hai luc cdn bdng l& ching
c6 ciang duing téc dung, hudng nguoc chidu nhau va c6 cing
cubdng df.

Hai lyc thda man tién dé 1 duge goi 12 hai luc cAn béng
(H. 1 — 6). Tién dé 1 dua ra mét tiéu chufin vé cAn bing. Ndi
khéc di, d€ bi€t mot hé lyc da cho cd caAn bang hay khdng ta
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* clin ching minh ring hé lyc 4y tuong
duong véi hai lue can bing. Do dd,

cin phai bign déi he luc di cho (bigg F i r2
d6i tuong duong) vé hai lue.
Hai tien dé tigp theo cho ching ta

hai phép bitn déi tuong duong.

Tién dé 2 : Tien dé thém bat
hai lue cian bang

7 7
The dung cia mot h¢ luc khong
thay déi néu thém hode bot hai luc
edn bang.

Nhu vay néu {T{ )1 hai lyc can Hinh 1-§
bing thi:

(F, T,,..F) = (F, F, Tainky T W, Nk b hé Iye
(_E'l, ﬁ, ﬁ...,'ﬁ;} cd hai luec can bdng f?:, ?1} thi:

F 7, 7P (Fy,..,F)

Hé qua (Djnh I trugt lye)

The dung cida lue khong thay déi khi trugt lyc trén dudng
tée dung ciia né.

Thuc vay, gia sit luc F, tdc dung lén vat rén tai A, 4p dung
tién d8 2, them tai B hai lyc cAn bing nhau (H. 1-7) ciang duing
Medung viilye Fy v Fy = - T, = 7, ta oo

Tﬂ = {_Erh. ?‘B, ?H} = ?B 6 diy mot Idn nia ta dp dung
tién dé 2 d€ bS di hai lyc can bing F, va .

High 1-7 Hioh 1-%
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Nhu véy, luc tdc dung lén vAt rdn duge bifu dién bang vecto
trugt. Céin chd ¥ rAng tinh ch&t néu trén chl cd d&i véi vat
tuyét d6i rdn.

Tién dé 3 : Tién dé hinh binh hanh lyc

Heé hai luc cung dat .tgi mot difm tuong duong vdi mot
lue dat tai diém dat chung vé cé vecto luc bdng vecto chéo
hinh binh hanh ma hai canh l& hai vecto bifu dién hai luc
thanh phan (H. 1 — 8).

Nh hé¢ quia via néu trén, difu kién hai lyc cung dat mot
diém c6 th& thay th& bing diéu kién hai dudng téc dung cla
hai lyc gap nhau.

Tién d® 3 cho phép bién dbi tuong duong vd hop hai luc
ddng quy vk phan tich mot luc thanh hai luc theo quy tée hinh
binh hanh Iue. Nho tién d® nay dua phép efng vecto vao phép
tink Iic. Tuy nhién c4n nh&n manh ring hai phép tinh dé khong
déng nhit v#i nhau, vi phép cOng vecto ding choe trudng hgp
hai vecto tu do, con phép tinh hgp lyc theo quy téc hinh binh
hanh lyc chi ding cho trudng hop hai vecto lye o dudng téc
dung gap nhau.

Tién dé 4 : Tién dé tdc dung va phin tédc dung

Lyc tdc dung vd luc phdn

tic dung gita hai vgt cb cing rrE '
dudng téc dung, hudng nguoc
chidu nhau va cé cing cudng
dé (H. 1-9).
Chi y rédng luc tdic dyng va

phin téc dung khong phdi 12 7, F
hai luc cin bing wvi chidng
khéng tdc dung lén cing mot

9

vAt rdn. Tién dé 4 1A co sd d¥

md réng ede két qud khdo sdt Hinh 1-

déi véi mot vat sang khdo sat hé vdt va nd ding cho hé quy
chifu qudn tinh ciing nhu h& quy chifu khéng quén tinh.
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Tién dé€ 5 : Tien dé héa rén

Mat vt bién deng dd can bdng dudi tde dung cia mét
hé luc thi khi héa rén Igi ne vdn cén bang.

Hﬂkhicﬂhﬁlwﬁn@ng!énvﬂiﬁfnﬁmgﬂdnﬁngthﬁa
man nhitng diéu kién khi nd t4c dung lén vAt rdn can bAng,
Viy nhitng didy kién cén béng cia
U@t rdn cing la nhitng didy kién cén

(nhung khéng di) cia vt bién dang
cin bing. D€ lam sdng td disu ndy 2~ H”]”m Fr
ta xét trudng hop 16 xo (vt bién
dang). Gia si 16 xo0 cén bing, khi ds

1o x0 d trang thdi nén hoéic trang 4 v 3
thdi kéo v hé lyc téc dung lén 1o %
X0 & trang théi cAn bng kéo hoac
nﬁnd!uthﬁamantiéndélnhuvgt

rin cAn bang (H. 1-10). Hinh 1-10

Tuy nhién néu tdc dung lén 15 xo can bing & trang thdi nén
hai lyc esn bing & trang thai kéo thi 16 xo s& khong can bang
duge ma s& bj gian ra trong khi dd vat tuyét d6i rdn viin cap
bing dusi tdc dung cda haj Iye cAn bing nhu viy,

Nho tien d2 5 c6 the si dung cdc két qud da nghién citu cho
vt rdn cén bdng cho truong hop vat bién dang can bdng. Tuy
nhién, céc két qud dé chua di d€ gidi quyét bai todn cdn bing
cua vgt bién dang ma cin phdi thém céc gid thigt va bisn dang
(vi du dinh lugt Hic trong sdc bén vat lidu).

Tién dé€ 6 : Tién dé gidi phéng lién két

Vat khéng tu do (hie vdt chiu lién két) can bdng c6 thé duoe
xem & uﬁt'm- do ctn bing néy gidi phéng céc lien két, thay
thé tac dung cia céc lien her duoc ‘gidi phéng bang cde phdn
lyc lien ket tuong ing.

Nho tien dé giai phong lien két, cdc tién da phét bi€u cho
vit rdn tu do vép ding d6i v&i vat rdn chiu lién két, khi xem
nd la vat tu do chiu tde dung cta hé lye g6m cédc hic hoat déng
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tdc dung 1én nd v cic phédn lyc lien k&t tuong dng vdi cac lién
k&t duoc glai phdng.
. Chi ¥ ring tién dé gidi phong lién k&t ding ci d6i véi bai
todn dong luc hoc.
Duéi day s& trinh bay mot sf quy tdc d€ tim céc dac trung
ctia phan lyc lien két cla mot s8 lien két thudng gap. Ta chi
giti han d6i vdi cde lién két khéng ma sdt (nhéin).

D4u tién clin nhdn manh ring cdc phén lyc lién két cd tinh
chét thu déng, ching phu thulc vao cdc luc hoat ddng tdc dung
l&én vt khdo sdt. Do dd viéc nghién cdu cSu tric cda cdc lién
k&t khong cho phép xdc dinh céc tri 86 cla cdc phdn hyc lién
k&t ma chi cho bift cdc dac trung phuong chiéu cia ching.

Lién két tua : hai vAt litn k&t tua khi ching truc tifp tua lén
nhau. Gia s ch# ti€p xic giila hai vit tya lén nhau duge thue
hién theo cdc bé mat, hoéic theo cdc dudng, hodc theo mit va
dudng, hodc theo difm via bé mat hay diém va dudng, 12 hoan
todn nhdn thi phidn luc tua ¢d phuong vubng gdec vOi méat tya
(hosic dudng tua) (H. 1-11).
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Lién két day mém, thdng : phan luc cia diy tac dung lén vat
khanaﬁthmgmcungdgtmchahuwdayvahudngmm.
Phan lye clia day cdn duoe goi la sic cang cia day, ki hisu I3 T
(H. 1-12a). Trong trudng hop day vong qua vit thi phan lye day
huéng doc didy va hudng ra d6i vai mat cét cia day (H. 1-12b).

é)

Hinh 1-12
Lién két bdn 12 ; haij vat cd lién k&t ban 1& khi ching ed truc

(chét) chung. Trong truiing hop nay hai vat tua vado nhau theo
dudng nhung difm tua chua xdc dinh.

Phan lye litn k&t
4 trong trudmg hgp
nay di qua tdm cia
truc va cé phuong
chifu chua xde dinh
(H. 1-13).

Vi vay chung
thudng duge phan
thanh hai thanh
phén vudng gdc vai

nhau ﬁx vl Rf

ndm trong mat

phdng thing géc voi
dudng truc tAm cia ban 1é

Hinh 1-13
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Litn két g6i : dé do cic d&m va khung.. ngudi ta ding cic
lin két, o6 dang g6i o6 dinh (H. 1-14a) va gdl con lan (H. 1-14b}.
Phin luc lien ket cia ghi cf dinh dugc xae dinh nhy lién két bin
|6 cdn phan lyc lien két cia g6i cd con lan dugc tim theo quy
the cia phdn lyc Jién ket tua.

Yo N
. &
X
al &)

Hinh 1=14
Lién két g6i chu : Lifn ket gfi cdu cd the thye hién nhd qud
cfiu ghn vao vAt chiu lién ket vA duge dat trong mot vé céu
gin lién vdi vat gay litn ket Phin lue ghi cfu, di qua tam O
cia vo cdu, cf phuong chifu chua bigt (H. 1-15a).

Théng thuéng phin lue gSi efu duge phan thinh ba thanh
* phén vutng gdc nhau.

Trutng hop tuong ty lién két g6i cdu la litn két ofii (H. 1— 15b).

e
a)

Hinh 1-15

Lién k& ngam : hal vit cd lién két nghm khi vat chju lién
két va vit gy lin k&t ndi edng véi nhau, vi du mit tru ding
duge chon chit xudng nén.
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Trong trudng hdp ngam phing (H. 1-16a) phan lue lign k&t
g0m hai lye thAng gdc v6i nhau va mot nglu lyc trong mat phing
cia hai lyc thanh phén. Trong truong hop ngim khéng gian phan
lyc litn két gém ba thanh phén luc thing géc nhau va ba thanh
phén nglu lyc trong ba mat phdng toa dé (H. 1-16b).

24~ %

aj b}
Hioh 1-16

Lién két thanh: Lién ké:
thanh dvge thue hién nhd cée S
thanh théa mén csc diéu kien /
sau: Chi ¢d lye tée dung & hai
dfiu, con doc thanh khéng od A
lgc tic dyng va trong luong
thanh khong déng ké. Nhitng
lién két tai hai du thanh dugc
thuc hign nhd ban l& tru,
cfiu,... Dua theo tien de 1,
phdn lyc lien k&t thanh ndm
doc theo dudng ndi hai difm
dat lyc lien két tai hai déy b
thanh (H. 1-17). Hinh 1-17
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Ndi chung, lién két cd thé o6 két cfiu da dang. DE xdc dinh
phuong chiéu cla phdn lyc lién két trong trudng hgp chung duoc
huéng dén theo quy téc sau: tuong dng v6i huéng di chuyén
thing bi ngan tré c6 phdn lyc nguge chidu, tuong ing véi hudng
di chuyén quay bi ngén trd ¢d ngdu phan lde nguoc chiéu.

1.3. CAC HE QUA
. T hé tién dé ta suy ra cic két qui sau.

. 131 HOP CAC LUC PONG QUY

| Gia st cd he luc dat tai O (trudng hop hé luc cd cic dudng
' tdc dung di qua O thi 4p dung hé qua trugt lyc cd thé€ dua vé

trudng hop nay). Ap dung truc ti€p tién dé 3 ta tim duoc hop
lye R, nd di qua di€m déng quy vA cd dang (H. 1-18a).

ﬁ'.'h=_frl-1'-'_!“2+___+_Er;.|=2’]:‘.Ilt (1-T

k=1

D€ xdc dinh phuong chi€u va gia tri cia hop lyc R ciia hé lue
dfng quy ecd th€ ding phuong phdp vé hodc chifu (tdc tim cic
hinh chifu clia hop luc trén ba truc toa d§ vudng gdc).

l. Phuong phip vé

Nhu da thdy
trén hinh 1-18a
vectd haop luc Ela
vecta khép kin cta
da gisc OABCD,
cac canh cida nd la
nhilng vectg song
song, cung chiéu
vi cd cung trj s6
vii cdec vecto bifu
difn cdc luc thanh 0Oy

phin. Da  gidc al

b)

Hinh 1-18
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Chd y rdng da giac lyc duge vé xuéit phéat khong bat bube ti
diém déng quy O cia hé Iyc ma cé th€ tir difm 0, tuy y
(H. 1-18b). Vay : Hop luc cia hé¢ luc ddng quy duge biéu didn
bdng vecto khép kin cia da gide lyc dat tgi diém dong quy.

2. Phuong phép chiéu

Tt bifu thde (1-7), hinh chifu ciia hop lue B trén ba tryc
toa d6 vubng gdc cd dang:

n
F::Fu+sz+'-'+Fm=§fu

n
Ry =R +Fy ¢..+F, = l}_“, F,, (1-8)

n
R Tyt Tyt t Ty = 3R,

Tu dé dé dang xde dinh duge phuong chifu vA gid tri cua
hap luc :

= VRZ+RZ+R? a9
EHI::':% ;nmner,'ﬁ=§1l ;mw=% (1-10)

trong d6 a, B, 7 14 géc hgp bdi vects B vai céie truc Ox, Oy, Oz.
“Veetos R’ = E?k. vecto khép kin cia da gidc lye, duge
g9l la vecto chinh cia hé luc {_1"], _15 _5] :

Vay : Hop luc cia hé luc dong quy duoe bzéu dién bdng vecto
chinh ciia he luc dat tgi diém ddng quy.

1.3.2.°CAC DINH Lf VE BIFN B0I TUONG PUONG NGAU L

Dinh i 1. Hai ngdu luc c6 vectc md men bdng nhau thi
eong duong vdi nhau.

Sy ding dén cia dinh i vila néu duge rit ra td hai tinh
chit sau :




1. Hai ngiu lyc cing nAm trong m{t mat phéing, cé
cing chiéu quay va cing tri s6 md men thi tuong duong
- v6i nhau.

Xét hai nglu lye ":?1* E":} cd mé men ﬁ: = + Fd va
nghu luc {_F.. ?’;] cd mb men ﬁz = + F,d,.
| Theo gid thiét:
Fid, = Fyd,
Gia sit dudng tac dung

cia cie nglu luc giao nhau ’E.:'
tai O va O’ (H. 1-19). —

Trugt lyc F, dén O
va lyc F; dén 0Q’, sau

dé phan tich méi luc
‘thinh hai thanh phén,
mét thanh phdn doc 00’,
con thanh phéin kia nAm
trén dutmg tdc dung cua

aghu lye (¥, F3.
Vi hai tam gifc
A A
OAB va O'AB’ bing
ohau nén {(@, #7) 1a hai lyc can bing, con (F, T) tao thanh
| nghu lye, tde la :

F.F=FPed=FD

Hinh 1-19

A A
: Do dién tich cda hai tam gide 00'C va O0'A bAng nhau (cd
. cing ddy OO’ va cung chiéu cao h vi CA song song voi 00

atn hai ngu lyc (F), Fp va (F, F) c6 md men bing nhau va
. theo gia thift, bAng md men ngiu lye {T", 1_'-‘;}.

Vay Fd, = F,d, = Fd, *

Tit do : _P'E?z;-f"zl_“;
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Nghia 12 ta da bién ddi ngdu lye (F), F;) thanh ngau lyc (F, )
tuong duong v6i nd, ma nglu luc sau chinh 12 ngiu luc iT‘rz, E).

Trong trudng hop dudng tic dung hai ngdu luc khéng gap
nhau (tdc song song v6i nmhau) thi 4p dung tién dé 2 thém vao
hai lyc cin bing, ta bién d4i mét nglu lyc thanh ngiu lyc khéc
tuong duong véi nd vd od dudng téc dung cdt dudng téc dung
cda ngiu lue kia.

2. Tiac dung |
cia nghu luc Fl
khéng thay ddi £
khi doi ngiu lue d
dén nhing mat z
phiing song song. A | ’ A

7
g,
=
T

Gid st ngiu lye
(F, ) nAm trong
mat phdng . Liy ' -4
mét phidng x, song 4
song vii mét phing i
x. Tai tdm I cda

<8

hinh chid nhat =
ABAB, ta dat them 7
hai lyc can bing (4, |8
E';]. trong dd luc

E‘; SOng song cung

chiéu véi lyc T va
cd gid tri bing gid tri lve ¥ (H. 1-20).
Nhu vay

FP=Fg Pon=FH @
Ro rang (F, 8}) va (P, 9,) 1a hai ngu lyc. Ap dung tinh

chat 1, cia ding lf 1, ta ddi cac nghu lyc (F, &) va (F', 3y
trong mat phin_g tdc dung cia ching, ching ta cd hai nglu luc
{_F"l, #) va (F}, 3}']} tuong dudng voi hai ngau luc trén.

Hinh 1-20

28



Khi chi § ring (4, #) 12 hal lur:r:ﬁnbﬁmg' ta ed -
F =¥, ¢)wa(F, 3§ =F,F, 5 e = F, F)

Ngiu lye (F,, F,) chinh 1a ngiu Iy (F,F") doi dén mét phing =,.

Ti dinh li trén ta di dfn cdc k&t ludn sau:

a) Veetd md men clia ngiu lue ™ la vécto tu do

by The dung cda nglu luc khéng thay d8i khi tic ddng lén
nd cde phép bién d6i khong JAm thay d6i vecto md men cia né
(dii tiy ¥ nglu lye trong mat phdng téc dung, dbi dén cdc mat
phdng song song, thay déi canh tay don va lyc thanh phén).

¢} The dung cia ngiu lue duge dic trung hodn todn bdng
vectd mf men cia nd.

Binh 1 2. Hop hai ngdu lue duge mét ngdu luc ob vecto
m&mnbdng!dugmmamﬂmcﬁdhﬂingﬂuhmddﬂm_
Chitng minh : Gid sit c6 hai ngiu lte (F), F)) va (T, Fy)

' pAm trong hai méit phing giao nhau theo giao tuyfn 00" va cd
cée vecto md men tuong ung la M, va M, dat tai O (H 1- 21).

Hinh 1-I1



Bi&n d6i hai ngdu lyc trén thanh hai nglu luc c6 cac luc
thanh phin nAm trén giao tuyén OO’, nguge chiéu nhau v cd

cung tri af :
—
T T %
4 "9
Khi chd ¥ (g, 73": la hai lyc can bing, ta c6 -

R HhB=FErREMN=FD
Véy hop hai nglu luc {?, F) va (F, 5} ta duge nghu lve
i? ?‘} vectd mb men cla nd ki hidu 1a M

Theo dinh Il lién h¢ gita m6é men ngiu lyc vA m6 men mot
e d8i voi mot di€m ta cd :

=m, P M, =m, (Fx M =m, ® +m, (P

T dé suy ra : ﬁ:ﬁl-i-ﬁ:

Téng quat : Hop n ngiu lue duge mot ngdu lvec o6 vecto
mbmen bing téng cdc vectd m6 men cila cdc nglu lue da cho:

n
M“ZEH (1 -1D
k=1

Chi y : khi cdc ngdu lyc ndm trong mot mit phdng, cic
vectd m0 men cla cdc nglu lye da cho o6 phuong song song
v3i nhau, nén edng thic (1 — 11) duge thay bing -

f
_=Eﬁh ; {1 - 13

k=1

Vay . Hop céc nglu lyc ndm trong mot mat phang duge mot

ngiu lvc nidm trong cing mat phding, c6 mé men dai s6 hﬁng
tng dai s8 cdc mb men cta cdc nglu luc da cho.
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CHUONG 2
HE LUC KHONG GIAN

He luc khdng gian 14 hé lye od dudng tde dun-g cc lvc nAm
tuy ¥ trong khéng gian

Hé luc khong gian la hé lyc tdng quéit nhdt. VI vy céc két
qud nhan duge khi khio sit hé lyc khong gian dé dang 4p dung
cho cdc hé lic dSng quy, hé ngiu lyc, hé luc song song, hé luc
phing, ching dugc xem nhu JA cdc trubng hop riéng.

Hai vén d& chinh diuoc khdo sit trong hé luc khéng gian
= Thu gon h2 lue khong glan v& dang t8i gidn (dang chudn).
— Tim didu kién cAn bliing cia h@ Iyc khéng gian.

Phuong phap khéo sdt hé luc khong gian trong tinh hoc la
phuong phép hinh hoc, dua trén hai dac trung hinh hoc cia no
14 vecto chinh v& mdé men chinh.

2.1. VECTO CHINH VA M0 MEN CHINH CUA HE LUC
EHONG GIAN
2.1.1. VECTO CHINH CUA HE LUC KHONG GIAN
1. Dinh nghia

Vecto chinh ciia hé luc khong gian, ki hi¢u R, 1a téng hinhk
hoc cla cdc vecto bifu difn cde lye ctia hé lye.

n
B = FF,+.4F, =lz F, @-1
= ]
2. Phuong phédp xdc dinh vecto chinh

a) Phuong phdp vé: dé xdc dinh vectd chinh cd thé vé& (trén
hinh vé xét hé lye gfm bén lyc) da gidc lyc. Mufn vdy, td mot
difm bat ki ta v& ndi ti€p nhilng vecto song song cing chifu
v cd tri 56 bing cdc vecto bifu dién cde lue cla hé luc. Duing

giy khic nhan duge goi la da gidc luc. Vecto 0D dugc goi la
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vecto khép kin da gidc lve, (H. 2— 1). Vay : Veeto chink cia he
luc chinh I vecto khép kin cia da gide luc. D

o~

ﬁ/ g

5

\ A

Hinh 2-1 p
Trong trudng hgp hé lyc phdng, da gide luc 1a da gide phang,
con trong trudng hop hé lue khong gian, da gide lue, ndi chung
la da gidc ghénh.
b) Phuong phdp chiéu

Dya vao ecdng thie (2 — 1), vectd chinh o6 thé duge xdc dinh
qua céc hinh chi€u cia né theo cdic hinh chifu cia cac luc cia
hé Iyc trén cde truc toa do vubng goc Oxyz.

e

n
Ry=F,+F, +. +F_ =Y F,
k=1
ﬁ ¥ R,jr = Flj‘ + FI_? + sl + Fn:,r Stgl th {2_1']
n
R": -F11+F21+‘“+Fn1 e E FEL
k=1

Td d6 mé dun va phuang chifu ciia vectd chinh duge xde
dinh theo cong thde : :

R' = {R7+RZ+R? | 2~ 2)
R, R, R,
m-ﬁ;mﬂ=ﬁimﬂ*=ﬁ (2 =3

trong do : a, B, y la gdc hop bdi vecto chinh véi cée true toa da.
Nhu vy, vecto chinh 1 vects ty do.
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2.1.2. MO MEN CHINH CUA HE LUC KHONG GIAN BO1 vO1 MOT TAM

1. Dinh nghia

M0 men chinh ciia hé luc khong gian déi véi thm O, ki hiéu
M° 1a mot vecto bing tdng hinh hoc cdc vectc mé men cla céc
lge thuse he luc d8i voi tAm O:

n n
M= me@) =31 aF 2 - 4)

k=1 - k=1
2. Phuong phidp xdc dinh

~ a) Phuong phép vé: dua vao cdng thic (2 — 4) ta théy ngay
" ring vectd md men chinh cta hé luc d6i v6i thm O la vecto khép
~ kin cia da gide vecto, cd cdc canh 1& cdc vecto song song cing
. chifu vA cd tri s6 bing cic vecto md men cha cdc luc di vai
~ difm O. Da gidc vecto dé duge goi 12 da gidc vecto mé men,
~ duge x4y dung tuong ty da gidc lyc, § dJ céc lue duge thay
bing md men cia nd d6i véi tam O. Vay : M6 men chinh cia
hé lie di vdi mot tam bdng vecto khép kin cia da gide vecto
- md men.

. b) Phuong phép chifu: goi hinh chifu cla vectoc mé men chinh

cia hé luc d6i véi tAm O trén hé truc toa d vudng goc Oxyz
ln lugt la ﬁ“‘, MOY, MO va dp dung dinh li lién hé gita
mé men cia luc d6i voi moét difm vd mbd men cia lyc d6i véi
. mdt truc, ta co :

[ MOx = E me(Fy) = E m, {?)-2 Ok Fio ~ 2Fy)
k=1
n
MO | MOY = E mo,ﬁ'uFE mT{_E'}-E (2 Fi —xF)
k=] k=1
MOz = 2 Em[_ﬂ}=z m, (F)) = 2 (x, Fy, —_-.rkr;m
> k=1 k=1 k=1

trong d6 : Xy, ¥y, zy 14 toa d8 céa diém dat cia lue Fy; Fig Fyy
F,, ldn lugt 1a hinh chiéu cua lue ?i trén cde truc Ox, Oy, Oz
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3. Dinh li bifn thién mé men chink

Vectd mé men chinh cia he lye d6i voi tam O, thay déi khi
tim O thay déi. Ta cd:

Binh 1i : Bitn thién mé men chinh cia h¢ Iyc khi tam ldy
md men thay déi tiv O dén 0. bdng mé men cia vecto chinh
dat tai O Uy déi véi didm O

M - M =@, @y 2 -8

Ching minh: theo dinh nghia mé men chinh cia hé luc

ddi véi mét tdm [xem cong thie (2 - 4), ta c6 (H. 2 -2)] :
n n
MO =T, M) =ZTA T,

k=1 k=1

Vay :

Trong trudng hop he lyc phdng, khi sit dung ctng thiic (2 - 4)
dé tinh md men chinh cia h¢ lue d8i véi tdm O ndm trong mat

phang téc dung cia hé lye, ta of
5

MO = ¥ &/, (F) 2 - 6)
k=1
?M;Hdmmnhinﬁduﬁflucpﬁdngdﬁmﬂmﬂhiumg
dﬂmbdngﬁngdqim!ﬂ&mdﬂmeﬁaﬁlueﬂﬂuMMEddi
i tdm O
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|

22. THU GON HE LUC KHONG GIAN

2.2.1. THU GON HE LUC KHONG GIAN VE TAM 0
1. Dinh i d&i lye song song
Lyc F dat tgi A tuong duong véi lue b SOng song cing

 chidu, cing cudng d¢ véi lyc F nhung dat tgi O va mét ngdu

lyc 6 mo6 men bdng mo men cia luc F déi véi diém 0.

Ching minh, Ap dyng tién dé 2, dat tai O hai lyc can bing
{_Ir', _Er"}, trong dé lyc ¥ cd cing phuong chiéu va cudng do
v6i lye F. Th co:

F=®FF™M=FPuaF ™
Luc F* chinh 1a lyc F doi song song dén O, cdn hé g6m hai

lye (F, ) 12 nghu Iyc, oS vecto m6 men M = T, (F), (H. 2 -3).
Dd 1a difu cin chiing minh.

Hinh 2-2 ik 2-3
Nhgn xét : Vecto md men nglu lye M = -ﬁﬂ ™ vudng gdc
véi lue .f: tde lyc F nidm trong mat phdng téc dung cda nglu
e, Vay hé luyc gfm mot lyc F va nghu hic cd vectd md men M
vudng goc vai F (tdc nghu lyc vA Ige ciing ndm trong mot mat

phdng) sé& tuong duong v6i mot lye, tidc cd hgp lue j: ¥ va
-— . -
Mg () = M.



2. Thu gon hé luc khong gian vé€ mot tam |

Gid st cd hé lye khong gian ( 1 .f"z,.,-?n}. Dé thu gon he |
hic nay vé& tam O ta lfn lugt thu gon tiung luc vé tAm O nhy |
dp dung dinh li doi lue song song.

Cu thé, (H. 2 - ¢) :
F) = P, va nghu lye ¥, = =, (F)
T‘rz = ?.'2 vA nglu lyc ﬁz = Eﬂ [?z]

?n= ¥, va nghu lee M = m, (F).

Vay h¢ lyc da cho (F,, F,,.., F,) tuong duong véi he lue d6ng
quy tai O (?'1- Fz,..., #n) va hé nglu lye {ﬁl, Eil,..., ﬁn}

l

Hinh 2-4

Nhu da bigt he luec déng quy ¢d hop lue qua O, duge bifu
dién bidng vecto chinh eida hé luc dat tai O.

Goi R’y 1a hop Iye clia hé lyc déng quy, ta cd -
n n
Be=ZF=ZF -7
K =1 k=1
khi dya vao (2 - 1).
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He nglu lyc (M, M,.., M), nbu d& ching minh, tuong
dudng véi mot nglu lue, e6 vectc md men 4

BB 4T b T =Ty Pt + B ) =
=3 EF = WO

k=]
khi dua vao (2 — 4).

'I'lmﬂdm;icgﬂilit.lmthugpn.'lheddinhﬂnu:

Dinh Il : He lyc khong gian bdt ki tuong duong véi mot luc va
mﬁtngdulﬂcddltﬂmﬂdi&ﬂﬂryj,mmmﬂb#mu
gmuﬁugdummugm.mmugmduwﬁiﬁdihb&nguﬁm
chink ctia hé luc dat tgi tdm thu gon, cdn nglu lyc thu gon cb
vects md men bdng mé men chinh cia hé lyc di voi thm thu gon.

3. Céc bfit bién cia hé lyc khding gian

K&t qua thu gon clia h¢ lyc khong gian v€ mot tAm duge
bifu difn qua vectc chinh vA mo0 men chinh clia hé lyc. Vecto
chinh cia hé lyc r& rang khong bién ddi khi tam thu gon thay
déi. Vay:

Vecto chinh la m6t dai lugng b&t bién (bt bién thd nhat)
cla he lye khong gian.

Mé men chinh ciia hé lwe phu thudc vado tAm thu gon. Su

bién thién cia md men chinh khi tAm thu gon thay d6i tuan
theo cOng thic (2 — 5):

—3 — — o
o' 0 - ,
M M® = mg, (Rp)

Khi ché y rdng vecto chinh 12 dai lugng blt__ bifn (eé phuong
chiéu va m6 dun khong di) va vudng gde vai mg, {'ﬁ'nl. ta cd:

Mo R, - MO.R, = @, &) Ky = 0 tic la:
Mo Ry = MR, = hing e-"
o dai lugng bét bien (bat bién thi hai) cia h¢ lyc khong gian,

tie tich vé huéng cda vectd chinh vA mo6 men chinh 12 dai lugng
béit bién.
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B&t bién thi hai cia hé lue khdng gian bi€u dién tinh ch&t sau :

Hinh chiu clia vects mé men chinh lén phuong vecto chinh
la dai lugng khong déi.

Cén chi ¥ rAng b&t bién tha hai ¢d ¥ nghia chi khi b&t bign
thd nhdt khéc khéng. Trong truong hop bit bi€n thd nhét bang
khong thi m6 men chinh ctia hé lue 12 dai lugng bt bign. Diéu
nay rit ra truc tifp tit dinh li bifn thién mé men chinh.

2.2.2. CAC TRUONG HOP XAY RA

Khi thu gon hé luc khong gian v& mét tAm O cho trudc cd
thé gap cdc trudng hop sau:

1}?'n;}=ﬁ;'?.'iﬂ='ﬁ:'mukhithuggnhemckhungmmn,
lue thu gon va ngdu lue thu gon déu bdng khéng. Khi dé ta
néi rang hé lue khéng gian tuong duong khéng tai O, tic hé
lue khéng gian cAn bang.

2). E;j = E—: MY E: tdc hé luc khéng gian da cho tuong
dudng v6i mét nglu lye tai O, ed vectd méd men bdng mé men
chinh cia he e d6i vai tdm thu gon.

3). ﬁ:} - E;ﬂﬂ = 0, trong trudng hgp nay hé lic khong
gian tuong duong v6i moét luc tai 0, tidc he lue khong gian e6
hop lye duge bi€u dién bing vects chinh dat tai O,

4), % e E:ﬁ“ 2 a:tﬂ-: luc thu gon va ngAu luc thu gon tai
tam thu gon déu khéc khéng.

Trong trudng hop nay tiy thude quan hé gida lye thu gon
va ngu luc thu gon (mat phing cia ngdu lue thu gon) ta s&
€0 cdc két qud khéc nhau. Cy the:

a). % 4 ?u'[ﬂ, tie luc thu gon ndm trong mat phidng cila
ngdu lvc thu gon. Nhu da biét, h¢ luc nhu vay co hop luc ﬁ.
phuang, chifu va cudng do cda nd duge bi€u dién bing phuong
chiéu va gid tri clia vecto chinh vA ndm cach tdm thu gon O
mot khodng cdch d (H. 2 - 5) :

_ 1Mo
-

d
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|II
=l
=4
3
=4
=|

i
g« o \L~
Ro= R R
.ﬁ-,;ﬁ
~ +0
0 0 RR
a) H§ xodn thugn 1
b) Hé xoén ngure
Hinh 2-5 Hinh 2-6

b) Ry /f E'I-n. trong trudng hop nady lyc thu gon od phuong
vubng géc v6i mat phidng ngdu luc. He lyc nhu vay duge goi 1a
h¢ xodn (H. 2-6), hé xodn thuln n&u vecto Igc thu gon va
vectd md men nglu lyc thu gon song song cing chidu (H. 2- 6a)
v hé xodn nguge trong truimg hop hai vecto dd song song nguagc
chiéu (H. 2- 6b). D& dang chi ra ring hé xoén tuong duong
vfi hai lye chéo nhau. Tryc cd phuong song song véi vects chinh
di qua O duge goi 1A true xodn (H. 2-—6),

) < By M) =a » kZ;k = 0, 1, 2.. Trudng hop ndy

lye thu gon v vecto mé men cla ngiu Iyc thu gon hop véi nhau
bdi gdc nhon ho#ic gde til, tde luc thu gon khéng nAm trong mat
phing hodc khong vubng gdc v6i mat phing téc dung cia nghu
lyc thu gon. H¢ lye da cho trong trudng hop ndy tuong duong véi
mit hé xoan, nhung truc xodn khdng qua tdm thu gon.

Dé ching minh diéu nay ta phén ngdu lyc M thAnh hai
nglu lue I'cﬁ:’ vl @, trong d¢ ﬁ? theo phuung vecto chinh con

ﬁ;] vudng gde v&i phuong vecto chinh. Nhu vy, Iye thu gon
E;D ndm trong mat phdng tdc dung cia nglu lyc E nén heé lye
ghm EO va ib tuong dudng v6i mot luc od cing phuong, chidu
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vl cudng d6 vdi lue thu gon _R:} nhung dat tai difm D] céch
duimg tdc dung cia lye thu gon Eb mét doan:

| M|
o 5

d =

Nhu vay hop Ilu-: clia hé {ﬁ%, if?} dugc bi€fu didn bAng vecto
chinh déat tai 0,. Do ds :

(M, By = OB, M2, B, = 2, Rp)
Chi ¥ rdng vects md men ngiu lvc 13 vecto tu do, nén hé
.iﬁ?,R;[,]}lhhe:u&ncﬁtmminquadiﬁmﬂl H.2 -7
Do la diéu con ching minh.

Hiah 2-7

2.2.3. CAC DANG CHUAN £UA HE LUC KHONG GIAN

Dua vao két qua thu gon h¢ luc v& moét tdm va cdc bat bign
cha hé luc khong gian, ta nhin duge cde tieu chufin v& cdc dang
chufin cia hé luc khong gian : .

1). T ﬁ: MO = E: hé lyc khong gian cin béng.
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2 R = Er MO = E: hé luc khong gian tuong duong v8i mit
ngdu lyc (khong phy thufe tAm thu gon).

3’ = ﬁ: MOR = 0, he¢ lyc khéng gian tuong duong voi
mot lyc, tdc hé lyc khong gian cd hop luge.

4 B = 0 MOR® = 0, he luc khéng gian tuong duong véi
mit hé xoén.

Dé 1a bSn dang chufn (t6i gidn) cia hé lyc khong gian.

Trong trudbng hop hé luc khong gian cd hop luc, ta co dinh
i sau:

Dinh lf Varinhong : Trong trudng hop h¢ luc khong gian
¢6 hop luc thi mod men cia hgp luc doi véi mét tam bdt ki béng

t6ng mo men cda cde lyc thanh phdn déi véi tam dy.

n
mo (R) = Elﬁr"ﬂwg (2-8)
k=
Ching minh. Gia sit he luc o6 hop e, ki higu Ia R, viét dinh
If bién thién mé men chinh cho tdm thu gon O bét ki va tam thu
gon O; nam trﬁndﬂhngt&cdung:ﬁuhqplﬁeﬁ.taﬂﬁ:
MO - MO = my(Kp)
Ehﬁfrﬁngmﬁmﬂn:hinhnlahelucdﬁiv&immﬂmgpnnhm
trén duding téc dyng cla hop
luc 12 bing khong theo dinh
nghia ciia hop lye, & luc duy
nhit tuong duong voi he hee,
tic M® = 03 edn R’ chinh
I hop lyc K, (H. 2-8).

n
HL‘I = 2 E{}{_Fti}
e

n
E_i'?-';ﬂ{?k:- = m(R)

D la diéu cln ching
minh.




2.2.4. CAC DANG CHUAN CUA cic HE LUC DAC BIET
1. H¢ lye déng quy tai O
- —y — - —a
Vi M’-‘=Emﬂ[F1}=D, nén M° R’ = .
Vay hé luc déng quy hodc c4n bing hodic ¢6 hgp lye.

2. Hé ngéu luc
Vecto chinh cia hé ngdu lue lusn luén bdng khéng

n
ﬁ' = Z ?k = E-
k=1
Nén hé ngiu luc hodc can bing hoac tuong duong v6i mot
ngdu lue.
3. Hé luc song song

n
Vecto chinh cia he Ite song song B = Z 1_?: cd phuong
Song song voi cdc lyc thanh phén. k=1

Ngodi ra, E&'n [?h} vudng gde véi luc ?r tdc vubng gdc vai
phuong ciia vecto chinh B'. Do dg mé men chinh cta he lyc -

n
k=]
cling vudng gdc vai phuong cia vecto chinh RB'.
Vay : MO.H =0

Do dd cdc he lye SOng song cd cdc dang chufin la: can béng,
ngéu lye, hop lye, -
Trong trubng hop hé lye S0ng song cung chiéu, vecto chinh -
n

R 2 f: = 0,
k=]
nén hé lue chi ¢d mot dang chuin, 1a hop lye.

4. H¢ lyc phing
Ly tdAm thu gon nim trong mat phing tic dung cia he lue,

n
ta csmo(Fy) va do d6 MO = T mo(F,) vudng goc véi mat
k=]
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n
phing thc dung ciia hé lyc. Vecto chinh BT T
song song vOi mat phdng tdc dung cua hé lue. k=1

Do dd MOR =0

Vay hé luc phing cd cic dang chuén nhy sau: cAn bing, nglu
luc va hop luc.

He lyc phing cAn béng khi vecto chinh vA md men chinh cia
he lyc d6i vai mot di€m déu bing khong, tic :

n n
B=SF=0; M=) fg(F,) = 0
k=1 k=1
Hé lyc phlng tuong duong véi mot nghu lyc khi vecto chinh
ctia he lye bAng khong, cdon md men chinh cia hé luec d6i véi
mbt di€m khéc khong.

n T
=3 F=0; M0 =3 T =0
k=1 k=]

Ngiu lyc thu gon cé mO men (dai s6) bing tdng dai sb cac
mé men clia cac lye thanh phén d6i voi mot di€m bat ki, tdc
khong phu thubc vao difm 14y m6 men. Diéu nay dugc rit ra
tii dinh i bién thién md men chinh.

Hé lyc phidng cd hop luc khi vecto chinh cia hé luc khac
khéng. Hop lye R ecla hé luc duoge bi€u dién bing vecto chinh
cia hé lyc, nAm céch diém O mot doan d:

n
| 3 Fo®o 7(Z)
a k=1 P I ch "d a‘
7 sao cho
—_— . n e e
iy @) = X mo(Fy { l
k=1. -
5. Hé lyc phan b6 s \L-
Xét mot dim thing chiu tdc dung ; D%k
cia hé lyc song song phén bd theo T -
quy luat (H. 2-9) : Hinh 2-9

43




gix) = hm&:

duge goi la cudmg d§ cha phin bS lyc trén ddm theo chifu dai.
D& don gidn ta chl xét trudng hgp cda cudng 4o phan bé luc
cd bifu dé nhu hinh 2-9.

Hé lyc phdn b8 ed thé dugc xem la trudng hgp gidi han
cda hé lye t4p trung (hé luc phdng song song ching chiéu), voi
cdc Iye tdp trung

Fp = aQ, = qlx’y) Ax, voi x, < 2", < x|
Vecto chinh cla he luc song song cling chiéu, cing phuong
vii cée lue T, vh cf gid tri -
I
R = 2F, = lim ¥ qix’) &x, = [ q(x)dx
b, =0 0

Chia ¥ réng tich phAn trén bifu difn dién tich clda bifu d8
phin b8 lye.

Mo men chinh ciia he lyc (F,) d6i voi mot difm ndo d,
ching han, ddi voi difm ddu mit cia dim =6 bing :

{

H'D—Emﬂ f?l hln_Zq'[itJ X, &ll—fq{xj:d:

Aoy =0

Vay hé lye phan bd cd hop lue R hudng thlng ding xubng,

od tri =8 : i
= j' qix) dx (2 -9)
L]

vi cich dfu mit ecda ddm mit doan d
!

J- qix) xdx
E “’f— 2 - 10)

I aex)ax
1]
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Xét hai trudéng hgp riéng sau:
a) Cutmg dé phan b6 luc déu, tde qix) = q, = hing (H. 2-10).

Tri 86 ctia hop luc tinh theo cong thic (2 — 9) béng :
!

R = _[!; q,dx = q_ 1 f"
4 vi hop lyc cdeh ddu mut ddm mét doan d : é b !
! 1
J goxdx - e
i 1
== Hinh 2-10
q.f 2 :

Vay hop lue dat tai diém gita cia dim va cd trj s bing
dién tich cia hinh ch nhét phan bd lue.

b) Cudng do phan bd luc tuyén tinh
Gia st luc phan bé doc ddm theo luat tam gide oo day la q,.

Ro rang: =
qix) = q, 7

Céng thde (2 — &) uhnl ta tri sd cia hop lue R

X 1
Ri= _ll;qcle!{ = Equ].
vd hop lyc cdch diu mit didm mdt doan d .

|
2
[a,7xdx
= 3 2
Rl el R
5 9! 3 %ol

Vay hé lue phan bd tam giac

1
o6 hop e oS trf 56 bang R= 5 q,/ mll .
(dién tich clia tam gidc phén b il lll II
Z

lye) va cdch dinh cia tam giac

| - -

phin bt luc modt doan bang 3

(tdec di gua trong tAm cha tam
gidc phéin bd lucl, High 2-11



Qua hai thi du v& phan b6 luc hdng va luc tuyén tinh va tir
cong thic (2 ~ 9) va (2 — 10) c6 th€ di dén ket luin sau:

Hé lyc phan bS cé phuong chiéu song song véi phuong chiéu
cia cdc lyc phan bé cd gid tri bAng dién tich (véi ti 18 xich nao
dd) cia bi€u d6 phAn b8 luc vA di qua trong tdm cia bifu dé.

2.3. DIRU KIEN CAN BANG VA CAC PHUONG TRINH CAN
BANG CUA HE LUC KHONG GIAN

2.3.1. BIEU KIEN CAN BANG CUA HE LUC KHONG GIAN

Didu kién cdn va di dé hé lyc khéng gian can bdng la vecto
chinh vd mé men chinh cia hé luc dbi véi mot diém bt ki
phdi dong thoi triét tiéu :

(¥, ¥yt ) = 0 — | 2-11)

n
MO = 3 By =0
k=1

Ching mink. Difu kién cfn duge ching minh nhd dya vao
cic dang chufin cla hé lyc khong gian. Thue vAy, néu didu kién
(2—11) khéng duge thda man thi hé lvc khong gian hodic tuong
duong v4i mét nghu lyc hoéic moét hop luc hodic modt hé xodn,
tdc khong théa mén tién dé 1, vay hé lyc da cho khéng cAn bing.

Diéu kién da la hién nhién vl vecto chinh ciia hé lyc bing
khong, khi thu gon hé ivc vé mot di€m bat ki ta duge mot nglu
ldc thu gon bAng m& men chinh cla hé lye d8i véi difém O (dinh
li bién thiéen m6 men chinh) tdc bing khong. Vay ngiu luc thu
gon la hai lyc cAn bing, theo tién d& 1, he lvc d4 cho cAn bing.

2.3.2. CAC PHUONG TRINH CAN BANG CUA HE LUC KHONG GIAN

T diéu kién (2 — 11) ta od : didu kign cln va di df€ heé luc
khong gian c@n bdng ld t6ng cdc hinh chifu ciia cic lyc trén

46



ba truc toa do vudng goéc va téhg mé men cia cbe luc déi vol
" ba truc dy ddu triét tiéu.

n n n
YFR,=0 ; > F =0; S F,=0 (2-12)
k=1 k=] k=1

n

n n

Yy mF)=0; X mF)=0; > &, (F) =0

k=1 k=1 k=1

Mu6n ching minh ta chi cn ching minh day la diéu kién
cn va di d€ cd diéu kién (2 — 11). D6 la difu rd rang.

Céc phuong trinh (2 — 12) duge goi 1A nhitng phuong trinh
cAn bling cia hé lyc khdng gian.

2.3.3. PIEU KIEN CAN BANG VA CAC PHUONG TRINH CAN BANG CUA
cAC HE LyC PAC BIET
1. Hé lyc dbng quy

Didu kién cin vé di d€ hé lyc ddng quy can bdng la vecto
chinh cua hé luc triét tidu -

n
B-SF -0

k=1

n n
hoge ¥ F,=0; Y F =0; 3 F, =0 (2-13)
k=] k=1 k=]
trungdd:Fu.FwFu{i- 1, 2, .., n) la hinh chifu cia cac
lyc trén ba tryc toa df& vubng gdc nhau.

Cac phuong trinh (2 — 13) duge goi la nhimg phuong trinh
cAn bAng clia hé& lue déng quy khoéng gian.

Trong truong hgp hé lyc ddng quy phdng, s6 phuong trinh
cAn bAng con hai.

2. Hé nglu lyc

Didu kifn cdn va dii dé he nglu luc (M,, M., M) can
bang la nglu luc téng cOng cia né triét tiéu, tic :

N

k=1

47



Hodc

n fi

n
2 M,=0; ¥M =0; ¥ M =0; (2-14)
k=] k=1 k=]

Céc phuong trinh (2 — 14) duge goi 14 nhiing phuong trinh
cn bing cta hé ngiu luc.

Trong trudng hgp h¢ nghu luc phdng, s6 phuong trinh can
bing cbn mot..

3. Hé¢ luc song song

Trong trudng hop hé Iuc song song, phuong cia vecto chinh
cua he lyc da duge xdc dinh (song song véi edc lue thanh phén) °
con mé men chinh cia hé lyc |2 vecto ndm trong mat phing
xdc dinh (mat phéng thing gdc voi phuong cdc lye thanh phdn). |
Do da:

Didu kién cﬁnuﬂd&d#hgigcmngmngcﬂnbﬂnghtﬁng
hinh chifu cia cde luc trén truc z song song vdi céc lue thanh
phan va téng mé men cia cde luc dbi véi hai truc vudng goéc
vt nhau xz, y (vd vubng géc véi truc z) triét tiéu :

L n L n .

2F,=0; ImF)=0; FHER®F)=0 2-15

k=1 k=1 k=1

Céc phuong trinh (2 — 15) duge goi la nhing phuong trinh
cdn bang cia hé lyc song song khong gian.

Dé&i véi trudng hgp hé luc song song phdng s6 phuong trinh
cAn bdng cdn hai.

4. Hé¢ lyc phing
Khi dp dung difu kién cAn bdng (2 - 12) cta hé lye khong
gian cho hé luc phdng ta cd:

Dgng‘!:ﬂﬂuhﬁtc&nmd&déﬂiutphdngmbdng&
téng hinh chiéu cla céc luc trén hai truc toa do vudng géc va
tbng mé men cia cde lue ddi voi diém O bdt ki bdng khong -

n n n
h§|Fh=ﬂ: tganr.ﬂ; kglﬁﬂ(f‘k}-q . (2-16)
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Chitng minh, Chon hé truc Oxyz cd mat phidng Oxy la mat
phidng tdc dung cha cde lue, tde truc Oz thing gdc vii mat
phdng lye. '

R6 rang la cac phudng trinh :

n n n
YF,=0; EF&{FkF{H'EEﬂFﬂﬂJ
h“] k=1 gE=1

s& ty thoa man, va vi truc Oz vubng géc vdi mat phdng chia

lye nén:

LRIy Ly =0
- E=1
Vay hé phuong trinh cdn bing cia hé luc phing la :

n n n
> Fe=0; XY Fy=0 ; > MWy (Fy) =0
k=1 k=1 k=1

v0i diéu kién 1a cde tryc x, y vudng goc v6i nhau.

Céc phuong trinh (2 — 16) dugc goi ]a cdc phuong trinh cAn
béng cia hé luc phing (dang 1).
~ Dang 2 : Diéu kién clin va di dé hé luc phdng cin bdng la
tfng mo men ciia cdc luc dbi voi hai diém A, B v tdng cdc hinh chiéu
ciia cée luc trén truc khong vudng goéc vdi doan AB badng khong :

. n n n

Y@ () =0; Y mF)=0; ZF, =0; (217
T k=1 k=1

véi didu kién truc x khéng vubng gde véi doan AB.

Chitng minh : Diéu kién cin dugc ching minh tuong ty nhu
trudbng hop hé luc khong gian, nhd dya vdo cdc dang chuéin cua
- hé luc. N&u céc diu kién khong duge théa mén thi hé lye phdng
" ho#ic tuong duong véi mot ngdu luc hodc cd hop lue, tite khong
" théa man tién dé 1, nghia 12 hé lyc khong c4n bing.

. Dé ching minh diéu kién du ta li ludn nhyv sau :

Tit difu kién tdng hinh chifu cdc lyec trén truc x triét tiéu
“riit ra hinh chifu clia vecto chinh cia hé luc trén truc x triét
- titu, Cd hai kha nang xay ra :

49



a) B = 0, khi d6 vecto chinh R’ phai vubng gdc véi truc
chiéu x va vi truc chifu khéng vudng géc v6i dudng chda doan
AB nén phuong vecto chinh khéng song song v6i dudng thdng
chia doan AB. Tuy nhién +i : -

B0 M=Zm(F)=0; M =Zmy (F) =0
nén hé luc cd hop lic, dudng tic dung cila nd qua 2 difm A
va B, tic phuong vecto chinh phdi song song véi dudng chda
doan AB, diéu nay méu thufin voi trén.

Do ddé: K = 0.

h}ﬁ'-ﬁ:khi thu gon hé luc phing vé mot di€m O nao dé
ta nhin duocec nglu lyc thu gon cé md men thu gon :

: n
MO = MA = EmA{Ft}=ﬂ

Vay nglu lyc thu gon nhin duge 12 hai lyc cAn bdng, theo tién
dé 1, hé lyc phing di cho cAn bdng.

Dang 3 : Didu kién cdn va du dé€ h¢ lyc phéng cén bang
~ I& tng cde mé men cia cdc luc doi véi ba diém A, B, C khong
thdng hang trigt tiéu.

Emﬂ{Ft}#:ﬂ Emﬂim_u Emcfl?k}-ﬂ (2-18)

k=1
Chitng minh: Trubc khi ching minh ta nhén xét rdng cac
ngdu lyc thu gon tai A, B, C la MA, MB, va MC s& la:
n
WA = 5w W = 3w E) I - 3w E
k=1 k= k=1
Diéu kién cdn la hién nhién vi néu trong cdc didu kién (2-18)
khong dugc théa min, thi du : .
— —
Y@, F) =0
_x=1
thi nglu lye thu gon M* tai A ciing khéc khong, nghia 1a hé lue
dA cho khéng théa min tién d& 1, tic hé luc khong can bing.
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D& ching minh difu kién di, ta chi ¥ rAng néu cdc diéu
kign (2 — 18) duge théa man thi cAc ngAu lue thu gon tai A,
B va C déu bing khong. Viy néu hé luc cd hop luc thi ba diém
A, B, C phiai nAm trén dudng tdc dung cia hop lyc. Ndi khac
di dubmg tdc dung cha hgp luc phai di qua ba difm A, B, C
khong thing hang. Do 1a didu vd ly. Vay hé lyc khéng cd hop
lgc va dua vao dang chufin cia hé luec ta di dén két ludn la
vectd chinh cia hé luc phai bidng khong.

Do B’ = 0, nén khi tién hanh thu gon hé lyc vé mot diém
tay ¥ O thl nghu luc thu gon M©, theo dinh Ii bién thién mé men
chinb, bAng ngiu lue thu gon tai A, tdc MO = MA = 0.

Vay ngdu lyc thu gon M? 1a hai lyc can bdng, theo tién dé
1, hé luc da cho cAn bang.

Ap dung truc tiép cdc dang phuong trinh cAn bang trén cho
hé luc song song phing ta cd :

Digu kién cin va di dé hé luc phdng song song cin bdng la
ibng cdc hinh chifu cida cdc luc trén mot truc khéng vudng goéc
véi duong tdc dung caéc lue va tSng md men cia cdc lyc ddi
wdi mot diém ddng thoi triét tidu :

n n
hﬁ"'lrw =0; izlﬁﬂ F)=0 (2-19)

i didu kién truc chifu y khéng vubng géc véi dudng téc dung
etia ede lue.

Hoac

Di#y kién cdn va di dé€ hé lyc phing song song cdn bdng la
téng mé men cia cde lyc dbi véi hai diém A, B khong cing
ndm trén mét dubng song song vdi cdec luc diu triét tiéu, tic :

n
=8 — . =
S m,FY=10; ) mg(F)=10 (2-20)
k=] k=1

vdi diéu kién AB khéng song song vdi cdc luc.
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Thi dy 2 ~ 1. Ddm AB cé chiéu dai 4a duge dat trén hai
g6i nhu hinh 2-12. Ddm chju tdc dung cia hai lwe tdp trung
theo phuong ding huéng xudng tai C va D ¢C 1 difm giita cla
dém, con D cdch ddu miit A cia ddm mbt doan a) v& mot luc
F theo phuong ngang cich dudng truc ciia dém mot khodng d.

Xdc dinh cdc phan lyc tai gi do (y d =%m

Bai giai

Khéo sét ddm AB cin hﬁ? dudi tdc dung hé luc phdng gém
cdc lyc hoat dong P, § va F va hai phén luc litn két cia g6i
do A vaA B (phan lyc tai A g6m thanh phén thing ding va nim
ngang Yh, » con phén lyc tai B theo phuong théing ding ﬁa}
(H. 2 - 12).

Vi dim can bdng nén

E?r' .ﬁ? E iﬂl .irﬁ-.! ﬁB} = E.

Vit cdc phuong trinh cén bing cia hé luc phing (dang 1)
cho hé luc trén, ta cd:

2F,=F-X,=0
ZF =Y, +Ny-P~-Q=0

ZE‘*[?}=T1‘—}FE+QE+2PE-4HBE:Q

Khi gidi hé phuong trinh trén ta nhan duge :
1 3 1

IA=F? Y, = EP+IQ—IEF;
1 1 1

Cac phan luc -i’A, WB nhadn duge gia trj duong, com thanh
phén phén lyc thidng ding ?ﬁ s€ c0 gia tri duong hodc Am tiy
thuée bidu thue:

1 3 1
¢ T

ed gid tri duong hay Am.
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DE I1Am rd vin
dé pay, ta luu y
ring trong trudng -
hop téng quét N

z |
khéng bidt truée ~K
chiu cia cde phan o
luc litn két, i B r

ching phu thute ¢ 0 At %
vio cdc lyc hoat " e T
déng tdc dung lén
vit tAn. Do dd, khi
gidi phdng lien ket,
cdc phén lyec lién két dugc gid thi&t cd chiéu nao dd. Vay chiéu
duge chon truéc nhu vay cd thé ding, cing cd thé khong ding.
Vi cdc phan luc litn k&t duge dua vio trong céc phuong trinh
cin bdng voi danh nghia 1a médun cidia céc phan lye lign ké&t, duoc
thém ddu duong hay dfu &m la tiy thudc chifu chon ciing hodc
nguge chiéu vii hudng duong cia truc chifu, nén ching phai 1a
cdc dai lugng chi ldy cac gia tri duong Véi li do dd, cdc phan lyc
duge tim tit cde phuong trinh cAn bAng bét bude phai duong. Khi
gidi cdc phuong trinh cin bing, cd phan luc ndo dd nhan duoc
~ gid tri &m thi difu dé khéng th€ chfp nhin duge. Vay céin phai
chon lai chifu cia phén Iyc lien két sao cho tif cdc phuong trinh
cdn b&ng cdc phan lyc déu nhén duge gia tri duong, nghia 1a phai
tifn hanh gidi lai bai todn. Tuy nhién nfu of mot phdn luc nao
dé duge gia thiét chiéu khdng ding thi chiéu ding 14 chifu nguoc
lai. Tt d6 khong cén thiét phai tiga hﬁnhgﬁ.lla.lhmtuﬁnmichi
cin d6i lai chiéu cla phan luc o6 gid tri aAm.

Thi du 2 — 2 Céu truc ABC cd truc quay thdng ding GE voi
GE = AC = 5m (H. 2 - 13). Trong lugng ban than céa céu truc
la P = 19,62 kN dat tai di€m D cdch tryc quay 2m. VAt duge
- cdu cd trong luong Q = 19,43 kN dat tai difm C. Xéc dinh

phén lue tai cdc 6 49 G va E. Bd qua ma sit.

i

[ I |

Hinh 2-12



Bai giai

Khéo sit cédn tl"-lﬂ E—l—% 'E =
ABC can bang dudi tde e sm
dung ciia he lyc _qﬁm cde

luc hoat dong P va ﬁ A ;F—y
dat tai D v C va céc D ¢

phan luc lién két tai G
vi E. VI céc lvc hoat

déng tdc dung trong mat
phing cfu truc nén cdc % | ”
phén lyc tai G va E ciing
nidm trong méit phéng A
cfiu true. Do dd, céc ?:; I
phn lyc tai G va E dugc E iz
bifu dién nhy trén hinh
vE.

Véy céu truc ndm can bing dudi tdc dung cia hé luc phing :

BQE R Ty R = 0
Céc phuong trinh céin bing cida hé luc nay duge viét nhu sau -
2F =Y, -P-Q=0

Zme (F)=5X, -2P -5Q = 0

2 mg (F) = 5%, — 2P - 5Q = 0
Ti hé phuong trinh nay, ta cd:
Yy = P+ Q = 39,056 kN

Sm

. =)

Hinh 2-13

P+Q = 27278 kN

P+Q = 27,278 kN

Cac phan luc déu cd gid tri dudng.

Do d6 céc phdn luc cd chiéu ding chiéu da chon nhu trén
hinh ve.
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Thi du 2 — 3. Ddm AB

o6 chiéu dai | duce gén vao Vs g
tudbng nhd lién két ngdm tai A %o —-.\{T
A Tai ddu mat B ty do dém ¥/ bt RS
chiu tée dung lue P va ngfu 4 L = i' ]

Iwe M va suft chifu dai ddm i 3 -

chju tdc dung cia hé lye
phAn bé déu cd cudng db
q, Xéc dinh phan lyc tai Hinh 2-14

ngim. Bé qua trong lugng ban th&n cia dém (H. 2-14).

Bai giai
Khéo sdt ddm cAn h&ng dubi tdc dung ctia hé luc gém céc
hfr,- hoat ding ? nghu lue M va he lun_ehﬂ.n b déu cd hop lue

= gl va cdc luc lién ket tai ngam X,, Y, va ngiu luc MA.
Ta ed he lyc phdng cAn blng sau :
(P, §, ngiu lye M, X,, Y,, ngiu luc MA) = 0

Phuong trinh c&n bAng cia hé luc ndy cd dang :
2F, =X, =0
ZF Y,-P-Q=0

EmA{_F'j = MA - Pl -ql-m =0
Khi giai hé phuong trinh nay voi n:hﬁj?Q

II IF

ta duge

D
X, =0;Y, =P+Q;MA = P1+qﬂ~+H

Céic phan lue déu ed gid tri duong, nén ed chifu nhy trén hinh vé.

Thi dy 2 - 4. Cénh cita OABC hinh chit nhAt d8ng chit cd
trong lugng P duge git cAn bidng & vj tri nAm ngang nhd géi cdu
0, ban 1& C va day BD. Bi&t dudng chéo OB nghiéng 60° v&i canh
0A, day BD ndm trong mat phing thdng ding qua OB va nghiéng
goc 45° vdi OB. Tim cdc phidn luec tai O, C va sic cing cua day.

Bai giai

Khéo sat cdnh cla u:in__b&ng duéi tdc dyng cda he_l_w:jhﬂn_g
gian gébm luc hoat déng P va cic phén lvuc lién két X, Y_, Z
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elda g8i cdu O; ﬂ.i:.
cua h_d_n 18 C va sde
cing T cla diy. Ta cd
hé lic cAn bing sau :
= & o =&
e LT,
E-c* _T*C} =0

Dé don gidn cho
viéc lfp cédc phuong
trinh cén biing ta phan
tich sdic cang T thanh
ba lue ndm doc ba tryc
toa dd wvudng gde, dd
1A ;

T, = Teos45%0s60° =
T, = Teos45%in60° =

T, = Tsin45° =
Céc phuong trinh cAn bing cia hé luc khéng gian sé 1a :
> P [ B

1
™Z
2Fy =Y, -P-—5 =0
2F, =zn+z¢+¥-r==n
. Pay3
H!EF} = — lzr +-2caﬁ+,r:§.uﬁ=ﬂ
fﬁ=P§—wT§.a=u

o6



_Ei&i hé phuong trinh trén ta nhin duge

V2 P PV3 P
XCE{};T:T’KD:E'YDET*Zc=ﬂ;2ﬂ=:‘§

Céc phdn lyc déu cd gid trj duong nén ching cd chiéu nhu
trén hinh vé

Thi du 2 - 5. M6t xe ba bdnh dugc md hinh bing tdm tam
gidc déu ABC dbng chét, cde canh cd chiéu dai a, nAm can bing
 trén mat ngang va ti€p xdc v6i mat dudng ndm ngang qua ba
difm tifp xic Eﬁa bdnh véi mat ding tai A B vi C. Trong
ltgng cia xe la P dat tai trong tAm G cida tdm, con vat ning
xe chd cd trong lugng Q dat tai difm D. Tim cdc phan lyec tai
A B va C.

Bai gidi

Khao sét t&m ABC ndm cAn bing dusi téc dung ciia h¢ luc gém
céic luc hoat dong P, Q va cdc phén luc lién k&t N,, N, N cd
phuong thdng gde voi mat phing clda tdm, tdc phuong thing
ding. Te cd hé luc khong gian song song cén bing (H. 2-16).

f.i
7.
c
%I-
- ﬁ -
~ o) |? ¥y
4 l% [ o G
b
A & 8 Y
B Hinh 2-16

e

{F: | Na‘-‘ NB: NE‘] = u
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Chon hé true Oxyz nhu hinh vé& csc phuong trinh can bing
cd dang:

2F, =N, +Ny +No -P - Q = 0

2M2(F) = - PaV3/6 — Qb + Nyay3/2 = 0
a a

mgrr=q,c+nc§—mﬁ_2.=n

Khi gidi he phuong trinh nay, ta duge
c b3

P 1
Mgttt :
P  2Qw3
Ny = 5+ =g
P

1 bV3.
Ne=3+[3-(+m)]@

Ro rang phin lye Np cd gid tri duong, tic c6 chiéu nhu trén
hinh wve.

Phén luc N, cing cd gid tri duong, néu cha y rdng b od gid
tri 16n nh4t clﬁ bdng chiéu cao cia tam gide, tde la :

ay3
o 25

Sl

Viy
M= 5+ (345D o (5-1) @

phan lue I_h"c cd gid trj duong hodc &m tiy bi€u thade :

P 1§ b V3
st [s-(zt2 %)
ed gid tri duong hay am.

Trong trutmg hop 174:: cd gid tri khong hodc Am, tdc lign ket
gita mat dudng va xe khoéng cd, xe sé bi 14t quanh AB, vi lién
két C bi mét.

Vay diéu kién d€ xe khéng bi lat quanh AB sé& la:
P 1 ¢ b y3
[a-(z*3 5)]8 >0
Bai todn vat lat sé ducc trinh bay chi tigt & phén ti€p sau.
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Thi du 2-6. Mot truc kéo AB c6 dubng truc nAm ngang va
duge di trén hai 8 truc (ban 1é try) A va B. Hai nhanh dai tac
dung lén truc tdi qua puli c6 duong kinh D = 0,60m cdc lvc kéo
T, = 5kN va T, = 2kN. VAt duoc kéo cd trong lugng P = 5kN
nhd tang tdi cé dudng kinh d = 0,30m. Truc tdi con chju tac
dung nglu lyc cAn cé mOmen M.

Xic dinh nglu lyc cAn M cén thiét dé truc kéo can bang va
chc phdn Iyc tai 6 truc A vad B. Cac kich thusic cho trén hinh
vé. Bd qua ma sat.

Bai giai

Khio sét truc kéo can bdng duéi tic dung cia hé lyc gém
chie ly lic hoat dOng P nglu luc M _va céc ph&n luc lién két R
R, T, T, trong d¢ céc sic cang T, v& T, da cho, nghu lyc cén
E‘i, vecld momen ﬁ huéng song Bﬂng véi tryc quay, cdc phén lue
Ry, RE nim trong mat phing vudng gdc véi tryc quay nén cd
thé phan tich ching thanh hai thanh" phén nim doc theo hai
truc x, y trong hé toa do Oxyz, cd truc z tring v6i truc t&m
cua truc quay, (H.2-17).
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Ta co hé lyc khong gian cin bing sau:
(P, ngu lyc M, T, T), X,, Vo, X, V) = 0

Khi viét cac phuong trinh cin bing cho hé lyc nay, ta cd:
2F, = T, + T, + X, + Xy = 0

ZM,F = Ty - Ty - P3 - M = 0

2M,(F) = 3aT, + 3aT, + 42X, = 0
Thay céc gid trj bdng s6 vao hé phuong trinh trén va gidi
ta duge :
X, = - 1,75kN, Z, = 8,75kN;
Xy = — 5,25kN; Zy = 1,26kN; M = 0,16kN
O day thanh phén X, cia phan lyc tai A va Xy ¢6 chiéu ngugc
80 v0i chiéu trémn hinh vé,

2.3.4. DIEU KIEN CAN BANG CUA HE VAT RAN
D&i véi h¢ vaAt rdn cfn phan biét ngoai lye va ndi lue.

Ngoai lye, c6 ki hieu F¥, 1a cde lye do céc vét khong thube
he tde dung lén cdc vat thube hé.

Noi luc, c6 ki hieu F, 1a cée lyc tée dung tuong hé gita céc
vt thudc hé, ma trudng hgp riéng la nhimng lue lién k&t caa
cac lién két trong, tdc 1a nhing lién két gida cdc vat thudc hé

Theo tién dé tdc dung va phdn tdc dung, cdc ndi luc xuft
hién ting cap truc d6i, nhung ddé khong phai 14 hai lyc cin
bang, vi khéng dat lén cing mot vat. Hé nodi luc cd tinh chét
quan trong sau: vectd chinh v& momen chinh cdia hé nodi luc
lubn ludbn triét tidu.

R =0 Mo = 0 (2-21)

Cén chd ¥ rdng cac ngoai lyc cing nhy cdc nédi luc bao g6m
trong ban than ching cd luc hoat dong vA luc lien két.
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Béy gid khido sdt hé vat rﬁn_@ﬂrm N vt nAm cin bhng dudi
tdc dung cla hé ngoai lyc (F), F, ..., F,) duge goi vén tht la
hé e (S).

Vl he vit rAn cAn bing nén ting vAt rdn phdi cin biag. Ap
dung tién dé gidi phéng litn k&t ta lap duge difu kifn cin bing
(cdc phuwong trinh cAn bidng) cho cdc hé lyc tde dung lén_ting
vit. Goi céc he lye dé 1a (S,); k = 1,2, ., N, ta c6:

Ry =1 Mos) =0; k=12. N (2-22)

Mat khéc, 4p dung tién dé hda rdn, coi heé nhy mdt vat rdn
nhm cAn bing dudi téc dung cla hé lyc (S). Vay

RS =0 MO@s) =0, (2-23)

D& tim méi quan hé gila céc difu kien (2-22) va (2-23), ta

xét hé lyc (5) gbm 4t ch cic lue thube chc h§ lye (5)(8,),.(S)).
Ta cdé ngay :

RS = SE R'(S,); MOE) = E Mo,
k=]
Vi céc he lue (8) vA (8) chi khde nhau ban,g .:m: eap lye true
d8i, nén : ;

B@E) = R(S): MOE) = MS)
T dd ;
M- = N
R(S) = Z Ri(8): MO(S) = 2 MO8,
k=1 k=1

Viy difu kién /2-23) la hé qui cda céc didu kign (2-22).

DE gidi bal todn cAn bdng cdc hé vat rdn ta cd thé si dyng
diéu kién (2 - 22), tdc thigt lAp N diéu kién cdn bing cia N
vAt rdn thube he, hodc si dung didu kién (2 - 23), tde difu
kién cén bAng cia h# vat duge hda rdn vA mot s8 trong cdc
didu kién (2 - 22), sao cho ching t4p hop thinh mdt hé phuong
trinh ddy dd (s4 &n bing sf phuong trinh) d& gidi bdi todn.
Phudng trinh ddu duge goi la phuong phdp téch vat, chn phuong
trinh thid hai mang tén ld phuong phdp hdéa rdn.
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Thi dy 2-7. Hai thanh déng chft OA = 4a: BC = 2a c6
trong Iugng tuong dng 2P va P, n6i v6i nhau bing ban 16 B va
v6i nén nhd ban 16 O va C. Tai A treo mot vAt nang o6 trong
lugng Q. Tim cdc phan lyc lién két tai O, C va lvc lién k&t tai
B. Cée thanh lam v&i dudng ndm ngang goc 30°.

Bai gidi

Day 12 bai todn can bdng cia hé vat. Ta o thé ding hosc
phuong phdp tdch
vit hoéic phuong
phép hda rdn.

Phuang  phdp
tdch vat ;

Khio sdt sy can
bing clia thanh OA
duéi téc dung cia
he lye gfm cde lyc
hoat dong -ﬂs va P’
(ngoai luc) va céc
lyc lign ket i.o- '_i'ﬂ -
tai O (ngoai luc) va
X Yy tai B (noi
luc), ching duge
gid thift cd chitu
nhu hinh vé (B* o6 Hinh 2-18
tri s bing 2P),

Ta ¢d he lye phdng cAn bdng :

QP Y, . T =o
Céc phuong trinh cén bing ciia hé lue phdng (dang 1) cho :
2F, =X, - X = 0
2F =Y, +Y, -2P -Q =0

ZEQ{?] = - 2af3 P -En\;EQ +aﬁ?ﬂ+:ﬂiﬂ = 0
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Bay gid ta xét sy cAn bing cia thanh CB chju téc dung cla
hé lyc gém lyc hoat dong P (ngoai luc) va cde lién két 1’ ?

C
I;m C (ngoai luc) cd chiéu duoc gia thiét nhu hinh vé va XH,
Y 12 cac luc do thanh AQ tiac dung lén thanh CB {nm lu::]

th&u titn dé téc dung va phan tdc dung, ta-co :

Xp=-Tp; Yp=-Tg

Nh viy X j; va Xy, o6 cing m6 dun, goi ching 12 Xp, ctn mb dun
cia cic e Vi va Y K hieu 1a Yg.
Vay thanh BC c&n bing dufi tdc dung cta hé luc :
{—P: .gc, ?E, ]_{.;5, ?B} = E‘
Viét phuong trinh cin bing (dang 1) cho hé lvuc nay, ta cd :
oF w X+ X =

2 =Y ~P=Yg=10

—_ P
Em:{?} = aﬁi + aﬁYB -aXp =10
Khi gidi hé sdu phuong trinh vita lap, ta tim duge :

Xpy = (EP—Q)ﬁ; Ay = (%P—zq)ﬁ; KE=(Q——P)*I'3'

' D T
Y= (2Q+EP), Yp=P-@ Y. =P-Q
Cac phan lyc cd chiéu ding nhu hinh vé néu ching ed gid

tri duong va nguge chiéu néu cd gié tri Am.

Phuong phép héa rin :

Dédu tién xem hé 12 moit vét rin -::ﬁn béng dudi tdc dung cia
he luc gbm céc lyc hoat dong @, B', B va cdc luc lien ket X,

- 48 3{ Y.. Céc lyc lien ket tai B 1 céc ndi lye, néh khi xem
hé la mi}t vat rdn can bang, cé thé bot ching di theo tién dé 2.

Vay ta c6 hé luc phﬁng cin bidng sa.u :

GEP X, ¥.,.X,. %)=

Khi viét cdc phudng trinh can hrhng cla hé luc phﬁng (dang 2)
cho hé lye trén, ta cd :

ZF, =X +X, =0
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2o (F) = 2aV3Y, - 2av3Q - 3a¥3 P/ 2 - 20Y3P = 0

— = ay3
Zm:{F} = -EﬂﬁYP +2aV3 P + BN P=0

Vay ta nhan dugc ba phuong trinh chia bén &n X Yoo Xo
Y . DE cé thém mét phuong trinh chua cing bfn &n trén ta xét
thanh BC cén bing va viét phuong trinh ciin béng cho hé hie :

(i.ila. ?B* _)"’C-" Y, P =0

trong d6 khong chia phan lyc tai B. D6 1a phuong trinh mé men
cla cdc hic ddi voi di€m B -

Zmg(F) = aV3 Y, - ?P +aX. = 0

T hé bén phuong trinh vira lap trén ta tinh duoe Xoo Yo X,
Y. Le tat nhién néu phai tinh cic phan luc tai B thi cfin viet
hai phuong trinh con lai cho hé luc tdc dung lén thanh CB.

2.4. BAI TOAN DON VA VAT LAT

2.4.1. BAI TOAN PON

Dén la m&t vat rdn quay duge quanh mdt truc cf dinh va
chiu tdc dyng clia he luc hoat déng nidm trong mét mat phing
vudng goc v6i truc quay cda don (H2 — 19).

Bai todn ecla don 1A tim digu
kién d8i véi hé lyc hoat dong dé
don cén bing, ;

He lye tdc dung lén don gfim
cac lve hoat dong ?u ?2, Fn
va cdc phan lyc lien két tai true
quay 1’0, 'irﬂ. Néu don ciin bang
thi hé luc gém cdc luc hoat dong
va lye litn két tai O 1 hé luc
cin bldng, tidc :

{Fl, T ?m 3{0' ?n} 0 Hinh 2-19
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Viét cdc phuong trinh cAn bdng cho hé nay, ta duge :

EsziFh-FX.D:D

k=1

0
2.2 =|§1F"’ +Yy =0

n
. At —
2o (F) = 3 By =0
k=1

Hai phuong trinh ddu luén duge thoa mén nhd truc O tao
cic phan lye X, Vo Véy don o can bing hay khong tiy
thuse hé lgc hoat dong (F,, Fy... F) téc dung lén don cd théa
man phuong trinh thid ba hay khong. Do dd, ta od dinh l : Didu
kitn cin vd di dé don can bdng la téng mé men eta cde luc
hoat déng dbi vdi truc gquay cia nb phdi triét tiéu.

Thi du 2 - 8. Van an todn A dugc nSi vdo don CD tai B,
don nay dai 50cm, dbng chét cd trong luong 10N quay quanh
truc C va o6 vi trl nAm ngang dé giit van an toan nhd d6i trong
Q dat tai D. Biét BC = Tem, 4p suft an toan 1a p = 50N/cm?
dudng kinh van d = 6cm. Tim trong luong cfin thiét Q cén treo
84 D d€ khda chat van an toan (L. 2-20).

Bai giai

Van an todn chiu lye déy.

: P g
?=50ﬂ—f—=1413H %} £

Digu kign cAn bing cla
don CD la :
T m ) = 14137 - 50Q =0
Tit dé tinh duge lvc Q
bé nhdt d6 khda chiit van
an toan.

2
Qm=£_51§£=1mn
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2.4.2. BAl TOAN VAT LAT

Khéo sdt vAt rdn cAn béng dudi tic dung cla hé luc hoat |
dong (F,, F,.. F.). D€ don gidn, ta xét trudng hop hé luc
phing. Vat cd lien két tya tai hai difm A viA B trong trudng
hop riéng cod thé chi cd mot lién két tua, cdn lien k&t kia 1A
litn k&t ban 16 Ta cd heé lyc cAn bing :

@, Ty Ty B By = 0
Véi nhirng diéu kién nao dd ciia hé lyc hoat déng cd thé xay
ra su mét lién k6t tai mot trong hai difém A vA B. Phan luc

lien két tai lien k&t bi mAt s& bdng khéng, khi dd vAt m#t can
bing vi trd thinh mét ddn (H2 - 21a).

Bai todn vét l&t la tim
diéu kién d6i v6i hé luc
hoat ddng dé khing xdy ra
mét lién két tai B (khong
1At quanh A) hoac tai A
(khéng 1at quanh B).

Ta hay tim diéu kién d€
vat khong bj lat, gia s
gquanh A.

Cédc lue hoat ddng dugc
ph&n thinh hai nhdm.
Nhém thd nhft gfm céac
lye gAy lat 14 cdc lyc cd moé men d8i v4i A theo chifu vat bi
lat. Téng md men cia ching d6i vai di€m A duoc goi 1A md men

lat, e6 ki hitu ME:' Nhdm thid hai gdm cde luc con lai 1A cde

lue chéng lat, o6 md men dbi vdi A nguoc chiéu vat bi lat. Téng
md men cla cic lde nay d6i véi A duoc goi 12 md men chdng

iat, cd ki hitu M3,

3

=y

Hioh 2-21a

Chi y riang md men 14t vA md men chéng lat nguoc chidu
nhau, ¢dn m0 men cha phan lue tai B d8i v6i A c6 cung chiéu
v6i mo6 men gly lat.
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Diéu kién cln va di dé vdt khong bi lat quanh A 12 nd cbn
cin bing va lién két tai B vin cdn hoat ddng, tic 1a :

Zm, (P = m,(Np + M}, - M, = 0
m, (Ng) > 0
T d6 ta oo : Mj, < M,

Dinh Li : Didu kién cln va di dé vat khéng bi lat la mo men
lgt khong lon hon mo men chdng 4t :

ll"Illut - Mchu:h'g

Thi du 2 - 9. Cén truc di dong duge nhd hai banh xe céch
nhau 1m. Trong lugng clia cén tryc la P, = 20kN di qua di€m
gita [ cia doan AB. D6i trong la P, = 10kN nim céch di€m I
mbt doan bAng Im. Tim trong lugng l6n nhdt @ ma cén truc
mang duge, biét ring nd ndm cdch I mdt doan bdng 2m (H.2—21b).

Bai giai Y

R5 rang cé4n truc khong
thé bj lit quanh A i :

My = m,(P) =1005=
= 5kINm, trong khi dé md men
chéng lat trong trudng hop
nguy hi€m nhft 12 khéng co =
ltc Q bing : } 7

Mepsre = M4 (Fy) = |
= 2005 = 10 kNm > M, . I

Bay gio xét kha nang cén ,J: |
truc bj 14t quanh B. Luc @ A4 &
thufc nhdm luc gly lat, con
trong lue ?, va d6i trong ?1 Hinh 2-21b
thufe nhdm Ilye chéng lat. Do do :

= mﬂiﬁ'} = 1,5Q;
MB e = mp(P)) + mg(P;) =20.0,5 + 10.1,5 = 25kNm

raOf

o
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Diéu kién d€ cén truc khong bi lat quanh B ]a :

16 Q@ < 25
Tir do : 95
Vay Qe = 16,6 EN

2.5. BAI TOAN SIEU TINH

Nho cdc phuong trinh can bdng ta giai dude céc bai todn cAn

bing clia mat vAt hoac mét hé vat - xdc dinh cdc phan lyec lién
két hoac tim cdc vi tri cAn bing. N&u s6 phuong trinh lap duge
bing s6 &n cia bai todn, ta cd bai todn xdc dinh tinh, chn néu
s0 phuong trinh khong da d€ gidi bai todn thi bai todn duge
goi 14 siéu tinh.

Mot thi du vé& bai todn siéu tinh la

bai todn xdc dinh phan luc hai g6i cf r'e
dinh dd mot thanh cAn bAng dudi téc >
dung ctia hé lyc hoat dong 1a hé lue
phdng (H 2-22).

D6i vai bai toan nay lap duge ba 4 / g
phuong trinh can bAng chia bén thanh ,ﬁ- é_

phin phidn hie. M6t trong cdc nguyén

nhadn giy nén bai todn situ tinh la

bi€n dang, nén két qua tim duoc déi Hink 2-22

vGi m6 hinh vt rin tuyét d6i chua di d& giai quy€t cac bai
todn khong thé bdé qua bién dang duge. Dya trén két qud ciia
tinh hoc vat rdn va b8 sung v& quan hé gilta lyc va bién dang
trong cdc gido trinh co hoc cia vit bign dang ngudi ta gidi
quyét dude cdc loai bai todn siéu tinh d6.

CHUONG 3
MA SAT
g nhitng chuong trufc khi xét lign két tya ta xem céc vt

ti€p xidc v6i nhau tai mdt di€m va céc mat tya tifp xic la hoan
todn nhén. Khi dd phin luc lién két nidm, theo phuong phap
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E—'

tuyfn ctia méat tya. Trén thyc t€ sy tifp xic xay ra trén mit
dién tich nhd va cdc mat tua cla cdc vt tifp xdc vdi nhau 12
khong nhidn. Do dd, ngodi phan lyc nhm theo phuong phap tuyén
ndi trén cdn xufit hién nhitng luc vA nglu luc can duge goi la
lyc va ngdu luc ma sét.

3.1. DINH NGHIA VA PHAN LOAI MA SAT

Xét hei vat réin cd lién két tua v nhau

Ma st la hién tugng xuit hién nhimg lyc vd nglu lye cé
tic dung cAn trd céc chuyén déng hodic cdc xu huéng chuyén
déng tudng d&i cla hai vat trén b& mat cda nhau.

Thuting ngudi ta phAn lAm ba loai ma sat.

1. Ma siat tinh vA ma sdt dong. Ma sat duge goi 13 tinh
khi gita hai vt méi chli ¢6 xu huéng chuyén dong tudng doi
nhung vin & trang thai cAn bing tuwong d6i va duge goi la dong
nbu ching da chuyén ddng twong d6i v6i nhau.

2. Ma sét trugt vA ma sdt lan. N&u xu huéng chuyén ddng
hotc chuyfn déng xay ra gitta hai vAt la truct, ta cd ma sat
truot, trudng hop xu hudng hoéc chuyén dong xdy ra la lan, ta
¢d ma sat lan.

3, Ma st kho vk ma sét nhét. Ma sdt duge goi la kho
khi hai vat ti€p xdGc tryc ti€p v6i nhau v duge goi 12 ma sdt
nhét khi ching tifp xtc v6i nhau qua mit miang déu.

Ta xét mot s8 thi du sau

Mot kh&i hop trén mat nghiéng chiu ma sat trugt tinh khi
kh6i hop con cAn bing va chiu ma s&t trugt dong khi di xay
ra chuyén dong trugt. Mot bdnh xe trén mit nghiéng dfng thi
chiu ma sél trugt tinh va ma sét lan tinh khi bédnh xe con cén
bing v khi né lan khong trugt thl cd ma sét lan dbng ciing
véi ma sdt trugt tinh. Diy cu - roa truyén ddng gilta hai bdnh
ze chiu ma sat trugt tinh khi nd bim chat va cing chuyén dong
véi vanh bdnh xe vA sé& chiu ma sat trudt déng khi day cu - roa
bi trugt trén vanh.
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Bén chét vat li cia hitn tuong ma s&t rit phdc tap. Li thuyé&t
thu gon he lyc ed thé giup ching ta gidi thich sy xu&t hién cde
Iue va nghu lye ma sat. Do hai vat ti€p xdc véi nhau khong phii
tai mit difm ma |4 trén mot dieén
tich ndc dd nén khong phii xust
hién mét phan lyc lidn k&t ma |4 mat
hé phén lye lien két. Néu xem dd 1a
mit hé lyc phdng k&t qud thu gon =
cho mot phan lyc B va mdt ngiu fps
lve M. Phan tich phin lyc ® ra hai
thanh phén phap tuy&n va tidp tuyén
ching ta duge phan lyc phép N va
lyc ma sat F__ vudng gde v6i nhau.
Cén nghu lyc M chinh la nglu lye
ma sdt lan (H 3-1). Hinh 31

Duéi day ching ta khio sdt ma sét trugt va ma sat lan chi
trong truing hgp tinh va kha.

3.2. DINH LUAT MA SAT TRUOT

DéE thigt lap dinh lufit ma sit trugt ching ta hly quan sdt hjén
tugng xdy ra dbi v4i_mot vt rin trén mat ndm ngang, chiu lyc
ép (ké cA trong hyc) § thing gdc voi mit ban vA chiu lyc kéo B
theo mat ban (H 3-2). Ta thdy

vat vin cin bdng khi tri s cia g
ge P khong vuot qué gid tri P, v v
tic : P = P_. Tir thue nghiém T
cho bigt gia tri P_ t 18 véi lue r_
ép Q vdi he sd ti 18 £, nghia 1A : N
P=rQ N—.
H@ 86 ti l& f phu thude vao -
vt lidu tao nén vAt vA mat ban J':u. P‘
vi vao trang thdi bé mat tigp T _‘3-__"
xuc (thé, rdp) gita vat rdn va
méit ban. Hinh 3-2
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T d6 suy ra .
~ Ngoai phan luc phép tuyén N can bang véi lvc €p Q con
eé luc cAn bdng voi luc kéo 7 goi IE_ lyc ma sat, ki hiéu _I"]m.

Luc ma s&t ngugc chiéu véi lye kéo P nghia la ngugc chiéu véi
xu huéng trugt.

_ Gi& tri lyc ma sét trugt khong th€ l6n tuy ¥ ma bl han
ché, gid tri cyc dai cia né tl 1¢ véi gia tri cla luc ép Q, nghia
la ti 18 v6i gid tri cia phén lyc phép tuyén

Do d4, ¢ thé phat bifu dinh luAt ma sdt truct :

Luye ma sat trugt xudt hién khi c6 xu hudng trugt tuong ddi,
ndm theo tiép tuyén cia mdt tuc tifp xiic, nguoc hudng trugt
v o6 gia tri bi chan trén .

F ., <IN
trong d6 : N 1a gid tri cia phan luc phdp tuyfn ; f — hé s6
hing sf goi 1a he s ma st truot tinh, khd.

C6 thé phat bi€u dinh ludt trén duéi dang hinh hoc. Goi goc
ma s4t, ki hidu ¢, 12 gdc xdc dinh bdi hé thic :

tgp = f hay ¢ = arctgf
va hinh nén ma sat 12 phdn gidi han bdi hai nita dudng thing
gufit phat tit difm ti€p xic ctia hai vAt vA nghiéng vOi phép
tuyﬁnm@tgﬁchinggdcmﬂs&t(nﬁut:tgpad cung gid tri
theo moi huéng trugt thi trong khéng gian cd ndén ma sét tron
xoay).

Ki hieu « 1A goc nghiéng gida phan lyc todn phén ® vai
phép tuyén clia mat tua tai diém tiép xdc. D& dang thiy :

F

tge = 5 < [ = tgp

Tiu dé : ax €
Vi vy ta cd °

Didu kién dé vat can bdng la phdn lyc tean phdn cua cde
lién két tua cé ma sat truot nam irong nén ma Sdt.
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T dd ta rat ra : Trong trudng hop chi cd mét lien k&t tua,
diéu kién d€ vat can bing 13 hop luc cua céc lde hoat dong,
tac dung lén vat rdn cd dudng téc dung cdt ndn ma sdt.

Sd dung dinh luat v& ma sat trugt néu trén ta gidi duge bai
todn cin bing cla vat rdn trong trudng hop ¢d ma sdt trugt.
Cén chid ¥ ring d6i voi vat rdn can bdng cd ma st trugt, khong
phai chi tén tai mot vi trl can bing ma 12 m6t mién can bing,
Do dd cdc théng s6 xdc dinh trang thdi cAn bing cla vat c6
th€ &y mét mién gid tri cha khéng phdi o gia tri duy nhat
nhy bai todn cAn bdng cda vit rén khong cd ma sdt da gap
trudec day.

Thi du 3- 1. Mot vat rdn nim trén mat phing khong nhdn cd
hé 56 ma st truot f, nghiéng voi mat phang ngang modt gdc a.

1. Xéac dinh gie a d€ vat rédn can bing dudi tdc dung cha
lee P huéng thdng ding xudng dusi va cd gid tri lon tuy ¥.

2. Gid st lue P cho trude va vat chju tdc dung luc _Qb ném
ngang. Xée dinh gdc o d& vat of thé trugt lén.

Bai giai

Khéo sdt vat rdn can bang khi chi c6 luc hoat dong P, Vat
ran ¢6 xu huéng truot xudng theo mat phéng nghiéng nén ngoai
phan lue phdp tuyén ﬂ, con cd luc ma sit trugt ?m nadm doc
méat phidng nghiéng va huéng lén trén (H 3—3). Nhu véy vat
rdn ndm cAn bAng dudi tic dung
cla hé ba lyc ding quy.

(N, ¥ =0
Cac phuong trinh c4n bing
¢t dang :
ZF, = F _ — Psing = 0
EF’, = N = Pcosa = 0
Ngoai ra, nhd dinh luat vé
ma sat trugt, ta cd :

Fms:ﬂ-l

Hinh 3-3



Tit cac phuong trinh cAn bdng, ta tim duge

F.. = Psing; N = Pcosa
Khi thay céc gid tri vao bt ding thdc trén, ta cd :
sina = fcosa
hay : tge < f
Ta s& nhan duge diu ding thdic khi vat sap sia truot. Gia
sit tng voOi trudng hop nay géc « ldy gia tri a’, ta ed :
f = tga*
Bang cdch nhu vdy ta cé mét phuong phdp don gian dé do
hé s6 ma sat trugt.
Néu p la gde ma sat (tgp = 0) thi diéu kién can bing cia
vAt trén mét phing nghiéng cdon cd thé viét nhy sau :
a s ¢
Bay gio ta xét trudng hop ngodi lyc P vat cdbn chiu tdc
dung luc ﬁ va viat e6 xu huéng trugt 1én phia trén. Trong
tritdbng hop nay luc ma sdt hudng doc mat phidng nghiéng,
hudng xubng phia dudi. Vit cén bing dudi tac dung cia céc
lte hoat dong P, @ va cdc luc lién két gém phan lue phép
tuyén N va lyc ma sit F,, (H 3-4). Ta cd.

Céc phudng trinh cAn bing =& la :
EFI = Qcose — Psina - F__ =0
EF? = N - Qsina — Pcosa = 0
Ta xét trudng hgp vét sdp sia truot lén.
Tit dinh luat ma sét trugt, ta co :
F.=1N
Khi giai déng thoi cic phuong trinh trén, ta nhan duge

_ plsina + fcosz)
Q=P cosa — fsina
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Ro rang, cfin thoa méan digu kién Q@ > 0, tic
cosa — fasinag > O
hay
1
tga < F= cotgy

Vay :
a{i—-

2

Gid sl difu kién ndy dugc thda min, vat cd khd nang truot
lén phia trén néu
(sina + feosa)

g &k cosa — fsing
C6 thé gial bai todn trén bing phudng phap hinh hoc.

Trong trudng hogp da cho cd thé sif dung difu ki2n cin bing |

vé hinh hoc da néu trén : d€ vt cin bing hop luc cla cac luc
hoat déng cd dudng tdc dung ciAt hinh ndn ma sit.

Trudng hop vat rdn chi chiu tdc dung luc hoat dbng Pt
hinh 3 — 3 d& dang suy ra ring :
a £ ¢

Trudng hgp khi cd thém lue
diy a d€ vaAt cd th€ truot theo
huéng lén trén mat phidn
nghiéng, hop luc cha hai luc %
va a phai ndm trén dudng sinh
cta ndn ma sdt, tdc dudng téc
dung cia lue a, va do dd dudng
ndm ngang khong cdt ndn ma Hinh 3-4
sit. Do dd, ta ed (H.3-4).

T do -

a<X_y

2
Thi du .3 — 2. Thang déng chét AB c6 chidu dai 2! va trong
lugng F, tua trén nén ngang Ox va tudng thidng ding Oy déu khong
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shin vd cd ciing hé 6 ma sat trugt f. Tim géc nghiéng « cha
thang v0i tubmg dé thang can bang (H. 3-23).

Bai gidi

Khao sat thang cin bang & trang
thai gioi han (sdp sia trugt)

Ta nhén thdy néu goc e cing
{én thi thang cadng dé bi truot.
Do dé géc a, Ung voi trang thai
cin bing gioi han cia thang s€
co gid tri cuc dai.

Luc hoat déng téc dung vAD
thang chi 12 trong luc P cac luc
lien k&t gbm céc phan luc phap
tuyén N & _ﬁﬂ, luc ma sdt ?ﬁ
hudng theo phuong ngang vé bén
trdi va hyc ma 4t ¥ huéng thing
ddng 1én phia trén. Vay ta cé hé
lde cAn bing :

Hinh 35

Chon hé truc nhu hinh vé. Ta co cdc phudng trinh cin béng :
SF, =Ny =F,=0
2F, =N ,+Fg —P=0
Sm, () = 2N,lsina — 2Nglcosa — Plsina = 0
Khi viét dinh luat ma sat truot cho cac lien k&t tua tai A
vi B tng voi trang thai can bing gi6i han, ta co :
Fp = Ny Fg = N
Tit cac phuong trinh vita ducge thist lap trén, ta tim duge :

P P 2f
N, =——= 3 No=f — i = ——
AT 1442 p I g T 18
Khichﬂfdé’ngdcmaﬁtp{tgw=f},t..at:u’:
2tgy
tga = = t
g e B¢
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Vay : a = 2
Vi gde « tim duge dng voi trang thai cin bing gidi han cda
thang, nén dd 12 gid trj cuc dai cla gde a.
Vay diéu kién cin bdng cla thang sé& la :
a € 2p
Co thé gidi bai todn trén khi thang chua bi truoct, tie
Fo < fN,; Fg < fNg
Trong truting hop nay, ta dat.
Fo=fiNGFg =Ny v6if, s £, f, < f
Tu cdc phuong trinh can bing va hai phuong trinh nay ta
tim duge 21, of
= THE S e

Néu theo phuong phép hinh hoc, ta vé cdc ndn ma sdt tai A
vA B, ching giac nhau theo mot ti gidgc CDEF.

Nhu da biét, d€ thang ciAn biAng cdc phdn luc toan phén
tai A va B phdi ndm tuong dng trong cdc ndn ma sdt tai A
vi B. Do dd ching phéi giao nhau tai mot di€m thude td gidc
CDEF va hgp lyc cia cdc luc hoat dong, tdc trong luc _P.,
ciing phai di qua difm dd, tic phai cdt td gidc CDEF.

Gia st C la dinh tin cing bén trdi cia ti gisac CDEF va I la
trong tdm cda thang AB. D€ thuc hién diéu kién trén, tic dudng
tdc dyng cia trong lyc P cdt td gise CDEF, ta th&y rdng chi cdn
thuc hién didu kién

X, * x¢

Tit hinh 3-5, ta ed :

x, = lsina; x. = BCcosp = ABsinlz — ploosp = 2sin(a — ploosp

Vay diéu kién trén od thé€ duge viét nhu sau -

Isine = 2lsin(a — @) cosp = 2l[sina + sin(a - 2p)]

Tit d6 ta nhan duge :

sinle — 2p) < 0
nghia la a < 2p
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Cha ¥ rdng khi gidi bai todn dng véi trang thai cAn blng

_ gi6i han ta s& di d&n két qud nhanh hon khi nhdn xét ring :

;tamgiicAgﬂﬁﬁgdcwﬁngu_ﬂCv&tﬁt&mgiinﬂnﬁﬂrﬁt

ra ngay.

Thi du 3 - 3. Trén

- hinh 3-6 la co cfiu ép bing
- ném gém : ném A truot I'F'-'

- duge theo méng thang ding,
- ¢dn ném B - theo phuong

~ ném nghiéng v&i mat ngang
- gic a. Gid thiét hai méng
- trugt ding va ngang déu
- nhén, cdn it truot nghiéng

; sat f.

ltn ném A.

ngang, mat tya gida hai

gita hai ném cd hé s8 ma

= F

N — —

)/. = e [
FI =1

aF N N &

1) Tim quan hé gita luc
ﬁ do vat C taE_dung lén

ném B va lue P tdc dung T

2) Tim difu kién d€ ném A bi tu him.
Bai gidi

Ddu tién xét trudng hop ném A cd xu hudng bi ddy xubng

" do chiu lyc nén P vid ném B chiju tdc dung cia lvc Q do vat
~ ép C (vat bién dang cin bing) tac dung lén. Viy :

~ Ném A chiu téc dung luc nén P, phan luc N, céa méang

trugt ddng, phan lue phdp tuyén N va Iye ma st ? tai mat
- tya do tdc dung cia ném B.

- Ném B chiu tdc dung cia phan luc phép tuyén N’ va luc

ma s4t F' tif ném A dat vio, phén lyc phdp tuyé&n ﬁl clia méng
- ngang va lue Q do téc dung cia vat C.
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Chd y rdng so v6i ném B, ném A trugt xubng nén luc ma
sat dat vao ném A hudng lén, con luc ma sdt dat vao ném B
huéng xudng. Ngoai ra, N = -ﬂ", ﬁ = - ’ﬁ'.

Ta gidi bai todn idng voi trang thai can bing gi6i han, tde

trang thai sap trugt (H. 3—6a).

Khi lap phuong trinh hinh chifu cia cdc lue téc dung lén
ném A trén truc thdng ding va cia cdc lyc |&n ném B trén

truc ngang, ta duge :

ZF = Ncosa + Fsina — P

¥

2F,_= Nsina - Feosa — Q
Ngodi ra dinh luidt ma sat trugi cho ta : F < N

Dat :

FueffN:f<Tf

Td céc phuong trinh trén, ta tim duge -

gina — f'cosx

Q=P

Khi thay f = tgp (p la
goc ma sdt) viao bifu thide
trén, ta duge

Q@ = Ptgla — ¢)

Xét trudng I_:'L:::!p do tédc
dung cia lue Q (do tinh
dan héi cla vat bién dang
C) nén B cd xu hudng ddy
ném A trugt lén. Cac luc
tdic dung lén hai ném
trong trudng hap nay duge
bi€u dién trén hinh 3-6b.
Tuong tu trudbng hgp

trudec ta cd :
F
¢F

Ngodi ra :
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sina — fcosa

cosa + Msina

cosx + fsina

— Fsina + Neosa — P

Feosa + Neina — Q
F < fN

Dat : F=FN({l"<D

e !
Hinh 3-6b

L= =




(Giai cdc phuong trinh trén ta nhén duge :

sina + ecosa sinx + feosa

cosa — [sina = ¥ Cosq - fsina

Khi thay f = tgp vao bifu thic nay ta cd the viét :

Q s Ptgla +¢)

Vay d€ cd hé cAn bing cdn : Prgic —¢) = @ s Ptgla +¢)

D€ ném A tﬂ_'!.llm. tdc ném A vin cAn bing khi P = 0 viii
moi gid trj cla Q cfin phdi cd didu kién :

Q="

tgla +p) < 0
111:3:11:-% —p

Difu kién ty ham rit E.I;In d8i véi méy ép bang ném vi gau
khi tao luc ép E"{Q = —@) thi lye P khong con nia nhung do
tinh dan héi cia vat bién dang C ném B sé bi diy sang tridi va
ném A bi diy lén va do dd lue ép len vat C khéng chn nia.

Chei y : Cén kifm tra difu kién khéng ty ham cﬁ_g._ nfm B
vl nfu ném B bj tu ham thi véi gid tri rat 1on cia P mi lue
@ vin bing khéng, tic khing tao nén duge @ (tie Q' cd gid
tri bing khéng) Dé dang tlm dude difu kién ty ham cia ném
Bla:a=yp

Vay d& ném B khong bi ty ham cdn thuc hién didu kién
a = .

Tuy nhién df dang nhin bift rAng nfu @ bé thi khi
a:bz-iﬂwltllcnﬁm A bj ty ham) thi difu kién a > ¢ chic

chéin s6 duge théa man (tic ném B khéng bj ty ham).

3.3. DINH LUAT MA SAT LAN

D& thigt lap dinh luit ma sit lan ta héy quan sat hién tuong
xdy ra ddi voi banh xe cd bdn kinh R dat trén m#t nhm DEang,
chiu lue nén thang ding ﬂ va chiu luc kéo nam ngang T cing
dat tai tom O bdnh xe {H. 3-T.
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Hinh 3-7
Theo quy tde ddi luc song song, cd thé thay lyc Fbing luc
song somg ciing chifu cing tri s6 voi lyc P nhung dat taj
tifp difm I va ngiu |uc ciing chiu quay cda P quanh | va cd
mimen M = PR. Lyc B’ gay trugt va nglu lue M gty lan. D¢
binh xe khong bj trugt ¥’ cd gid tri khong vuot qua glé tri eve
dgi od thd dat duge cida lye ma st trugt, nghia 1a :

P=(N-=1Q
Hign twong lan khéng ruds hién néu ;
M < M,
Ti thuc n ngudi ta thiy gid tri M, tl 18 vai gia t

cia lue nén ,Iﬂttil&vﬁ‘igiitrieﬁaphln]u::phﬁptu}in N
vGi ha of tl 18 k, tdc :
M, = kN
Hé 28 k duge goi 14 hé s6 ma sdt lan, cd thd nguytn d8 dai
phy thubc vio vt lidu tao thanh cia hai vt tifp xdc va trang
thii bé mat tigp xic,.. Thudng hé s6 ma sit lan bé hon nhiéy
lfin hé s6 ma sdt truot.

Nhu vay dinh luit ma sdt lan oo th€ duge phat bifu nhy say -
Ngdu luc ma sét ldn rudt hien Hﬁ:&mhuﬂnglﬂntumg
ddi, cdé chidu nguoe véi chidy cda xu hudng lan vk cf gid tri -
M, = kN
Vi hé s ma sat Iinbﬁhnnﬂ!ullnwvﬂihenﬁma&t
trugt nén trong nhifu trudng hop ma sit lan duge bd qua.
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Co thé dién td kha _ndng chéng lan bAng céach ddi song song
phan lyc phéap tuyén N vé phia bénh xe cd xu hudng lan dén
mit doan d = M, / N. (H.3-7).

Ching ta c6 : '

M, kN

d=—H—Eﬁ=k

Vay khi c6 ma st lan, phan lyc phap tuyén N ndm & phia

vit cd xu hudng lan dén va cdch phdp tuyén mét doan :
d = k

Thi du 3 - 4. Trén dudng nim ngang cd con lan déng chét
bin kinh R, trong lugng P chju luc ddy ﬁ theo phuong ngang
va cich mat dudng mot doan'h. Biét hé s ma sdt truct f, hé
56 ma sdt lAn k. Tim gid trj
cia lyc @ d€ con lan cAn bing
(H.3-8).

Bai giai

Khdo sdt con lan dang cln
bing, tdc khéng truct va
khtng lan.

Hé lyc tdc dung lén com
lin gbm cdc luc hoat ddng Q
v B, céc lyc lién k&t : phan
lue phédp tuyé&n ﬁ, luc ma sat
truot _I? nglu lyc ma s4t lan
M. Ta cd hé lyc cin bing.

QERXTFTW =0

Khi vit cdc phuong trinh cAn bing vA céc bdt dang thic ma
sit lan vA ma sat trugt ta co :

Hinh 3-8

EF =Q-F =20
SF =N —-P =0
(P = M - Qh =

F < fN;: M < kN
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T¢ céc pbhuong trinh can bang ta nhgn duge -
F=QN=P, M= Qh
Vily difu kién d€ con lan khong bj trugt s& A
Q < [P
Con difu kign d& con lan khéng bi lan sé oo dang :

Q< Xp

h

Thong thudng % << f nén difu kitn khéng lan thudng bi vi

pham truée, nghia la thong thuéng con lan lan truée khi trugt.
Tuy nhién v8i h qud bé cd the xdy ra trugt trudc khi lan

Thi du 3 - 5. Trén mét ndm ngang c6 binh xe dong_chit
tdim O bén kinh R, trong luong P chiu téc dyng ngu luc M va
lye @ nhu hinh ve. Bigt hé s6 ma
84t trugt f, vA hé s0 ma =kt I:El k.
Xic dinh tri s6 clia md men M va
cha lue § d€ banh xe cd thé lan
khing trugt.

Bai giai

Khao sat con lan dang cn bAng
va sdp sia lan.

Hé lye tée dung 18n con lan gém
nghu e E, trong luc T va Iye ﬁ
phin lue phdp tuysn -ﬂ, lue ma sdt
truotF, nglu lyc ma sdt lan ﬁl (H. 3-9).

Vi con lan dang cén bing, nén ta cd :

{ﬂ_§1ﬁl -ﬂ:ﬁﬁil = 0
Cac phuong trinh can bAng s& 1 -
2F,=F-Q=0
EF‘ =N-P=20
Z;frm =QR+M -M=0

Hinh 3-9



Tit he phuong trinh nay, ta nhan duge :
F=q¢N=PM=M-QR

Nhu da biét, diéu kién d€ con lan lan duge khéng trugt sé la .
M, = kN; F < IN

Vay
M -QR = kP; Q < fP

Tu do
M = QR + kP (a)
Q < fP (b)

Khi so sanh (a) va (b), ta ¢d :
q-%{m-kP]{I.:'P
nd cho ta : :
M < PR + k) (e)

K&t hop (a) vA (c) ching ta tim dugc diéu kién dé con lan
lin khing trugt :

QR+EP-;M:PH'F.+H
Q < P

CHUONG 4
TRONG TAM

4.1. TAM CUA HE LUC SONG SONG

]
Cho hé Iyc song song bat ky ¥, ¥y, ... F, véi 2 F; = 0,
d'at' tﬂj dlEm MI’M:" - M l-l

i
Ki hitu vecto dinh vi cia di€ém M, qua _r: = ﬁ:!t

Dinh nghia : Diém hinh hoc C goi la tam cia hé luc song
song dugc xéc dinh bdi cong thic :

n
E F,mp
—» k=1

T — |

* 2R

{4-1)
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trong d6 : Fy la hinh
chitu cia lee Fx trén
true A song song véi
cdc lue.

Ching ta sé ching
minh tinh chat quan
trong sau day : Hop luc
cia hé lyc song song di
qua di€m C va n&u quay
cdc lvuc thanh phén
quanh cdc difm dat cla
ching mdt gée a trong
diéu kién git nguyén
diém dat vaA gid tri cla
cic lyc thanh phén thi
hop lyc cha ching ciing

quay tAm C mét goc a.

T

Y4

a

Hinh 4-2

Hinh 4-1

V:'rﬁngzﬂ = 0 nén hé lyc song
song o6 hgp lyc ﬁ&ﬂngiﬂng vai cde
lde thinh phén. T cong thic (4—1) ta
thﬂyr&ngﬂtﬁcﬁaumﬂkhangphu
thude vao phuong cia che lye. ma chi
phy thudc vao gid tri v vi trf cia cdo
diém dit cia cac lyc. Do d6 ta chi edn
ching minh rdng hop luc B di qua

C, tidce :
wm (B =0

Ki higu © 12 vects don vi trén truc A c6 chiéu phi hop
vdi chiu duong cia true A, R6 rang ta g :

i‘=E?,;"R'-Ea;ﬁ=Ft?;ﬁ=Eﬁ (a)
Vi H 1a hop Iyc cda he lyc, nén theo dinh li Varinhong
m (B)=2m (T, (b)
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Tit hinh 4-2 ta ¢ :
SH.F) =K A Fo= SR - AT, =

=2r, AT, - T A 2F,

€
Dua vao (4-1) va (a) ta nhan duoe :

—

- il - e | R
I‘cﬂﬁlﬂ ﬁ Fi tﬂ=E!‘kﬂ.Fk?=
k
= 2r, A F,

Do dd tir (b) ta cd :
E,;{ﬁ}=za‘:¢{?k =E¥Enﬁ—£ﬁaﬁ:ﬂ

Dé 1a difu cdn ching minh.

42. TRONG TAM CUA VAT RAN

4.2.1 BINH NGHIA VA OONG THIC XAC BINH TRONG TAM CUA VAT RAN

Khéo sit vat rdn nAm gfn quad d4t. Chia vAt rdn thanh nhiéu
phén ti nhd. M&i phdn ti chju luc hit cia qua d&t, goi 1A trong
lve hubng vé tdm qud dit. Vi ring cdc phdn ti nAm gin qui
dét nén khodng céch tu ching dén méat ddt bé hon rt nhifu
lin bén kinh qua ddt, nén hé cdc trong luc duge xem la hé lue
song song cung chiéu. Gid trj cda trong luc duge goi 1a trong
lugng cia phdn tu.

Ki hieu' M, la mot dnd’m nao d6 thudc phén td thid k, nd
cd trong lugng la AP, va r,l la vecto dinh vi cha difm M,.
Dya vao cObng thie (4-1), tAm cha hé trong lyc duge xdc dinh
nhd bi€u thdc :

2APyT,

2 AP,

Khi s6 phén td dugc chia ting lén v cling cdbn kich thudc cla
cdc phéin ti 1a nhitng dai lugng v0 cing bé, thi P = lim 2AP,
duge goi 1A trong lugng cha vAt rdn, cdn difm gidi han cia C

—
Ta =
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duge goi la trong tAm G cia vAt rén. Va
: . Y&y trong tim ci
rén duge xdac dinh nha cdng thic sau : . o
. lim zﬁPk;:

Tt d6 ta nhan d i '
TR rann An duoc cOng thdc xdc dinh cde toa db cla trong

lim ZAP,x, lim 2APy, lim ZAP,z,

X;= 2 Y= E = —_— =
P ¢ P o P
Nhu da biét : s
lim EﬂPh Iy =_|r rdpP
(v)
Nén cic cong thic (4-2) va (4-3) o thé viét trong dang :
ro = 5 [7aP ’
)
Xg = % J xdP ;
(V)
Lttt jl’dF ’
v
1 |
26 =5 J2P  (4-0) g Ty
™ A By
T Hinh 4-3

4.2.2. CONG THU'C XAC DINH TRONG TAM CUA CAC VAT DONG CHAT

I. Néu vAt 1a méot khoi déng chét c6 th€ tich V va trong
lugng rieng p thi dP = pqv, trong dd dV Ia th€ tich cia phén

tf v cing bé. D& ding nhan duge :
1
o =g f/frav
(V)

Xg = %f({af:d‘if i Yo = % _r{{'}fyd?  Ig = % [[fzav  (4-5)
(V)
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2. N&u vit la mot mat dﬂng chit cd dién tich S, tuong ty
trén ta od :
g ” =38

T | U po
(S) {5] (S)

Dac hiEt, khi mat 14 m6t tfm phdng déng chit cd ti€t dién F thi :

5y S
_[Ianf,}'G FHrﬂF--F -7
'@ (F)

= [[ ydF; S, = [] xdF | (4-8)
F F

duge goi & md men tinh cla tiét dign F d6i vai truc x va truc y
tuong dng.
3. Nfu vat 1a mot dudng dfng chét, cd chiu dai L, thi :

';-;=%J"r‘dL
L
i L)

;G=Efde,yﬁ——_ryﬂL =%f=d1 (4-9)
(L) (L)

4.2.3, CAC DINH Li VE TRONG TAM CUA VAT RAN

Dinh Ul 1. Néu vét rdn ddng chdt c¢6 tam (truc, mét phdng) doi
xitng thi trong tam ciic né ndm tai tdm (truc, mgt phdng) déi xiing

Ching minhk. Ta ching minh cho trydng hop vAt dfng chat
¢ tAm dfi xdng Trudng hgp vat déng chit cd truc va mat
phing d6i xding sé dugc ching minh tuong ty.

Néu vat rdn déng chit cd mot tdm d6i xing 'D thl dng véi
phdn ti¥ M, cd trong lugng AP, va vecto dinh v "t thi cd phén
i M’y ndtmngluﬂugﬂ’kdﬁi:ﬁngquaumﬂ tidc vectos dinh
vi cia nd 1a (- r} PhAn hoach vAt rdn thinh ting cip phén
tir d6l xing qua tAm va tinh t6ng, ta oo :

— Eﬂpt th m rk

—i

Dd la diéu cfin ching minh.
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Dinh U 2. Néu véat rén gom céc phéin ma trong tam cia cbe
phan dé ndm trén mot dudng thdng (mat phdng) thi trong tam
cia v@t cing ndm trén duong thing (mat phdng) dé. |

Ching minh : Gia sit vat rin gém nhiéu phdn ¢ trong tam
ndm trén cing mot mat phéng, vi du mat phéng Oxy.

Dé xdc dinh, gia sir rang vit gdm m phén cd cic trong tdm |

la G, G,, .., G_ va trong luc la P, P, .. P Kihitu toa do
cac trong tdm G, qua, x, y, z, (1 = 1, m). R6 rang :

z,=0( =1, m) (a)
Ap dung cong thic tinh trong tam (4-1) cho phdn tha i
ta cd :
! [2;4' AP.z,
:,i = 5 ; {i=1m)
Do (a) ta cd 1 R — .
2APz, = 0; (i = T,m) (b)

(1)
D& tinh trong tdm cia vat ta phan hoach vat thanh cdc phén

tir ldn lugt theo cdc phén cda vat tit phin thd 1 dén phén thd m.
Bang céch nay ta cd :

E&Pkﬂk + ZﬂPkIt ) + Eﬁpkth -
(1 {(2) (m)

F1+P'1+...+F‘I11

Khi dua vao (b) ta cd : 2 = 0
Dd la diéu cfin ching minh.

Bang cach tuong ty ta ching minh cho trudng hop vat ridn
gom nhifu phén cd cdc trong tim ndm trén mot dudng thing.

Ap dung cic dinh li trén ta tim ngay duge:

a) Trong tdm cua mét thanh déng chdt la diém gida cia thanh,

b) Trong tam cac hinh binh hanh, chit nhat, hinh vudng, khéi
hép, khéi hép cha nhat, khéi lap phuong ddng chét la tam
cua ching.

G =
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¢) Trong ttm cta tam gidc ddng chdt la gico diém cia cde
trung tuyén.

Hinh 4-4 Hinh 4-5

Thue vy phan hoach tam gidc Aﬁﬂ thanh v6 han céc dai vb
cing manh song song vdi ddy tam gidc, thi du, day BC. Trong
tAm cta méi dai nAm tai trung difm cla dai. Vay theo dioh li 2
trong tAm cla tam gidc phdi nAm trén dudng trung tuyén AA"
Tuong td nhu trén, ching minh dugc ring trong tAm tam gidc
ciing nAm trén cdc trung tuyén BB’ va CC’. VAy trong t&m cia
tam giac phdi nAm trén cA ba trung tuyfn nén phdi ndm tai
glao cla ching (H. 4-4).

d) Trong tam cia ti dién dong chdt. Phan hoach tid dién
ABCD thanh nhitng lit vé cung mdng hinh tam gidc song song
vii ddy, thi du, ddy BCD. Trong tdm cia mbi l4t ndm tai céc
giao diém. cic trung tuyén cia ching VAy trong tdm cia tu
dién phai nidm  trén doan AA' theo dinh li 2. Tuong ty ching
minh duge rAng trong tAm cia td dién cing ndm trén cdc doan
BB’ va CC' (H. 4-5). V&y trong tim G cda td dién 12 giao
difm cia cdc dudng AA, BB’ va CC’, dé dang tim duge :

GA = %GA (4=10)
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L3

el Trong tém cila cung tron dong chét AB c6 ban kinh R va
goc tai tam AOB = 2a. (H. 4-6),

Ddu tién nhan xét la trong tAm G cia cung ndm trén truc
déi xdng Ox vA do dai cia cung L = 2aR.

Chia cung tron AB thdnh v6 han cung v6 cung bé MM’ cs

vi trl xée dinh bdi géc p = GOM va o6 géc & tam 1a dp = MOM,
chifu dai dl = Rdyp.

Chi y riing hoanh do ciia cung MM’ 1a -
Xy = x = Reosp
Theo céng thic (4-9), ta od

1 1 g sina
IG=EIrdL='E;ﬁIRE{EFRdP=TR (4—11a)

Né&u cung AB la nita duding trom, tic ¢ = % thi :

- (4-11b)

Hinh 4-6 Hinh 4-7

fi Trong tém ciia mét quat tron ddng chdt AOB tam O,
¢6 ban kinh R va géc tai tam AOB = 2¢ (H. 4-7).

Ta chia quat trén thianh v6 s6 hinh quat nhé, méi hinh quat

cﬁthéduqﬂ:emlﬁmﬁttmgﬁcndtwngt&mnﬁméghﬁn kinh,
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o6 gdc md 12 dp, cddﬁyﬂnnggavﬂdléntlchdF-lR?dp vi
tri cia né duge xdc dinh bing gdc ¢.

Chi ¥ rdng quat trdn AOB of trong tdm ndm trén tryc di xing
Ox, cd dién tich F = R2a, 4p dung cdng thdc (4—8), trong dé hoanh

ﬂﬁaqugtphﬁnniﬁngvﬁigicpnz=%nu¢,mmz

1 2 _ sina
xg = ﬁ*z';_{:ﬁﬂmw g Bdp = =R — (4-12a)
Néu quat AOB la nita mat trdn, tdc a = -';-, thi
Nw=F3 - (4=12b)

Chi v ring cdc k&t quid vita tim duge cd th€ suy truc &iﬁp ti
két qud cda trudng hop e), & dd bdn kinh duge thay bing - 3

g) Trong tim cia ban
ciu ddng chdt tam O,
bén kinh R (H. 4-8).

Do d8i xiding nén
trong tAm cia bdn clu
nAdm trén tryc Oz
Chia bén cdu thanh vb
han ldt modng song
gong voi ddy, tde
vubng goc voi true Oz,

Xét mdt lat, vi tri
cia nd duge xéc dinh
bdi cao dO z vA cd d
day dz, ta cd : Hiok 4-8

dV = arldz = x(R? — z2)Mdz.

Chid ¥ ring thé tich bédn cfu la

V= E::IF‘. theo cong thic (4—6), ta cd :

L fff av -

R
J.EE{RI - z8)dz = %R (4-13)
EJ‘I’R] 0
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Dinh 1i 8. Néu vgt rdn duge ghép tic m phiin, méi phan ¢4
trong lugng P, va trong tém tai C, (x, ¥ 2J, thi trong tém ciia
v@t duge xée dinh nhé cong thic :

m m )
E Px; E] Py, E Py
ji= i=]
e === Y6 = 4 i g = — (4-14)
E PI 5.: Pi E Pi
=] j=1 j=]
Cong thic (4-14) cdn duge goi 1a cong thie tinh trong tAm
vat ghép.
Chiing minh. Ki hi¢u vecto dinh vj cia G va C, tuong (ing
qua r; va r;. D& ching minh cong thde (4—14), ta chl cén
ching minh cOng thic :

m
2 PE

— I'l

g =
2B

y=]

Wﬂihtmgﬂm:ﬁaphﬂnﬂﬂLnEnthmM—E},tnui

(a)

lim ) AP,y
=5 )
I‘i = Pl
T d6 : lim ) AP, = P.T (b)

0}

D& tinh trong tdm vAt rén, ta phan hoach vt rdn thanh cdc
phén ti v6 cing bé theo ting phdn tac nén vt ghép, ta cd :

lim ) APyry + ... +lim S AP, T}
(1) (m)
Py 2o b P
Khi thay (b) vaio (¢) ta s ngay (a). DS 1A difu cin chitng minh.

Chi ¥ ring cong thic (4-14) vin 4p dung duge cho vit khuyét,
ﬂddphﬁnihnﬁdﬂﬁnxeml&ph&nﬁépuihqnglm?ngﬂm,

TG = (e)
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Thi dy 4—1. Tim trong tdm cia y

tém d6ng chat hinh chir L c6 kich =
thude cho-trén hinh 4-9. b 2
Bai giai T
Chia tfm ch@ L thanh hai tfm
chit nhat cd trong tdm G, va G,, cd
ds : = ] = & = §
cac toa db : x, » Ny ; Xq ) i ﬁ}
y, = 1, 2 1
Dién tich cua cédc tdm chi nhét ﬂ\\,
la 8, = 20cm® ; S, = 4em?. Vi tdm | ]
déng chét nén cOng thic (4 - 14) & 7
duge viét nhu sau : i 1'% "ﬁg
| | l 3
S;x;+8x, 4 Lo z
IG= W: Eﬂm i e
§ Si71+8,y; N —
= e e—— : n 9
Y S, +5,
Thi du 4-2. Tim
trong tim cla tim tron &ing |y

chdt tam O, bidn kinh R,
bi khuyét mét minh tron
tAm A bdn kinh r, bist
DA=a<Ra+r <R,
(H. 4-10).

Bai gidi

Xem tm bj khuyét la
k&t qua cla viéc ghép tdm
trdn nguyén 6 trong tAm
tai O (0, 0), diém tich
3 = #R? v6i méAnh tron
ed trong tAm tai A (a, 0),
dién tich tim §, = - wr,
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Do tdm cd truc Ox déi xung nén trong tdm ndm trén truc
nay va do tdm déng ¢h&t nén cong thic (4 - 14) c6 dang :

S, +83%  4R2.0 - nra _ __ ar

Xy =
= S, +5, aR? — ap? R? - y2
diu - ching td G ndm bén trsi tam O.
Dinh W 4. (cong thic Guyndanh 1) Dien tich S sink ra bai

. dudng cong phdng C khi quay quanh truc déng phéng A nhung |
khéng cat né, duge xée dinh bdi cong thite |

S = 2nld (4-16)
trong d6 : L la dg dai cia dudng cong C,
con d la khodng cdch tif trong tAm G cia
dudng cong d&n truc A.

Ching minh. Trong méat phdng chia
dudng cong C chon true Ox thdng gde
v0i truc A tai O (H. 4=11), chia dudng
cong C ra vd P—Eﬁ cic cung v cing bé.
Ta xét cung MM' cd d& dai dl. Hoanh
do cia trong tam G cia cung AB dya
vao (4 - 9) 1a

|

d = X = %I:d] (a)

Hinh 4-11

Khi dudng cong C quay quanh truc A cung vb cling bé MM
quét ra mot dién tich dS = 2axdl, nén dién tich do dudng cong
C quét ra la :

S=[ds=[2xdl = 21 [ xal (b)

T (a) va (b), ta nhén duge (4 — 15). D6 1a diéu cén phai
ching minh.

Dinh li 5 (cong thic Guyndanh 2). Thé tich V sinh ra boi
tdm phdng khi quay quanh true ddéng phédng va khéng cdt né,
duge xdc dinh bdi cdng thuc :

V = 2a8d (4— 16)



trong d¢ : S 14 dién tich tim phing, d
la khodng cach tl trong tAm t&m
phdng dé&n truc A (H. 4-12).

Chung minh, Tuong tu nhu trén,
chia tdm phéng thanh vé6 han-dién
tich v6 cung bé dS. Hoanh d0 trong
tdm cta t&m, theo cbng thic (4-T)
sé la :

: Hinh 4-12 %
d =x. = g I:dﬂ (a)
Khi t&m quay quanh truc A, dién tich dS ed hodnh dd x sé
tao nén thé tich dV = 2xxdS.

Thé tich do tdm quay quanh truc A sinh ra sé la :
= [dV = [2rxdS = 21 [ xdS (b)

T (a) va (b) ta nhdn duge (4—16). Dd 14 diéu cAn phai ching
minh.

Thi du 4-3. Tim trong tAm cla nita dubng tron tdm O bén
kinh R.

Bai gii |
Cho nita dubmg trdn quay quanh dudng kinh clia nd, dugc

day
mat cfiu dién tich S = 47R? ki hidu d 14 khodng cdch til trong tAm
G dén dudng kinh ddy. Céng thic Guyndanh (4-15) cho ta :

4nR? = 2ndL = ZndaR

T dd, ta nhdn duge :d = EIE nd tring voi kft qua (4-11b)
d4 duge tim & trén.

Thi du 4-4. Tim thé tich cia khfi xuyén sinh ra bdi tdm
tron tAm A, bdn kinh r khi quay quanh tryc A déng phdng, céch
A mot doan R > r (H. 4-13)

Bai giai
Dient.ir:htﬁmhﬁnliS: r?l:rgngtlmﬁmtﬁnliﬁ,nlm
chich truc A mt doan d = R > r.
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Hinh 4-13 Hinh 4-14
Cong thic Guyndanh (4-16) cho thé tich khéi xuyén :
V = 22dS = 22%R
Thi du 4-5. Tim trong tdm cia mot nia t&m tron tAm O,
ban kinh R (H. 4-14),
Bai giai
Do tinh dfi xing, trong tdm cla nda tdm tron sé ndm trén

truc Ox vudng gde voi dudng kinh ddy cta tdm.
Cho tim quay gquanh dubng kinh ddv ta duoe khdi céu co

thé tich V = gnnl.

Theo cong thie Guyndanh (4-16), ta od : %HRE' = 2wx,.. iJﬂ?\‘,I

Tu do : -
xﬁ=4RJ3n

Ta tim lai dugc két qua (4-12b) & trén.

CAU HOI ON TAP

1. Cac khai niém co bdn va hé tién dé tinh hoc. Vai trd cla
titng tién dé& trong viée x4y dung ndi dung mén hoc

2. Dinh nghia vé lién k&t va phan lue lien két. Khdo sdt mot
s litn ké&t thuing gap.

3. Dinh nghia m& men cha luc d8i vé6i mét di€m. Bigu thic
vectd cta nd.
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4. Dinh nghla mé mﬂﬁ ciua lue d6i voi médt truc. Dinh I lién
‘hé gita md men cla lue d6i v6i mot di€m vA md men cia luc
dﬁt vii mdt truc.
5. Dinh nghia ngiu lyc. Cdc yéu t6 dac trung cho ngﬁu lue.
Vectd md men ngdu lyc va mbd men dai s6 ngiu lyc.
. B. Céc dinh )i vé bi€n ddi tuong duong mot ngiu lye va dinh
i hop ede nglu lye.
, 7. Phan loai hé luc : hé luc déng quy, hé nglu lue, he
:rh,l‘c song song, hé lyc phang, hé luc khong gian.

Hai néi dung chinh eta i thuy&t hé lyec.

. 8. Vecto chinh v& mé men chinh cia hé lyc. Dinh nghia,
. phuong phdp xdc dinh. Dinh li bién thién mdémen chinh.
9, Phat bi6u va ching minh dinh i ddi lyc song song.
- 10. Phuong phéap thu gon hé lye vé mdt tdm cho trudc, co
Ii s# cla phudng phdp va k&t qua. Cac bt bién cua he lue.

~ 11. Céc dang chufn cla hé luc khdong gian (dinh nghia va
' titu chudn). Phat bi€u va ching minh dinh li Varinhong. Cac
- dang chuéin cilia hé lyc déng quy (hé luc déng quy phang va hé
i lge déng quy khéng gian), hé ngiu luc (hé nglu lyc phing va
~ hé nghu lyc khéng gian), hé luc song song (hé luc song song
- phing v hé luc song song khong gian) cung chiéu va nguogc
chiéu, ha lyc phéang tuy y.

12. Diéu kién cAn bang cua hé luc khéng gian.

Céde phuong trinh cin bing cla hé lvc khbng gian.

Cac phuong trinh cin bAng cla hé lye d6ng quy (hé luc déng
‘quy phdng va hé luc déng quy khong gian), hé ngiu luc (hé
-ngdu luc phdng va hé ngiu lyc khéng gian), h§ luc song song
" (k¢ lyc song song phing va hé luc song song khong gian), hé
' lye phdng tuy y.

13. Bai todn hé vat. Phuong phdp giai bai toan can bing cia
. hé vit (phuong phap hda ran va phuong phap tich wit).

PR TR W 3 T T T, e o
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14. Dinh nghia don. Béi todn cln béng cia don. Bai toan
vt lat.

15. Xy dyng mé hinh v& phin lyc lién k&t cda lién két tya
cd ma sat. :

16. Dinh ludt ma sdt trdgt, gdc ma sdit. Difu kién cin bang
clia vt rdn khi bi€u dién qua gdc ma sét.

17. Dinh luit ma sdt lan.

18. Phuong phép gidi bai todn cﬁn bing clia vt rdn va hé
vit rAn khi co ma sit. '

19. Cong thic tdng qudt xdc dinh trong tAm cla vAt rdn.
20. Céc cong thic tim trong tAm cla vat ghép va vat khuyét.
21. Céc cbng thic Guyndanh.

1
|
]
A
|
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Phan hal
PpONG HOC

MmO DPAU

Déng hoc 1a phéin thd hai cia gido trinh co hoec. Trong dé,
ching ta nghién ciu chuyén dong cd hoc cla cdc vat thé vé
mat hinh hoc, khong quan tam d&n nguyén nhén giy ra chuyén
déng cing nhu nguyén nhén gay nén su bién d6i chuyén dong
cia ching.

Trong phén ndy ching ta nghién ciu hai m& hinh co ban cia
vAt thé 1a difm va vat rén. Vat rdn la tap hgp nhiéu diém ma
khoang céch giita hai diém bat ki cia nd ludn ludm khong déi.

Chd § rAng néu céc kich thubc nbi tai cia vat thé co thé bo
gua khi nghién cidu chuyén dong cia nd thi ta cd thé si dung
mo hinh di€m d€ nghién ciu chuyén déng cia vAt thé Mot vat
th€, ma md hinh co hoc cua nd la mot di€m chuyén dong, duge
gol 1a vat di€m.

Chuyén dong cia cdc vat thé xdy ra trong khéng gian va
thoi gian. Khéng gian va thdi gian la hai dang tén tai cla vat
chit cho nén ndi chung ching phu thude vao vat chfit va chuyén
déng cia nd. Trong co hoc of dién, dé don gian, ching ta xem
khong gian va thdi gian khéng phy thudc vao chuyén déng cla
cdc vat khio sat vA goi la khong gian tuyét dfi, thoi gian tuyét
d6i. Khong gian tuyét di duge quan nigm la khéng gian Ocalit,
khong phu thudc vao thdi gian va cdc vat th&€ chuyén dong trong
né. Thai gian tuyét d6i duge quan niém la thdi gian tr6i déu
tid qué khi qua hién tai dén tuong lai, khong phu thudc vao hé
quy chifu khdo sat chuyén dong cing nhu khéng phu thubc vao
chuyén dong clia cdc vit thé. :

Chuyén dong xdy ra trong khong glan, nhung hodn todn cd
tinh chdt tuong d6i, phu thudc vao vat ldy lam méc dé€ theo dbi
chuyén dbng. Thi du, modt chiéc 6t dang chay d6i v# mot ghc
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cay nao do ding bén dudng nhung ding yén dsi vai ngudi ngdi
trong 6td dé. Nhu vay, mufn mo tAd chuyén dong cha vat thé,
ta phai chi r6 vat ldy lam méc da chon.

Vat 18y lam mdc dé theo doi vi tri cda vat the chuyén dong
duge goi la h¢ quy chigu. Viee chon hé quy chifu hoan toan tay
¥, nham tao diéu kién thuan lgi cho viéc khdo sdt chuyén dong
cia d6i tugng. D€ thuin tién cho viéc tinh todn o khi ngudi
ta gan vao hé quy chiu mot hé toa do. Nhidu khi, d€ cho da
cong kénh, ngudi ta ding ngay hé toa dé dé thay cho hé quy
chiéu da chon. :

DE tinh thai gian trong qué trinh chuy&n dong, ngudi ta chon
mot thoi diém tay y lam thdi diém gée. Thong thudng, ta ldy
l6¢ bdt ddu khao sat chuyén dong cia vat thé lam thai difm
géc va ki hidu la t, = 0. Nhitng th¥i di€fm sau s& duge ki hiéu

ia t), t,, .. Dd la nhitng khoang thdi gian tinh t¥r thai di€m gbc

dén thai di€m dang xét.
Khdo sdt dong hoc chuyén déng cia difm hodc vat rdn trude

hét la tim cdch xdc dinh cdc théng s6 xdc dinh vi tri cta nd

va thiét l4p cdc phuong trinh mé td méi lisén hé giwa cdc thong
86 dd v6i thdi gian, Cdc phudng trinh nay goi la cde phuong
trinh chuyén déng Sau dé xdc dinh céc dac trung cda chuyén
dong, nhu van tdc, gia t6c chuyén dong cia difm, van tfc goc,
gia tbe gdc chuyén dong cla vat rdn, v.v...

Trong phén ndy, v& mat li thuy#t, ta chi khdo sit dong hoc
di€m vad dong hoc vat rd&n. Tuy nhién, trong cic bai todn dp
dung, ching ta phai tinh todin dong hoc cia hé gém nhiéu vat
ran cd cdc lién két hinh hoc (lién két ban 1, lién ké&t tua, lien
két day mém khéng dan, vv._) DE xic dinh chuyén d@ng cia
ching, ta dua véo khdi niém tea dé suy rong va khai niém s6
bac ty do.

Cac thong s6 dinh vi cia vat rén hodc hé cdc vat rdn trong
mdt hé quy chifu xde dinh duge goi la cdc toa dé suy rdng cila
ching. Ki hifu cdc toa dd suy réng - 9y - 9, Thong thudng
cac toa d§ suy réng la cac do dai, goc quay. Tuy nhién theo
dinh nghia thi bin chat vat I cia toa da suy ring la tiy y
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86 béc ty do cla vat rdn hodc cha he cdéc vit ran chiu cic
litn k&t hinh hoc la s6 thong =68 doc lap dd dé xdc dinh vi tri
cha ching d6i v&i mit hé quy chifu xdc dinh. Trong phén ding
luc hoc, ching ta s& dua ra dinh nghia t8ng quét hon vé& khdi
niém guan trong ndy.

CHUONG I
PONG HOC DIEM

Trong chuong dgng hoc difm, ching ta khao sit chuyén ding
cia mét diém d&i voi mot
he quy chifu d& chon. D& i [ i
md td sdng sba va gon
ging cdc déc trung clha
chuyén déng, ching ta st
dung phuong phip vectd. r
D¢ tinh todAn thudn tién,
ching ta sd dung cde 7
phuong phép toa d6 nhu
phuong phdp toa db D&
cic, phuong phap toa do %
t¢ nhitn, phuong phép Hinh 1-1
toa 40 cue v.v... '

gy

1.1. KHAO SAT CHUYEN DONG CUA DIEM BANG
PHUONG PHAP VECTO
111, PHUONG TRINH CHUYEN BONG
Xét difm M chuyén dbng trong hé quy chiéu Oxyz (H.1-1)

Vi trl cia difm M duge xic dinh bdi vectu r =0OM . Difm M
chuy&n déng, do dd ¥ thay dfi theo thoi gian :

e
T

- T (1] (1-1)
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Phuong trinh (1-1) duge goi 1a phugng trinh chuyfn déng |

cla difm M dang vecto.

Chi ¥ ring diém M chuyén déng lien tuc, & mfi thai diém,
difm M chifm mdt vj trl xdec dinh vA c6 hudng chuyén dong
xdc dinh. Do d6 r (t) 12 mot ham lisn tue, don trj.

Tap hop cdc v trl cha difm trong khéng gian quy chifu duge
goi 12 quy dao cda nd trong hé quy chigu fy. Phuong trinh (1-1)
!a phuong trinh tham s6 cida quy dao. Néu qui dao la dudng
thang, thi chuyén dong duge goi la chuyén dong thing. Neu quy
dao ld dubng cong thl chuyén dong duoce goi 1a chuyén dong
cong. V& khi dd ngudi ta thudng 18y tén duimg cong quy dao
dé goi tén chuyfn dong ;

1.1.2. VAN TOC CHUYEN DONG

Mot trong nhirng dae trung co bén cla chuyén déng cta
diém 12 khdi niém van tdc dSi vai mot he quy chifu d& chgn.
Ching ta s& xAy dyng modt cdch chit ché khai niém ndy. Gia

sit & thai difm t, difm & vj tri M xéc dinh bdi vects © = OM

¢ thiti difm khde t, = t + At, difm & vi tri M, xdc dinh bai.

vecto 7, = OM, (H. 1-2). Nhu th& sau khodng thai gian At
difm djch chuyén duge mot dean .

Mﬁ|=?:--r‘= .ﬁr

v
o
%
i ¥
g
Hinh 1-2 Hinh 1-3
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Dai lugng v, = Ar’/ At duge goi Ia van téc trung binh cia
diém trong khodng thoi gian At, k€ ti thdi di€m t. Vecto Vip
huéng doc theo cat tuyfn MM,

Véan téc cia di€m ¢ thai _Eié'm t duge x4c dinh nhu sau :
Ar dr =
= r (1-=2)

velim v, = B
vy=1Im v, = lim  e—
it 0 Al il dt

Nhu thé, van t6c clia di€m |2 dao ham bac nhat theo thai
gian clia véc to dinh vi cia diém dy. Vecto van tdc v huéng
theo tifp tuyén véi quf dac & di€m M vé phia chuyén dong.
Don vj clia vin téc la mét/gidy, ki hidu la m/s.

1.1.3. GIA TOC CHUYEN pONG

Gid st & théi di€m t, difm & vi tri M, c6 van t6c la T.i
Sang thoi di€m t, = t + At, difm & vi tri M, cd vAn toc la v,.
Nhu thé, sau khn_éng thai gian At, vin t&¢ cia diém bién thién
mit dai lugng Av = v, — v

Dai lvong a, = Av / At duge goi la gia téc trung binh ciia
difm trong khoing thui _pian At, k& tir thoi di€m t. Vecto a
hutmg doc theo vectos Av (H. 1-3).

Gia toc cia difm & thdi difm t duoe xdc dinh nhu sau :

—
a

= malh = Imn = = = T

At—D:  At—g At dt de?

Nhu th&, gia téc cla difm !4 dao ham bic nhit theo thai gian
m}avectnvantﬁcvﬁhéngdguhimhachai:heumﬁiglanm.‘la.
vectd dinh vi cda di€m dy. Don vj cia gia téc la mét/giay?, ki hiéu
Ja m/sf.

(1-3)

1.1.4. NHAN XET VE MOT VAI TINH CHAT CUA CHUYEN PONG

Tru6e hét ta néu ra mét tiéu chufn nhan xét vé chuyén dong
thing va chuyén d:mg*_ cong cia di€fm. Khi difm chuyén déng
thing, vecto vén téc v ludn khéng ddi vé phuong ju dé vecto
v vA vects a luén cing phuong. Viviy v A a = 0. Nguoe lai,
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khi difm chuyén déng cong, \rmtd_‘_ v néi chung thay ddi ca vé |
5 —

huéng cing nhu trj s6. Cdc vecto v vA a néi chung khéng cung -

phuong. Vi vay ta cd tiu chufn nhan xét -

= = =0: chuyén dong thing ]
vAa :

- 0: chuy&n déng cong. ,

Bay gid ta dua ra tieu chufin nhén xét v& tinh déu va tinh |

bién ddi cia chuyén dong. Chuyén déng la déu khi gid tri cia

van téc v khéng ddi. Chuy€n dong nhanh dédn hay chim dén

tiay theo gid trj cla vén t6c tang lén hay gidm di theo thoi gian.

Chi ¥ rdng sy thay d6i cia v* dac trung cho sy thay dfi cia
gid tri v cla van t6c. Ta co :

dvd) _devh - dv e
_—dt = dat = Jv . l-.'il-: = 2v.a

Tu dd mit ra tiéu chudn nhan xét -

e =0 chuyén dfng déu
v.a

| #0: chuyén dong bién déi.
Trong trudng hop thd hai, néu v a > 0 thi chuyén dong la
nhanh ddn; va V.a< 0, chuyfn déng 14 chim dédn.

1.2. KHAO SAT CHUYEN DONG CUA DIEM BANG PHUONG
PHAP TOA DO DE cAcC
1.2.1. PHUONG TRINH CHUYEN DONG

Vi tri cla di€m M duge xdc dinh bAng ba toa dé X, ¥, Z clia
diém & trong hé toa d6 Dé cdc vudbng géc Oxy (H. 1-4).

T = :?ﬂ?ﬂf
Khi difm M chuyén dong, x, y, z bign ddi lién tuc theo thdi gian.
Vay cdc phuong trinh chuyén dﬁng cia di€m cd dang

x = x(t), y = y(t), z = z(t) (1-4)
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1.2.2. VAN TOC CHUYEN DONG
Theo cong thdc (1-2) ta cd :

=.—{II+3T+ zE) = d—xT+d—FT+ as

YRS T ® Codt dt dt
Chi€u ding thic trén lén ba truc toa dé, ta nhan duge
dx ] d : dz .
vx=ﬁ=!5vy='d_{=y;v:=ﬁﬂz (1-6)

Dya wvao cdc bifu thide (1-5), ta cé th€ xac dinh dé&
dang dd 16n va céc cosin chi phudng cla vén t6ec v :

v = |;1 - W: m
v . v
mlﬂl.3=f;cm{ﬂy,$=:¥;m{ﬂz.;'5——-:t
1.2.3. GIA TOC CHUYEN BONG'

Tuong tu nhu xdc dinh céc biu thdce thanh phén van téc,
tif cong thic (1-3) ta cd :

a = '—iE.“ i1‘[15-1"':"'+ v + v. b = —d—(""+ 1+ zK)
T odt de's yJ g WS P 2

v, . dv _ dv.
5 T+ T+ E=til+ 5 i
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T dd nhan duge hinh chifu cia gia t6c a trén céc truc toa do :

d"r; - d?r & dvz -
I e N N M . R

Tiu (1-6) ta cing f th€ xdc dinh d€ dang 40 l6n va céc
cosin chl phuong cia a :

a=|a] = Vra3+ atal = f'iz+'jr1+'i1

i a
cos{Ox, ;.'5 = —; co8{Oy, d) = :T- ;:cos(Oz, a) = -
a a a
Thi du 1-1. Chuyén dong cia difm M & trong mat phdng
Oxy duge xde dinh bdi phuong trinh :

x = bsinwt ; y = decoswt (1-7)
trong ddé:b, d, w, 1a cdc hdng s6 duong. Hay xdc dinh phuong trinh
quy dao, df 18n cia van tdc, gia téc cia difm M & thoi di€m t1= n/2%.
Sau d¢ xdc dinh phuong trinh dudng ddu mit clia vécto van téc.

Hinh 1-5
Bai gidi
Muén tim phuong trinh qu§ dao, ta chi viée tim cach khi

tham s6 thdi gian t trong cdc phuong trinh chuy&n dong. Trong
thi du ndy tit cde phuong trinh chuyén dong (1-7) ta suy ra :

mt:y

& 3
b '’ d

Binwt =
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Do tinh ch&t sin’wt + cos?wt = 1, nén ta c¢6 phuong trinh

quf dao :
_"'i_ +_,ﬁ=1
b? d?

Viy quy dao l& mot dubng elip v8i cédc bdn truc b va d
(H. 1-56).

Ti phuong trinh (1-7) ta tinh cdc dao ham theo t :
v, = X = bw coswt, vy=jr= —dwsinwt

ax=i=—bmzsinmt,%=§u—dm1mamt
O thei di€m t, = a/ 20, €M M3 vitd M, &x, =b;y, =0) va
cdc hinh chifu vén t6c va gia tfc cla nd cd dang :

Vig = 0 Viy = —dw
a,, = ~baw? ; ay, = 0
D€ vé dudng ddu mat vects van tSc (cing goi la dudng dfu
téc) ta chon trén mat phing vén t6c hé truc vubng gdc O x,y,
tuong déng nhu sau (H. 1-5):

x, = Vv, = wbeoswt ; y, = v, = —dwsinwt
Khit t tit cdc phuong trinh tham s6 cla dudng dfiu muat vécto
van téc, ta nhan duge phuong trinh :
x? -

¥ = 1 (1-8)
b%e? d?w?

day 1a phuong trinh dudng dfu mit vecto van tde dang toa do. Trén

hinh 1-5 cdc di€ém M, M’ vA M) trén dudng ddu midit vecto vin toe
teong dng voi cdc diém M,, M, M; & trén qui dao.

1.3. KHAO SAT CHUYEN PONG CUA DIEM BANG PHUONG
PHAP TOA D) TU NHIEN

1.3.1. PIIVONG TRINH CHUYEN DONG

Phuong phép tpa d0 tu nhién duge dp dung khi bift trube
quy dao chuy€n déng cia difm. Gia slf cho bift quf dao (C) cla
difm & trong mot hé quy chifu khong gian. Chon m{t didm tay
¥ O & trén quf dao 1Am difm gfc vA dinh chiéu duong trén quy
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dao (H. 1-6). Vj trd cta
difém M dugc xdc dinh

) M (¢l
bdng d¢ dai dai s cung ¥
OM = s. i
do dd s thay d8i theo thai
gian. Phuong trinh :
s = s (t) (1-8)

bifu dién quy ludt chuyén déng cia diém M doc theo quy dao
goi 12 phuong trinh chuyén déng cia di€m dang toa d0 ty nhién.

Chd y rang s 12 mot dai lugng dai sd. Tuy nhién néu chiéu
chuyén dong khong d8i vd néu chon chifu d6 1am chifu duong d€
tinh cung, thi v6i cach chon géc O thich hgp & s& luén luén duong.

1.3.2. MQT VAI TINH CHAT HINH HQC CUA QUY DAO
1. Hé tpa do6 ty nhién

Tru6c hét ching ta hay dua ra cach xdc djnh m#it phidng mat
tiép cla quy dao tai di€m M cda nd. Trén quy dao ngodi difm M ta
1y thém di€m M, (hinh 1- 3). K& céc tifp tuyén MT va M;T,. Qua
M ké dudng MT", // M,T,. Dyng mat phing P chia céc dudmg MT
va MT’,. Khi cho M, tign
dén dén M, mat phing P § 7
88 tifn dfin d&n mit mat
phing gi6i han x, goi la
mit phdng mat ti€p cla
quf dao tai diém M. Nhu
thé, néu quy dao la dudng
cong phing thi mat phing
chita dudng cong quy dao
la mat phdng mat tigp tai
moi difm cla quj dao.
Khi quff dao 14 dudng cong
khong gian, ta lfy mot
cung rit bé MM' = da. Vi
cung ds rfit bé nén cd thé Hisk 1-7
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thay thé€ né bdi mot cung phing cing di€ém déu, difm cubi. Mat
phing chida cung phdng ndy s& dugc xem mot céch gin ding la mat
phing mat ti€p véi quy dao tai diém M (H.1-7).

Dung trong mat phing mat tiép véi quy dgo tai difm M tryc
Mt huéng theo tiép tuyén cia quy dao vé phia duong. Vecto don
vi trén truc dd la t Dyng truc Mn huéng thec phdp tuyéfn cia
qui dao vé phia iﬁm Phép tuyén Mn ndm trong mat phdng mAat
tifp goi 1a phdp tuyén chinh. Vects don vj trén truc nay & n,
Dyng phap tuyén Mb cila quf dao tai M va vubng goc voi mét

phﬁng mit tifp. Phap tuyé'n Mb goi & tring phdp tuyén, \"ect:l
don vj trén truc nay la b Thudng ngudi ta chon chiéu cda b
sap cho Mtnb tao thanh mr,'-t hé truc thuan (H.1-7).

Nhu thé, tai mbi difm cla dudng cong ta lubn dyng duge
mét hé toa d§ vudng gdc cd ba truc hubng theo ti€p tuyén,
phdp tuy&n chinh, tring phdp tuyén, goi la hé toa do tu nhién.
Hé toa 46 tu nhién thay d8i theo vi tri cla diém M trén quy
dao vA phin é&nh
duge mdt phidn tinh
chdt hinh hoc cida
quy dao.

2. D6 cong cua
quy dao

Ta nhén thiy
ring quy dao cang
cong thi tifp tuyén
cla nd d&i hudng
caing mnhanh doc
theo quy dao &y. Vi Hinh 1-8
viy ngudi ta dua
ra khéi niém do cong cia quy dao (H.1-8).

Dai luong : ks = | 2]
dudc goi 12 do cong trung binh cla quy dgo \ng v6i cung ﬁiﬁl.
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Dai ldong - k—!llﬂjlgf —1TE_|
dﬂﬂﬂgﬂilﬁdﬁmngmﬁaqufﬂ#ﬂtﬂilﬂﬁmﬂ.ﬂﬂlwp=%lﬁ
bén kinh cong cta quy dao tai di€m M.

D€ minh hoa, xét quy dao la dudng tron bén kinh R. Khi d¢
As = RAp.

Vay ta c6

k = - .P-R
As R

Nhu th& bin kinh cong cia dudng tron tai cde di€m cta

ching chinh bdng bdn kinh caa dudng trdon dd.
1.3.3. VAN TOC CHUYEN BONG
DE xdc dinh vén t6c ¥ ta s& tim hinh chifu cda nd trén cse

truc cla hé toa do tu nhién. Vi vecta v huéng theo ti€p tuyén

quy dao tai M, nén V = v,t,. Mat khic theo dinh nghia :
—_dr _ dr’ 4

_ e g, ce—

_;"‘i-F.l

de ds dt % gs
Tmugpmmmhmﬁpm,mmdamﬁngmm;$=i:

Vi vay ta rit ra :

L

vi= 8; vi=yb=g (1-10)
Chd y ring v = I¥]

1.3.4. GIA TOC CHUYEN BONG

Tuong ty nhu 'phén van téc, ta s& tim hinh chifu cia vecto
gia tOc trén ‘cdc tryc cla hé toa d6 tu nhién -

—l_ t-—l- — b
a'=a't +a"n +atp

Mat khdc theo dinh nghia :



Trong phéin hinh hoc vi phAn, ngudi ta da ching minh :

% %,
s P
Vi vy ta cd :
l:lvt 1'11
H-l_ — — _1
a = T °+T nﬂ-a+?'
Cudi cung ta rit ra :
dv, yi
P R | (R - -
a a0 @ P,a 0 (1-11)

Tt (1-11) ta thdy gia t6c phép tuyén a" luon ludn huéng vé
t4m cong ctia quy dgo, cdbn gia t6c tifp tuyén al thi cd thé
huéng clng chiéu hodc ngude chifu voi vén tée v

Ti cdc bi€u thie (1—-11) ta dua ra mot vai nhan xét ve ¥
nghia c@a cdc thianh phén gia t&c.

Tit bi€u thic a® = v / £ ta théy : khi difém chuyén ding ndi
chung v # 0, do d6 a® = 0 khi P = «. Vay chi trong chuyén ddng
thidng thi a® mé&i ludn ludn triét tidu. Trong chuyén dong cong, ndi
chung a # 0. Nhu th& gia téc phdp tuyén phan 4nh tinh cong cia
qui dao, do dé dac trung cho su thay d8i vé phuong clia vecto vin
t6c. Chd ¥ rAng gid tri cda a” ti 18 véi binh phuong cia vén téc nén
tdng rit nhanh khi gid tri van t6c ting.

Tit bifu thdc a' = dv, / dt ta it ra : gia t6e tiép dic trung

cho su bi€n d6i cla van t6c vé mat tri s6. NG phan anh tinh
déu (a' = 0) hay tinh bién d6i (a' = 0) cia chuyén dong.

1.3.5. CHUYEN DONG DEU VA CHUYEN PONG BIEN pOI DEU
1. Chuyén déng déu : Chuyén dong déu cia difm la chuyén
dong ma van toc cla nd od tri s6 khéng dbi (v = v, = hiing ef).
Né&u chon chidu chuyén dong khong dfi cia diém lam chiéu
duong trén quy dao thi phuong trinh chuyén dong cua difm cd
dang :
L
n=_r vdt +s8, = vt t+s,
0
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2. Chuyén dong bién déi déu : chuy€n dong bién d6i déu
cia difm la chuyén dong ma thanh phén gia téc ti€p ludn cd
tri 86 khéng d6i a' = a = hing s6). '

Td bifu thie a' = dv, / dt =a tasuym:v =at+y,

Vay phuong trinh chuyén déng cd dang :

ds 1 .
v, = E-t*—ha = ﬂ-&t +vnt+su

Trong chuy&n déng bién dfi déu néy v, va a' ciing dfu thi
chuyén déng la nhanh d4n déu, né&u v, va a' nguge du nhau thi
chuyén dong |1A chAm d4n déu. Trong thuc t&, néu ta chon chiéu |
duong trén quy dao triing véi chiéu cda vin téc d4u ?:'; thi néu
a' = a > 0 chuyfn dong la nhanh dén déu, cdn a' = a < 0 chuyén
dong 12 chdm dén déu cho d&n khi dirng lai (v = 0).

Thi du 1-2. Cho diém chuyén dong theo quy lust -

:mt—nint;_v-l—cmt;z=4uin%

Xdc dinh bén kinh cong cia qu§ dao theo thai gian t.
Bai giai
Trudc hét dao ham cde ham x, ¥, z theo ¢

. ; : t
x =1 =cost; ¥y = sint; I:Zm‘.lﬂ—ﬂ'

;aslnt; f:mut; :.-.-=-1!:'n~—
Ta dé dang tinh duge :

v = 22 +32 4+ 32 = 21 - cost) + 4cos?~ = 4

2
a’ = x2 +y2 + 32 = 1+51|11%
dv v 4
- al=s — = - gl = = -
Tﬁdﬁsu}rrﬂ.n—dt 0; a =P

Do a™ = a nén ta ed -
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1.4. KHAO SAT CHUYEN DONG CUA DIEM BANG PHUONG
PHAP TQA D) CUC

1.4.1. PHUONG TRINH CHUYEN DONG

Xét chuyén dong cta difm M trén mat phing Oxy. Ta 18y O
lam cye, vé nia dudng thing OM (hinh 1-9). Gpi gdc giia cde
truc Ox vih Or 1A p. Goi dogn OM = r. Khi 46 vi trl cha difm
M trén mat phdng Oxy dugc xdc dinh bdi hai tham sf r va ¢
Véy céic phuung trinh chuyfn dong cla difm cd dang :

r=rit); p = plt) (1-12}

Céde phuong trinh (1-12) cing 1 c4c phuong trinh tham =8
cla quy deo cha di€m M trong toa d9 cuc.

1.4.2. VAN TOC CHUYEN pONG

Ta goi trye cye l& truc
Or ma hufng duong cda
nd duge :ﬁ_&_dinh theo
chiéu cia OM. Vecto don
vi trén tryc nay 1a T2, Quay
trye Or theo chifu cia gric ¢
di mot gée 90° ta duge tryc
Op, Vecto ddn vi trén trye
ndy & p5. Vecto don vi trén
cde trye Ox, Oy 1a T va T
(H. 1-9). Hink' 1-8

Nhw thE, theo hinh 1-9, ta of :

-::E'=mup.T+ainp.T }

|_15=—ning¢.?+mp.r
Thye hign phép tinh dao ham theo t :

(1-13)

d;‘s - -, ;
a3t = (—sing . i +cospj)p = ppo
diﬁ

= —(comp . 1 +sinp j)p = (1-14)
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Theo dinh nghia ta 6 -

T=E_d.H) dry aP
dt dt dt dt
Chd ¥ dén (1-14) ta nhan duoge :

— dl.‘ #—E
ve P +rLp (1-15)
Vay : v, =1, v. = rp. - .
’ P ov=yR 42 2
1.43. GIA TGC CHUYEN DONG

Dao ham bi€u thie (1-15) ta duge :

— = dr’
a_.=dv_ﬁ2rrn+ﬂr o , dr %P%"T}

E = F EI:— . E— + EE . P +
& 5, o dd
+ r 32 p° + rdt i
Thé céc bifu thic (1-14) vao bi€u thdc trén ta nhin duge :
&= (F—rp?)r + (1p + 2ip)pd (1-16)
T dé suy ra hinh chiu cia gia tfc di€m M trén céc truc
Or va Op la : “
a =T-mp? ;
EP = na'l'w
Mddun va huéng cia vée to gia t6c a duge xdc dinh bdi cde
cOng thde : e W
m{}'ﬁr ;5 - ;:
cos(F, 3 =

1.5. KHAO SAT MOT s6 CHUYEN DONG DAC BIET

1.5.1. CHUYEN BONG THANG

Néu quy dao cia difm la dudng théng, thi chuyén dong
|a chuyén dong thdng. Ta chon, ching han, truc x hufing
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doc theo duding thang quy dao, thi vi tri cia difm duge xéc
dinh bdi hoanh d& x = x(t). Hinh chifu vin tfc, gia téc cla
di€m trén truc x :
‘I.I'x = x = = X
Bay gio ta khéo sdt mdt loai chuyfn dong thdng quan trong,
duge xac dinh bdi quy luat :

x = asin(wt + a) = asing {1-17)

Chuyfn dong eia

difm theo quy luit

o (1-17) goi la dao dong

diéu hda. Hinh vé& 1-10

bifu difn 48 thi cia ham

& x = asinlwt + a) =

= agsing. Dai lugng a

bing do léch cuc dai

cua diém td vi tri

x = 0 goi la bién do

dao dong. Dai lugng

p = wt + a goi la pha

dao déng, « goi la pha
Hinh 1-10 ban ddu.

Khoang thdi gian t6i thifu d€ chuyén dong lap lai goi la

chu ki dao dong. Chu ky cla dao d6ng difu hda 1a T = 2n/w.

58 dao dbng xdy ra trong mot don vj thdi gian goi la tdn s6

1 5
dao dong, f = T Néu thdi gian tinh bdng gidy, thi don vi tén

st la Hertz (Hz). Dai luong @ dugc goi la tdn s§ vong. Nhu
th€ ta cd :

[ = % = ! (1-18)

1.5.2. CHUYEN DONG TRON

Bay git sit dung phuong phédp toa dd cuc khdo sit chuyén
ddng cia di€m trén dudng trdn. Toa d6 r ludn 1a hdng s6 va
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bang ban kinh R cia vong
tron. Vi vy vj tri cia di€m
M duge xde dinh bdi gée ¢ vi
(H. 1-11).

Theo (1-15) ta co :

vr-i'tﬂ

vp::@:R;b
Vay :

v=|v

F|=Rm vii w = | ¢
Tinh todn gia tdc theo

(1-16) :
a, = -Ra? ; a, = R
Vay :

a = Yot al = RYTTE Hiah 1-11

trong do : E= |@]|.
Cha ¥ rAng néu dp dung phuong phép toa dé ty nhién, ta cd :
a = Rp; a, = Ru?

¥

1.53. CHUYEN pONG 7|
XYCLOIT

Thi du 1-2. Mot
bdnh xe tron ban kinh
R lan kh8ng trugt trén
dutng ray thidng. Vén
téc tdm bdnh =xe la
hidng s va bing I-:_
Tim phuong trinh
chuyén dong cila
difm M & trén vaAnh

bénh xe. Tim quy dao,
vin t8e, gia téc cia
difm dg’

Hinh 1-12
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Bai giai ;

thnhétqad@&yhhﬂhlnhl-lﬂﬁithﬁ_fkbit:ﬂtﬂﬂ = (),
Do bénh xe lan khong trugt nén cung AM bing doan OA. Do
M=Rp;ﬂﬁ=?¢tnﬁn?utnﬂp.ﬂudﬁ:

Yo

= ot vilw = R

Toa db cla di€fm M 1A :

x = v,t — Rsinp = v t — Rsinwt (a)
¥ = R‘-HCWQ?= R(1 ~ coswt)

Céc phuong trinh chuyfn dong cia di€m M nay ciing la
phvong trinh tham s6 quf dao cla né. Quy dao cia M gfém
nhitng cung xycldit nhu hinh 1-12.

Hinhchi&'uvﬁntﬁccﬁadiﬁthﬂncﬁctmD:vﬁE&:

v, = % = v, — Rwcoswt = v_ (1 — coswt)
Yy = y = Rasinot = v Sinwt (b)
Md dun clia van tc '
v =y +37 = v_ (1 - comt)? +sindet =

wt
- ?ﬂfﬂfl —coawt) = E?UBIII-E-

Ghlifringgdchiphﬂnﬁnsin%?ﬂ.

DE tim huéng van tfc diém M, ta xéc dinh cdec cosin chi
phudng cla vécto van téc.

v 1 LieE
X coswt wt
cos(x, ;3 = — = = gin—
v . wt 2
2sin—
2
'“‘ 1.
sinwt wt
cosly, V=L = CO8
v . at 2
s

Tﬂdﬁmymv&wmﬁkmﬂmulmhmﬂmhmduﬂng
Hﬁngnﬁltﬁdié‘m}d[tﬂidlémmunhﬁtcﬁubénhmﬂ-l. 1-12).

Iﬂuhchiﬁug‘iatdccﬁadiﬁmh{tténﬂ.ﬁctmnﬂxv&ﬂy:
ﬁci:vd&minmt,l},=f-?nmt
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Do dd :
n-\iaE+a§ =vw = o'R
Do cm{x,a-?nainwt;ain{y,-aﬁ= = coswt
Nén vécto gia tSc cia di€ém M ludn di qua tdm cda banh xe.
B4n kinh cong clia qui dao dugc tinh tit bifu thdic :

» |2

2
.F = ﬂ."
dv
Do al = thi - {a‘}z vi a' = Eit- = v w mi%t (vl v, = v)
8
nén al = vﬂwv l—mn?m? = ?nﬁJEiII.-E;—t
2ain2?t
o 8in 2 4v, wt wt
Vay: p= =-— sin = 4Rsin — = 2AM
. wt w 2 2 1
v wsin ) |

trong d6 : AM 1a khodng céch ti di€ém M d&n di€m thdp
nhét cia bénh xe. |

1.5.4. CHUYEN DONG PARABON
Thi du 1- 3. Trong mat phdng thdng ding Oxy, mot
difm M chuyfn d0ng theo phuong trinh : |

gt
:=vutmm;jr=vﬂt=ina—T

trong dé : v, @, g la cdc hdng s6.

Tim quy dao, van t8c, gia t6c cla difm M va bdn kinh cong
cia quy dao ing véi lic £ = 0 va hic M & vi trl cao nhAt.

Bai giai
Rit t tit phuong trinh thd nhét t =
phuong trinh thd hai ta duge :
y = xigz —

= _ 16l thay vdo |
COST
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Vay quy dao la mot dudng parabdn (H. 1-13).

Yi

r/ ILN

9 X

A=

Hish 1-13
Kﬂnd.i‘nh?antﬁncﬁndi!mu.'hﬂi:

?I=l-?nm

v}*:j”—-vn:lna—gt
Vay

v={#§m¥n+[?uﬂm—gt}z
Dao ham bifu thic vén téc :
l:-i-ﬂ'
B, w Y-y
Do d6 vécte & huéng thdng xufng dudi, a = g
DE tim bén kinh cong ciia quy dao ta sit dung cOng thic :

Y
| Pee
T‘rnﬁghﬂtuﬂnniyv,‘:v,nantnﬁi:
dv; gv —8(v,sinz—gt)

t- i
e

at
'dvgnmza +[#ﬂp§m-gt)1
Hhit=ﬂ;a‘=—gdm;n=g.\'ha"-\|nz—{;lF = goosa
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Do dd : .
V5

gcosa
Khi di6m M & vj tri cao nhét cia quy dao thl v/ trye x, do
dﬁvr=vnsina-g‘t=ﬂ1T€Iddnu:.rna‘=ﬂ;a“=g.
Vay bén kinh cong quy dao tai di€m d6 la

vicos’a

B

P:

1.5.5. CHUYEN DONG BINH OC

Thi du 1 - 4. Cho biét diém 2
M chuyén dong theo quy lult :
X=TCO8¢ ; Yy =rsing; z = pe (a)

tmngdﬁ:rvﬂplhhﬂngnﬁ,
p=p{t}.Tim\r#ntﬁc.g:inhﬁc
caa difm M vA xét tinh bign *
d8i chuy&n dong khi P = w.t, vii

w, = const.

Bai giai

Do phuong trinh chuyfn dong
(a) clia difm M, ng s& vach nén
mét dudng dinh 8c déu nhyu hinh

vé 1-14, ap dung phuong phéap
toa d9 Dé cdc tinh van tée va gia A
téc di€fm M.
T 6 : Hinh 1-14

vI-i:=—r@aiugn;vr=jr=rm;?l=pgﬁ (b)
= 1ﬂ¢zuinz¢+r=¢m+p%== 191 Y2 + p2

= X = = 1p’ cosp - rpsing

= ¥ = — rp? sing + rpcosp (c)

:ti::;ﬁ;':

]

!
.
‘e

CIS R
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Dé xdc dinh, ta xét trudng hgp ¢ > 0. Khi dd, néu goi y 1a
géc gitta ti€p tuyfn voi quf dao vA truc z, ta cd :

Yz Py P
sk T Rl - Rl
Nhu thé& dudng dinh fc cd d¢ nghiéng khong dfi 46i v6i mat
phing Oxy.
Goi M’ 1a hinh chifu céa dim M trén mat phdng Oxy. D&

dang thfy hinh chifu cia quf dao trén mat phing Oxy la dudng
trdn tAm O bén kinh r.

:z+}3=r1eoe2p+rzsin2p=r3

Khi difm M’ di dugc mét vdng trén ddy tru trom ¢ = 2x
radian, thi difm M chuyfn déng doc truc z duge mit doan khong
ddi 1A h = Zap. Ngudi ta goi h 14 buéc clia dinh Sc.

Xét trudng hop ¢ = e t.
Khi do :
Ve = “To, sinw bt ; v, = 1w coswt,

v, = pw, (d)

Tami:vnwnmzmmt.

Khi d6 difm M s& chuyén dong déu trén dudng diph Gc.
al=—:mn1muwul;5=—muzainunt;az-ﬂ (d)
a = rw?

Vecto gia tﬁc?mng song voi truc mat phiang Oxy (via, = 0).
Chi y rdng a, = —ﬂ.l-z.l:;By=l —wly ma x, y lai 1a toa db

cia difm M’. Vay gia tdc a ngugc chibu v6i vecta OM'.

Do v = const, nén a' = 0 ; a” = a. VAy bdn kinh cong cia
quf dao la :

2 + p?

T

=

=%

F:
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CHUONG 2
CHUYEN DONG CO BAN CUA VAT RAN

Trong chuong nay ching ta khao sit hai dang chuyén dong
don gidn nhét cia vAt rdn la chuy€n dong tinh tifn va chuyén
déng quay quanh mot truc cf dinh. Moi dang chuyén dong phie
tap cia vAt rdn déu cd th€ phan tich thanh cac dang chuyén
djng don gidn ndy. Nguoe lai, tit hai dang chuyén dong don
gidn nay, ching ta cd th€ téng hop thanh céc dang chuyén dong
phic tap cia vat rédn. '

Viéc khdo sdt chuyén dong cia vat rén & day dudc ti€n hanh

theo hai buéc : khao sdt chuyén dong cla vAt rdn, sau dé khao
st chuyén dong cia cde difm thuge vat.

2.1. CHUYEN DONG TINH TIEN CUA VAT RAN

2.1.1. PINH NGHiA VA THI DU

Dinh nghia. Chuyén dﬁng-f finh tién clia vét rén la chuyén
dong ma mdi dogn thdng thudc vat ludn luén song song vdi vj
tri ban dadu cia né.

Thi dy. Chuyén déng ciia thing xe trén doan dudng thing
(H.2-1), chuyén dong ctia thanh truyén AB trong co cfilu bén
khéu cd cde tay quay 0,A va O,B bing nhau (H.2-2) 1a chuy&n
déng tinh tién.

i
|
|

NOMOX

Hinh 2-1 Hinh 2-2
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Chi y : Khdong cd khai niém di€m chuy€n dong tinh tién.
Ehi vAt rn chuy€n dOng tinh tifn, cde di€m thudc vat cd thé
chuyén d¢ng khong thdng, khong déu.

2.1.2. TINH CHAT CUA CHUYEN BONG

Dinh li. Khi v@t rdn
chuyén ddng tinh tién,
quy dgo, vdn téc, gia téc
cac diém cta vdt nhu
nhau.

Ching minh. Ldy hai
difm A, B bt ky thude
viAt. Cdc vects dinh vi
cia ching thdéa man didu
kitn (H.2-3).

= Ty +AB  (2-1)

D&i véi vat rdn bat
ky, véc to AB ludn cd
46 16n khong déi, d6i Ak =2
vdi chuy@n dong tinh tién AB luon cé huéng khéng déi. Vay
AB = const.

Phuang trinh (2-1) ching t5 ring vi trf cia diém B & vi tri
cia di€ém A truot di mot vécto hing AE. Néu sy dich chuyén trén
duge thuc hién thi quy dao cia di€m A sé chéng khit lén quy dao
diém B. Cdc quy dao nhu thé dugc goi la nhy nhau.

Do AB = const nén dao ham ding thdc (2-1) theo thoi gian,
ta cd :

— —e

dj = ‘_:!r"'" hay v .
il e AR
— —

d‘vﬂ. d.'r_p._ — —

qt T ap DAY B T &,

123



Ti dinh li trén ta théy ring, viéc khio st chuyén déng tinh
tifn cla vat rdn duge dua v& khio sit chuyfn dong cia mot
difm b&t ki thudc vat. Phuong phdp khdo sdt chuyén dong cia |
di€m da duge trinh bay trong chuong trudc. !

2.2. CHUYEN PONG QUAY QUANH TRUC C6 DINH CUA
VAT RAN

Chuyén dong cia vit rdn o6 hai difm o dinh, do d6 cd mét
truc di qua hai di€m dé6 ef dinh, duge goi 1a chuyén déng quay
quanh mét tryc ef dinh. Truc 8 dinh dé duge goi 1A tryc quay
cua vat.

Trén hinh 2~4a cho ta mé hinh khong gian cia vit rén quay j
quanh mot truc ef dinh. Giao giita vat rén quay va mat phéng vuéng
goc vbi truc quay cho ta mé hinh phdng nhu hinh ve 2—4b. |

z ‘_
1lE |
7
A

Hinh 2-4a Hinh 2-4b

pem = IR b e s o

2.2.1. KHAO SAT CHUYEN PONG ciaA VAT
1. Phuong trinh chuyén dfng

Ta chon quy uéc mét chigu quay duong quanh truc. Dung
mat phing P c6 dinh qua truc vad mat phdng dong P qua
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truc vA gén chat vOi vat rdn. Gdc gita mat phdng P_ va mat
phdng P 1a p. Vi trl cla vAt rdn khi dé duge xdc dinh bdi vi
tri cia mat phing P déi voi mat phing P, tic 1a duge xdc dinh
bdi gdc quay ¢. Khi vt gquay, gdc ¢ thay d8i theo thdi gian.

o= plt) (2-2)

Phuong trinh (2-2) la phuong trinh chuyfn dong cia vat rdn
quay quanh mdt truec cf dinh.

Nhu thé, vi tri cda vat rdn gquay quanh mot tryc cf dinh
duge xde dinh bdi moét tham s6 1a goc quay p. Do dé vAt rén
loai nAy cd mot bac tu do.

Chu y : Gdc quay ; ¢6 thé duong hay &m tiy thudc vao
chiéu quay duong da chon. Théng thudng ngudi ta quy udc gdc
quay ; dugc xem |a duong néu vat quay nguoc chiéu kim déng
h8, v& xem la Am n&u vit quay thudn chifu kim d6ng hé. Gdc
quay F duge tinh bAng radian (rad).

2. Vin tOc goc cha vit

Dé dac trung cho chuyfn ding quay cia vit rdn quanh mit
truc cf dinh, ngudi ta dua vio cdc khdi niém van tSc gdc va
gia tfc gde.

Dai lugng -

o=F=p (2-8)

goi 1A van t6c gdc cia vit.

‘Nhu th& vin tS¢ gdc la dao ham bac nh&t theo thdi gian cla
géc quay. D&u clia o cho biét chiéu quay cla vAt quanh tryc.
Néuw =3 > 0 thi q_:.' tang theo thoi gian v véit rdn quay theo
chiéu duong. Nguoe lai néu @ < O thi vat quay theo chifu Am.

Gi4 trj tuytt d6i |w| = o cho bift 48 nhanh clia chuyén
dong quay : @ cd gid tri cAng 16n, thl vt quay ciAng nhanh.

Don vi d€ tinh vAn t8c gde 1A radian trén gidy. Ki higu 1A rad/s.
Ngudi ta cling dﬁng.dctn vi l/s d€ tinh vén tdc goc.
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Trong ki thult ngudi ta hay si
dung don vi vong/phit df tinh téc
dé gdc. Do 1 vong = 2xrad, 1 phit = ﬁez
= 60s nén ta d& dang thift 1ap he ;
thdc lién hé gita hai loai don vi : 4

x ' 1
® = EE = 0,1n rad/s  (2-4) i
Thi du : n = 9000 vong/ph thi

@ = 300xrads 3

3. Gia tfc géc ciia vat

Dai lugng :
gy ﬁ dza =,
2w~ ey Y

goi la gia tfec gdc cla vAt.

Don vi dé tinh gia t6c gdc Ia i
radian/gidy?. Ki higu 12 rad/s®>. Ngudi ta ciing ding don vi 1/s2
d€ tinh gia t6c goc. |

Gia t6c goc £ dac trung cho su bién thién cia vin t6c gie @
theo thai gian. Khi £¢ = 0, do d6 @ = const, chuyén déng quay
déu. Khi € # 0, chuyén dong quay bién déi. Néu v = |w| tang
theo 'thoi gian, thi vit rdn quay nhanh dén. Nguge lai khi & gidm
theo thdi gian, thi vt rdn quay chim d4n. Cha y ring sy bitn
doi cla gid tri van tdc gic w duge dac trung bdi sy bién dbi cia
w? = (@) Do d6 d€ tim dfu hitu nhén biét tinh chét eda

chuyén déng quay, ta xét dlu cta dao ham :

d(@?)
, dt
@ sl
Dug—g%lw?{uif.ﬁudkﬁ'tluﬂnt

khi = 0 : vat rdn quay déu ;
. € > 0 : vat rdn quay nhanh dén ;

€ < 0 : vat rdn quay chdm dén.

Eig ™
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E

4. Mét vai dang chﬁyén déng quay dic bigt

@) Chuyén déng’ quay deu. Dé 1a chuyén dong quay ma vAn téc
‘gc o tri 86 khong dfi (w, = const). Do d6 w = w_ = const.
 Tit d6 suy ra : P = ‘:nt + Fu (2-6)

b} Chuyén déng quay bién déi déu. Dé la chuyén dong quay
mé gia tfc gée cd tri 86 khong dbi (E = T, = const).

(2-7)

5. Véc to vin tlec goc va véc to gia tée gée

D& bifu dién gon gang, sdng sia nhitng dac di€ém cia chuyén
déng quay cida véit rdn quanh mét truc ¢8 dinh vA d€ chufn bj
co 5¢ nghién cldu sfu hon v& domg hoc vét rdn, ngudi ta su
dung véc to dé bifu difn vin t8c pde va gia t6c gde. Ki hitu véc
to van téc gic la w, vée to gia téc goc
A £

Véc to vin tdc goc cla vét rdn quay 1|E
quanh mét truc of dinh @ 1A mot vée to
ndm trén truc quay cd chiéu sao cho nhin
tif ngon dén géc vée to  ta théy vt rdn
quay nguge chifu kim déng hé va od trj sd
o= w, (H. 2-6). Néu goi k la véc to
don vi trén truc quay z, ta cd :

w=wk |
Véc to gia tée goec cta VAt rdn quay
guanh mét truc cf dinh £ la mdt véc
to bidng dao ham theo thti gian cla
véc to van t6c géc w cia vat rdn :
= —_—
.. g 3
dt dt Hinh 2-6

£

y)o
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Nhu thé& vée to gia téc gde ?Eﬁng ndm trén truc _quay, chifu
viuis&cmndduwﬁcdmhhﬂidﬁuvﬁh‘inﬂcﬁa:{]{.z-—ﬁ].

2.2.2. KHAO SAT CHUYEN BONG cAc pIEM THUGC VAT

Xét chuyén déng mdt di€m M bst ki thuje vat rdn, ndm céch
tryc quay z mot doan IM = R Khi vat rdn quay quanh truc z
cd dinh, qui dao cla difm M 13 mit dudng trén tAm I, bdn
kinh R, ndm trén mat phdng di qua 1 va vudng gée véi truc
quay. Do biét dugc qu§ dao chuyén déng cia M nén ta sit dung
phuang phdp toa d6 ty nhién d€ phén tich chuyfn dong cia
diém M.

1. Phuong trinh chuyén dfng ciia diém

Chon difm O trén mat phdng P_ lam g6c quy chifu va lay
chiéu quay duong lam chiéu duong. Vj tri cia difm M duge x4c
dinh bdi cung s = OM.

Véy ta 6 phuong trinh chuyén dong cla difm M.

8 =R p(t) (2-8)

2. Vin t8c cde diédm

Theo cémg thic (1-10) ta 6 :

i -
t

i
v = vt = st

[ O
Fayvgntﬁc?cﬁnﬂmﬂumﬂggﬁcvﬁim,huﬂnglhmchﬂu
'quaﬁrcﬁavgtﬂ{.ﬂ—ﬂﬁcdtﬁﬂmdmhhﬂimthﬁc:
v=|8l =RI ! = Ro (2-9)

Po

Lfrd s 3 I

Hinh 2-7
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. Nhu thé, vin téc cdc diém thulic vt rin quay quanh mot truc
of dinh duge phan b6 quanh truc quay theo qu:,rt.ir:tamgiac
vudng déng dang (H. 2-8).

Ta co :

w ™
M- IN~“

Bay git ta thi&t lap
cing thie Ole, mt
édﬂg thie rit quan
trong trong déng hoc
vit rén. Trude hét ta
lfiy hai hé toa db vubng
26 : hé Ox,y, 6 dinh,
b¢ Oxy chuyén dong
quay quanh mét truc
of dinh O, (H. 2-9).

Goi wvecto dﬂn vi
{rén tryc ID: 12 T trén
truc Oy 1A j j trén céc
truc Ox,, Oy, tuong dng la ll, 3[
 Ti hinh 2-9 m ed :

T = cosp.i; +sinw.

—ip

j’= - sinp.i] + cosp.j;
Thuc hién phép tinh dao ham theo t :
- =
5 = P(-sing . [T+ cosp . ]} = ¢j (2-10)
ay . o
E]'E__"F(m‘ll +sm5p.'j':]= -

Xét vat rdn quay quanh mot truc z of dinh. Chon hé toa do
c6 dinh Ox,y,z; lam hé& quy chifu. Ldy hé toa d6 doéng Oxyz gén
lién voi vat [H 2-10). Vj tri cia difm M thude vAt duge xdc
dinh bdi vecto T:

—
r

—
= xi +yj+zk
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trnngdd::,;.r,alﬁmaﬂﬁﬂﬁadiﬁmhltmnghetondﬁ

Oxyz. Ching 14 céc hAng s6.
Van téc cda difm M :
e I AT g7 dF
a dt = “dt

Do K = Gonst, nén k = 0. Ché ¥ dén (2-10) ta o5 -

V=Xp] —ypl =~ yw,i + xw.j
Mét khéc, chd ¥ d&n tich vecto :
I T %
@ AT= 0 0 - a = — yw,i + xw,j
x y oz
Tit trén ta cd
i — —
V=w AT

Cong thdc (2—11) goi
la cong thic Ole. Day la
cong thdc co ban cia I
thuyét dong hoc vit rdn.
Chd ¥ rlng, ta cod thé€
thiét lap ctng thdic Ole
nhanh gon hon bing mét
vai nh&n xét hinh hoc
vé tich hitu huéng cia
hai vecto.

(2-11)

3. Gia tf6c céc difm

Diém M chuyén dong
tron, nén - trong trutng
-hogp tdng quét, gia tic cla
né of hai thinh ph#n : -
gatﬁcphéptuyﬁn?'vﬁ‘q'l S
gia tbc tiép tuyén a (H. 2-11) -

a = a’+ a
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Gia tSc phdp tuyén an huéng tir
difm M vao tdm I. Tri s6 cia nd :

al = % = Rw? (2-12)

Gia toc tiép tuyén a huéng cung
chifu hay nguge chifu véi vAn tée
:r'l:iljr theo vit rdn quay nhanh dén
hay chdm dfn quanh tryc quay.

Tri s cia no :

at = |v] = Re (2-13)

Gia tSc toan phfn cia difm M

tap vii MI mit géc o ma :

tga = — =
al'.l
Con tri s8 cua no :

Nhu thé, gia tée
cdc difm cia vat rdn
chuyén doéng quay
quanh mét truc cff
dinh duoc phan bs
theo quy tdc tam gidc
thudng dong dang vai
h¢ s dfng dang la

Vol + & (H.2-12).

Ti cong thdic Ole

(2—-11) ta o :
- dv d - -
&-E-E{Wﬁﬁ—ﬂﬁ

Bang mét vai suy ludn don gidn,

— . — —_ —
a' = w A al =

v, a=E&E AT

a
kA
Hinh 2-11
£
il
Ryo* +&2
]
Hinh 2-12
T+ AY (2-14)
ta rit ra :
(2—15)



Thi du 2-1. Kim cia dién k& Galvani dai | chuyén dong

theo quy luﬁtil?n;uainﬂx%t, trong dd Fulhgﬂch}ch cuc dal

mmkimmvitrf;=n,*runhukjrdma¢ng.ﬁmmusu,

giatdcdiﬁmdlumﬁtcﬁakimdienﬂdthﬁidiﬁmt-T}i.
Bai gidi

Iﬂmdlﬁnkﬁthlmhihchuyﬂ'ndﬁngqmydmdangdiﬁuhh
qulnhmﬁttrpnuﬁ'dinh-\rﬂntﬁcgﬁcﬁghtﬁ:g&:ﬁandh;

o 2
W =% = TP, com5t,

472 2x
E==pn- -Fﬁuﬂln——t,r

Tﬂuﬁ?ﬁntﬁcﬂimdﬁuniittﬁakimziiankﬁ
\F=L’=J=|TP¢|E¢!TP“H
Tﬁaﬁmhﬁctﬂhﬂﬁntﬂcpﬂpmﬁnﬂmmmﬁtcﬁaﬁm:

4l 2n 4n2 2

a' =l = I—TE-'FU] Bin—,f;ﬂ ; 8" = Jo? = IFF%“!?t
- 2 e = e
Khit-IMdnTt sInE I,ant—mnE 0

T - 4x?

Ihvmr:kﬁt=i;gfcp=;n;vuhn= D;a‘=l—rﬂ—pﬂ;
a" = 0

2.3. TRUYEN DONG DON GIAN

2.3.1. V] TRl CUA TRUYEN BiNG

Trong mot méy hosic mét td hop may thudng gém ba phén
(H. 2-13) : ddng cu, co efiu truyén dong, bd phan lam viéc,

Co céu B& phén
ong co truydn déng lam vige
Hinh 2-13
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Hinh 2-14a Hioh I-14b

0 ddly bubc diu ta lam quen vii mot vai co cfu truyén ding
don gidn nhidm bién chuyfn ddng quay quanh mot tryc o8 dinh
thinh chuyfn dfng quay quanh mét truc khic cf dinh, bién
chuyfn dong tinh tién thanh chuyfn déng tinh tifn, bifn chuyén
ding quay thanh chuyfn déng tinh ti€n va bien chuyén dong
tinh tién thinh chuyfn déng quay.

Hinh 2-15a Hinh I-15h

L.3.2. VAI LOAI TRUYEN BONG DON GLAN

L. Truyén ding bing co cfiu bénh réng, dai truyén, xich

Truyén cic chuyfn d¢ng quay gia hai truc of djnh SOng SOng
nhau, ngudi ta ding co cfiu banh ring, dai truyén, xlch nhu
hinh 2-14 va 2-15.
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Trong trudng hop bifu dién trén hinh 2-14, ta o6 :

o 1 'I'I

— O —

ﬂ'.?‘z- ]"]
Truyén dong nhu hinh 2-15 ta co :

2. Truyén ddng biing bénh riéng — thanh rang

Dé truyén chuyén déng gida
mit vat quay va mét vat tinh
tién ngudi ta si dyng co cu
banh rang — thanh rdng hoac
¢o cfiu binh — thanh ma sat
(H. 2-16).

Khi dé : v = Row [

3. Truyén dOng bing co
ciu cam Hinh 2-16

D€ truyén chuyfn dong tinh tién thanh chuyfn dong tinh ti¢n

hodc chuyén déng quay thianh chuyén ddng tinh tién ngudi ta cd
th€ sit dung cdc co cfu cam nhy hinh 2-17.

8 -

A
-'u-z- ‘ f_..-ﬁm
Camr
v FETRITT -
%
Hinh 2-17a Hinh 2-17b



Thi du 2 - 2 Cho co cfiu
truyén dong nhu hinh 2-18.

pia tbe gdc £,. Tryc IT gém hai
ting ¢6 bdn kinh tuong dng R,
va r, Tim vén t6c vA gia téc
cha vat P. -

Biai gidi
Hé gfm cd truc I va truc

Il chuyén dong quay, con vt
‘P chuy€n dong tinh tién. Theo

..'tl:ﬂn ta cd :
|F oy El R2 F
Do dd Hinh 2-18
_ R, _ _ R, _
W= =—w ;5 =7 —F§
R, R,
Van tfc difm P :
Ry
Vp = Vg ™ T m ey
R,
Gia tdc diém P
R,
a, = a8}y = If, = £
R,

Do r.r.n1 vii Ei ngudc nh&u n]:mu (H. 2-18) nén vAt P chuyén
dong lén ch4m ddn do v va aE. ngugc chidu nhau.
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CHUONG 3
HOP CHUYEN DONG DIfM

Trong chuong 1 ching ta d& khao sit chuyéfn déng cida diém
d6i v6i hé quy chifu cf dinh. Trong thuc t& nhifu khi ching
ta phai khdo sdt chuy€n dong cta di€m d6i véi heé quy chifu, |
ma hé quy chifu nay lai chuyén dong d6i véi hé quy chifu cf
dinh. Trong chuong nay sé& thiét 1&p hai dinh li co ban cia baj
todn hop chuyén déng di€m : dinh i{ hop van tfc va dinh li hgp
gia tée.

3.1. DINH NGHIA VE CAC LOAI CHUYEN PONG

3.1.1. MO HINH BAI TOAN

Diém M chuyén déng
d6i v6i hé quy chifu déng
Oxyz. Théng thudng he
quy chifu déng Oxyz nay
dugc gin lién véi mot vat
rdn S nao dd (H. 3-1).
Hé quy chidu déng Oxyz
chuyén déng d&i v6i he
quy chi®u o dinh
O.x¥,2,.

Baj todn dat ra 12 khéo
sit chuyén dong cia difm
M d6i voi hé quy chigu
Oxyz dang chuyén dong

d6i wv6i hé quy chitu S :
e
Dl"ﬂ"i""l‘ Hinh 3-1

1

3.1.2. BINH NGHIA VE CHUYEN DONG TUYET B4l TUONG OI Vi
CHUYEN DONG THEO

|
1. Chuyén dong tuyét ddi ]
Chuyén dong cia difm M d&i véi hé quy chifu of dinh O,x,¥,2, i
dﬂﬂk‘:s@ilﬁﬂhuﬂndﬁngtwﬁdﬁ.‘c’antﬁc,@ﬁ:uhdiﬁmmhmg g
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 chuyén dong tuydt doi (nghia 13 tinh todn tromg hé quy chifu
:Edinh}du_gcgqilhmtﬁntumdﬂ,ghtﬁntuwd&ﬂ
Hﬂu::r:,n

Ta ed :
oM g -
L ?*-d_t=-ﬂ_l: {3'1}
| OM 7

BT e T i
2. Chuyén dgng tuong dé&i

~ Chuyén ddng cia difm M d6i v6i h¢ quy chifu déng Oxyz
dugc goi 12 chuyfn dfng tuong dfi. VAn tfc, gia tSc difm M
trong chuyén ddng tuong d6i (nghia la tinh todn trong hé quy
chitu dong) duge goi la van tfc tuong d6i, gia t6c tuong
déi. Ki higu : v_, a

r? T
— — —i

Ki higu i, j, k, 1A cfic vecto don vi trén céc tryc Ox, Oy, Oz
Toa d0 cla di#m M trong hé quy chifu ding 1a x, v, z Khi d6 ta o :

ﬁl:l?"‘l’?"”_—f
Thmdinhnghlntrlnhiﬂnthﬂnt:ﬁavr.i:ﬂddang:

3. Chuyén ddng theo
Chuyén dfng cla he quy chifu dong Oxyz d6l véi hé quy
chiéu ¢§ djnh O,x,y,z, goi 12 chuyfn dfng theo.

D€ c6 th& thigt 1ap bi€u thdc cda vén tdc theo, gia téc theo,
ta dua vao khdi niém tring di€fm. Goi di€m M* cla hé quy chifu
dong ma O thdi difm khido sdt o chng vi trl voi difm M 1A
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trung diém cia difm M tai thdi difm dé. Nhu the & méi thdi difm,
diém M tring véi mot di€m M* ndo dé cia hé quy chitu domg.

Van t8c, gia téc tuyét d6i cta tring difm M* tai thai
diém khdo sdt (nghia la tinh toéin trong hé quy chifu cf
dinh} duge goi 12 van tée th&_n_,. gia t8c theo cia difm M tai

thdi diém d6. Ki higu : v, a..
Goi x*, y°, z* la toa d0 cla truing diém M trong hé quy
chi€u ddng Oxyz (x*, y*, z* la cdc hing s8). Ta ¢ :

OM =00 +O0M = 00 +xT+y] + 'L
Theo dinh nghia :

_OM 08 4 4 aF

M* = g it " raftvrattg

-l —
V. =¥

B ﬂzﬂ]H* ﬂzﬂlﬂ dzi dl—j- ﬂrh.
= = - X — ety D4t T 2
e = a2 de? e Tttt e

Do x(t) = x"(t), y(t) = y*"(t), z(t) = z*(t) nén ta cd :
o GO0 ¥ E .

d20.0 'TH 75 e "

- 1 d4i d] d“k -

+ + + 3-61

" Tttt e @ =
Trong cdc bai todn ép dung, d€ tinh van tée theo, gia téc |
theo ta tudng tugng dimmg di€m M lgjt:inhaquychiﬁudbn;.

Sau d6 tinh toin ven téc, gia t6c cia di€m M do chuyén dong |
cia hé ddng d6i véi hé quy chifu cf dinh gy ra. 1

3.2. CAC DINH Li HOP VAN TOC VA HOP GIA TOC

3.2.1. DINH L HOP VAN T6C e

O mbi thoi diém, vgn tée tuyet d6i cia diém bang téng hink |
hoc cée vgn tée tuong déi va v@n ibe theo ciia
— — — =

wWEvtv (3

"
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Chiing minh :
Theo hinh 3 -~ 2 ta cd :

OM = 0,0 + OM = 0,0 + xi+y] +zk
M=

% Hink 3-2
Dao ham bifu thidc trén ta duge :
dO,M do,0 i dj dk
= +x +y—— +z +
dt dt dt dt dt
dx - dy — dz —
+ — i+ i+ —
ETRITE "
Chda ¥ dén (3 — 1), (3 — 3) vA (3 — 5) ta suy ra :

vl‘vt-l-?r

1.2.2. DINH LI HOP GIA TOC

O mébi th¥i diém, gia téc tuyét dbi cia diém badng téng hinh
#ﬁagmrdcmmgdd:,gm:dcthmmmmﬂﬂnﬂu

a_a = n - a' - nc - (3 - 8)

Khi h¢ ddng Oxyz ::hurﬁn dong tinh tién : =0
Khi hé dong D:_',rz r.-huyﬁn dong qun_v,r quanh mﬁt truc ef dinh
6i vAn tfc gdc r.uf thi a = 2 mt A T.':,
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Ching minh : Dao ham hai 1&n bi€u thiec :
oM =ﬂlll:l'+::i_":I-_-,lrT"+*.'.I:Ir

ta duge :

d?0,M = ¢’0,0 g2 g2 T a2 ax_, dy

2
tx—ty L4+ X1 T g A2,

a2 di2 dt2 T d2  d2  de2 42
9 dx &lr* dy d_; dz E
(&t dt dt dt - dt)
Chu}rdﬁnfﬂ-i}. (3 —4) va (3 — 6) ta co :

— — — -
E. - HE + n!‘ * aﬂ'
trong dd :
& v dx if' dy lij dz ~dk
. dt " dt  dt dl: dt ~ dt

gm la gia téc Coriolit.
Khi h&¢ quy chi€u dong Osxyz

chuyfn dong tinh tién, cdc vecto ddn ! %

vi T, ], X & céc vecto hing. Do do

a, = 0. i o

Khi hé quy chifu déng chuyén P
dféng quay quanh modt truc ef dinh
A (H 3 - 3), ta loy diém O trén L, L
truc A l1am g&c hé quy chifu fly. Theo /
cong thic tinh van t8c Ole trong
chuong 2.

T o - Hinh 3-3

i | R - df -
& B Gigee
Tu dd ta suy ra :

a=-fm A{— d]r-‘&:_‘s Ew hv
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Chi y. Khi lam cédc bai tap ta cd thé€ sif dung quy téde thyc
hinh d& xdc dinh vecto gia t6c Coritlit nhu sau :
i

Khi diém M chuﬁ!n dong trén moOt mat phing thi m -
Ehidﬁtaquayvactuv t]:aucm&uquaycﬁaw dimﬁtgﬁcﬁﬂ“
tﬂﬂ&duﬁcphﬂungvﬂuhlﬁucuavEEDda DO lon cia nd duge

tinh theo cdng thic a_ = 2 w_v, (H3-4).

@,
pr/ -‘-

Hinh 3-4 Hinh 3}-5

Khi di€m M khﬁng chuyén d:ing trén mot mé#t phing. Trong
mat phing {vr, w c} chi&u vecto v lén mat phdng vudng goc véi
. -
:_ftadul;l::vectﬂv Thuiv_i—vﬂmz Sau dé quay vecto
, mdt géc 90° theo chidu cia @  ta duge phuong va chiéu clia
Dﬂ lén cha nd (H.3-5).

ac—imevr=2m=vrmm.

3.3. CAC THi DU AP DUNG
Thi dg 3 — 1. Hai bd clia mét con séng song song v6i nhau.

Chidu rong cla dong song 12 h. Dong sOng chdy véi vin téc v
‘ed tri 86 khong dfi. Mot ngudi li thuyén sang ngang v6i van
téc tuong d6i Ia u, Xic dinh hufing cia vAn t6c u d€ cho thai
gian sang sing la ngAn nhft Véi didu kién dd xde dinh vi trl

cip bén ciha thuyén.
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Bai gidi

Vat di€m khdo sdt 1a2 con thuyén. Hé quy chi®u déng la
dong nubc, hé quy chiu ¢ dinh 1A mét mée & ba séng. Khi
dd con thuyén sé th:rE-_ gia hai chuy€n dong : chuyén déng
tuong d6i véi van téc v_ = u vA chuyén ddng theo véi van
tée v, =" v

Theo dinh If hop van téec :

— - -

v, = u+ v
Chi#u dang thidc nay lén cde truc toa do ta duge :
vnausina+v;vw=um

Tir d6 tich phan lén, véi disa kitn déu x(0) = 0 ; y(0) = 0,
ta duge :

x = (usina + vt ; y = (ucosa)t
R]ﬁthwhﬁpﬁ:;r:[umm]t-h?ﬁthﬁgimmngaungla:
h
ucosz

t =

Khiazﬂ:m=1-t“nn

h
u
Vi tri clip bén cla con thuyén sé bi lii mét doan so véi di€m
xufit phdt la :

:th
u

Thi du 3 — 2. Mot méy nén khi cd cac 6ng diin khi cong
quay déu quanh truc
O vubng gde v&i mat Ty
phéng hinh v& véi van ~
téc gde w. Khéng khi e e
chay doc theo cdc 8ng 4
vOi vén tc tuong d6i
co tri 86 khong déi v,.
Tim hinh chifu vgn 7177»7??????????????777?77?"
téc va gia tfc clia mot A _ -
phin td khi ndm & Hinh 36

< e
e
<+
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difm C cia dng AB trén cdc tryc Ox, Oy. Cho bift ban kinh
cong cia &ng & di€m C la p gdc giita phép tuyén cia dudng
icong AB & diém C va ban kinh CO 1a p. Bén kinh CO bing r.
Bai gidi
Phan tich. Ta khdo sdt chuyén dong cda hat ldng & vi tri C
‘cia 6ng didn khi AB. Chon réito méiy nén khi 1Am hé quy chiéu
dong va gida mdy lam hé quy chifu cf djnh.
~ Voi cdch chon trén, chuyfn dong tuong dbi cda hat léng la
chuyén dong cong déu trong ranh AB, chuyén ding theo la
E:l:hu}rd'n ddng clia roto quay déu quanh truc O. Chuyén ding
/tuyét d6i cla hat 19ng chua biet vd cdn xdc dinh.
Bai tedn vdn t6c. SU dung dinh { hop v&n téc.

- = —= —

i e ISR (a)
. Trong bai toén ndy v, da

E-hiﬁt, vudng goée voi phédp

tuyén tai difm C. Do roto
/quay quanh truc O nén T.r';
E:”cﬁa hat ldng vudng gdc vai
bén kinh OC huéng theo
chidu gquay cla roto va dd
Jlﬁnlﬁ_&: (_J_{l.l'}.m = ro. Hai
Eﬂr:td V. vA v_tao v&i nhau
1 goc p (H. 3— 7). Chi6u
- ding thie (a) lén cdc truc
- Ox, Oy ta dugc :

Vix = V, cosp + ra

Yo W sing
Bai mﬁughﬁc. St‘rdungdmhllh@gmlﬁc
nc + ar + a (b)
Theo gia thlﬁ’t l:ml'. léng chuydn déng déu trong rAnh cong
“AB, nén o} = 0, a" = v,%/ p. Vecto &% huéng t¥ C v& I. Do

'rﬂtﬂquﬁydﬁunﬁnnc = (0, :n“-:'n:r.r1 Vecto a“huﬂngtﬂﬂ

=t

Hinh- 37
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viio 0. Do T.r 4 ;: nén vecto gia tdc Coritlit a dm,m xfe
dinh theo quy tdc da néu trong hinh 3 -4 Vecto . huéng
vudng gdc 'véi v vA nguge chifu voi a.""1 a= 2wv,. Can ed
vio hinh v& 3 — 7 vh bifu thic (b) ta d& dang tim duge céc-

thanh phéin cia vecto gia tée tuyét ddi :

Vi
a, = (2vw 3 sing

w2

B, = —r[m:-r[Eva —?,r-)n:np]

Thi dg 3 - 3. Khdo =it chuyén dong cia co cfu culit nhy
hinh 3 — 8. Gid thi&t rhng tay quay OA = 0,2m quay déu quanh
O vii vAn tle &, = 4xlfs. Nbd con chay A ed thd trugt doc
cn léc OB ma chuyén ding dugc truyén sang cfin 1c O,B. O
mmdmmmmﬂmﬁﬁm ; ADO;, = 90° Tim vAn téc
Eﬁc,pltﬁcgﬁu:ﬁnninﬂeﬁqn-]dd |
Bai gidi . |
PHnrﬁ:ﬁ.ﬂhgnenntnmtALimuhdﬂmlhﬁnm Ly cén
l4c OB lam hé& quy chifiu chuyfn dong. |

= Chuyfn déng tuyét déi : Chuyén doéng cia difm A d6i véi
gid cf dinh. Dd 1a chuy$n dong trdn déu, tAm O, bdn kinh OA.

= Chuyfn déng tuong d6 : chuyfn dong cia difm A d8i vai
thanh O,B. Dd la chuydn dong thing. '

— Chuyén ding theo : chuyfn dong cia thanh 0B d8i véi
Eid cf dinh. Dé 1A chuyén dong cia vt rdn quay quanh mot
truc ef dinh. |

Bai todn vgn tfc : Ap dung dinh Il hop vén t6e.

— — m
Vy = W+ V, (a)

ﬂchuﬁndﬂ&gtuﬁdﬂcﬁadiﬁmhdahlﬁ,nﬂﬁmw v, da
bift hoan todn, v_ J._P.H.. of chi®u phit hop v4i chidu quay cﬁl
W Vy = 80, \Fmtdu hudng doc theo OB, chifu v& tri a8 cla
nd chua bift, EﬁnlicCIlE chuyfn dﬁngquu;f quanh O, nén tring
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difm A* cl.'la A chuyén dong
f'tn‘m Dndd'.r L O0,A. Ta cing
lina—ht-ﬁtchléuvitnnﬁnﬁnnd
. " Tit hinh v& 8 — 8 ta dé
- dang tim duge :
: v.= v,sind0°; v_= v_ cos 30°.
J Dﬂ"r; = 0A. 'WD - ﬂ',ﬂ am/s. Nén
taed:

= 0,4¥3 =, v. = 0,4 x.
- Biét gid trj vA huéng cta v,
' ta tim duge chiéu quay va trj
- 580 cla cén l4c a_a'l -

| Ve  04x

E U 0K T 30h

~ Van t6c goc o, o chiu

. nguge chifu kim déng hé nhu

hinh wé&. Hinh 3-8
Bdi todn gia té'c : Ap dung nﬂng thie :

B

a.!=a+a+a=

Do chuyén dong tuyét d6i 1 chuyén dong trdn déu nén &, = ar
Chuﬁn dﬁng theo lh chuyén dong quay quanh médt tryc cf
dfnh nén ag_ = a“+ a‘ Cﬁngthﬂcgmtﬁcttﬁn cd dang :

an = “+a‘+a +n (b)
. trong dd¢ : "
f -

o hubng ti A vio O ; a" = OAw? = 0,2.16x2 = 3,27%

=xlfs

=

'5'. 8," huéng tit A vao O, ; 8" = 0,Aw? = 04 22

.r::;duqcmd;nhthmquybicﬁn&uhénhinhﬂ—4 Vecto
Ennwﬂnggdcvﬂiﬂﬂnhuhinhﬂ D6 lon cha a, = 20v, =
E- 271 04V¥3 x = ﬁﬁﬁzz Vecto ﬂ‘hu&ng vuﬁnggdcﬂﬂnhung

- chua bit chiéu va trj s6. Vecto a_ huéng doc theo cén ldc 0,B
L nhung chua biét chiéu va trji s4.
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Chigu ddng thie (b) lén truc OB va truc vudng gdc vai ﬂlﬁ:
= a," cosb0® = -a - a"
a," sin60® = a_ - a'
Tt dd suy ra :

8 = 8," c0s60° ~ 2" = 1,6 22 - 04x2 = 12x2
a'=a - a," sin60° = 0,8V3x 2 - 16y3x 2 = 0,832

Nhu vay vecto _é:‘ nguge chiéu vai chiéu da vé trén hinh 3 - 9.
Tri s6 cia gia t6c goc cua cdn ldc OB -

a, _ 0,8/3x2
VTSRS T

Can ct vao chibu dung
cia a,), ta biét duge chiéy
clia &. Trén hinh vé £, cg
chiéu nguge chigu kim
d8ng hé,

Thi du 3 — 4. Khao s4t
chuyén dfng cia co cfu cam
(H. 3-10). Cho bigt cam Ia
mdt dia tron léch tam quay
déu quanh truc cf dinh O
Vi vin t8c géc w . Khodng
cdch gita tAm T cia dia va
ﬂ]ﬁe.ﬂﬁnﬁﬂchuy&ndﬂng
tinh tién doc theo ranh dinh
hudng K Xdc dinh van tde
via gia tdc cla edn & vi trd
nhu hinh vé 3 - 10,

Bai gidi Hinh 3-9

Phin tich : Ta khio sat chuyén dong cia di€m A trén cdn
Chgn hé déng la cam, hé cd dinh 13 gi4 méy. Nhu th& chuyén

= 23 »? 1/e2.

E
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]

;hﬂpvanb:il:;
b R @

- géc voi OA va od d6 lén la v, = lo.
~ Trong do :

~ bigt vé chifu va trj sd.

- dfng tuong d6i cia A la chuyén dong
~tron quanh tAm I. Chuy&n dfng theo
- |a chuy&n dong quay cia cam quanh O.
- Chuy&n déng tuyét ddi la chuyén dong
~ thing ding lén xuéng theo truc AB.

Bai todn vén t6c : S dyng dinh I

Trong thi du nay -!:rl; da biét, vudng

= (r+ecost5®) 2+ (esind5°)2
E F = Ez + El‘\rﬂ_
Vecto :r: vudng gdoc vai 1A, chua

Vects v, huéng theo truc AB, chua Hinh 3-10

- bi#t v& chifu va tri s6. Dua trén hinh
vé 3—10 vA cbng thic (a), ta dé dang xic dinh duge :

vntvemﬁﬂ“=ékuﬂ
v, = vﬁcﬂeﬂﬂ“= %lmn

Bdi todn gia téc : Si dung dinh li hop gia tée :
— — — —

a‘-ﬂ"‘ﬂ. +E {h}

Do cam quay déu, nén a' = ﬂ_,.

ding tuong ddi trén vinh cam nén a,
huéng ti A vao I vA o gia trj :

ks 2. Diém A chuyén
t q_,“m ds a0
2, ng dé a”

[} ﬂ
q'“al-n

e
al'n= ?r=-;3—12w2

Thanh phén a lﬂrﬂng vudng goc vai 1&, chua bi&t vé& chidu
va tri 88, Do “r L w, nén vecto gia téc n duge xéc dinh theo
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quy tic da néu trén hinh 3 — 4. Vecto
;: vubng gdc vai _v: v ngugc chiu
vai ;:n v 8. = 20, v, = ln 2V3,
Ru cn chuyén dong tinh tifn, nén

a, huéng doc thanh AB. Ta chua bidt
vé chifu v trj 38 cia nd.

Nhu the he théc (b) bay gis cd

dang :
— —l-n -—I‘ — —
R o 1 -H?I.r +a (c

Trong d6 hai vects a, va a! chua
bi&t vé chiéu va tri s (H. 3-11). Chisu
hé thic (c) 1én phuong IA ta duge -

aa=ncnm3ﬂn_ﬂrn+“c =

23 3
-—.—lmu"‘i‘— - = 12 l:.t.l':.2 + lwnzﬁ =

Hinh 311

_.,]mnl (Ei_ﬁ.ﬁ)

4r 2

Do & vi trl nhu hinh 3 - 11 thi | > r; vay a, < 0; a, phai
huéng tir A t6i . Muén tim a', ta chidu he thic (c) lén phuong
vubng gde vai Al

Nhin xét chung : Khi tinh todn van téc va gia t6e trong chuong
nay, ta thudng din dén viec giai phuong trinh vecta.
- SR

a = 2 b,
- 1=1

Néu ;T. E]' la cée vecto trong khéng gian, thi phuong trinh
trén tuong duong vai ba uvong trinh v6 hudng. Bai todn gidi
duge khi o6 ba dn. Neu @, B 1A cée vects ndm cing trong mot
mat phdng, thi phuong trinh vecto trén tuong duong véi hai
phuong trinh v6 huéng. Bai todn gidi duge khi cd hai &n. An &
day la tri s6 vd dfu cia nd.

1
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Né&u trong phuong trinh trén, c6 mot vecto hodn toan chua
bi€t, bai todn thudc loai bai todn téng hgp. Néu cd hai (hodc ba
trong bai todn khong gian) vecto chua biét vé trj 86, cbn phuong
44 bigt, bai toan thudc loai bai todn phan tich. Nhu thé& céc thi
du 3-1va3-24 trén thudc loai bai todn tSng hgp, cdn cdc
thi du 3 - 3 va 3 — 4 la cdc bai todn phan tich.

CHUONG 4
CHUYEN PONG SONG PHANG CUA VAT RAN

Chuyén dong song phing cia vt rdn la mot chuyén dong
phic hop hay gap trong ki thuit. Khi nghién cdu chuyén dong
phic hop cia vat rdn ta thudng phan tich chuyén déng phic
hgp ra cdc chuyfn dong co bdn da quen bi&t. Phuong phap khéo
sit trong chuong niy khé téng qudt. Ddu tién khao sat chuyén
dong todn vit, sau d6 khio sit chuyén dbng cia céc difm thude
vat rdn chuyfn dong song phing. '

4.1. DINH NGHIA VA MO HINH

4.1.1. BINH NGHIA

Chuyén déng song phdéng cia v4t rdn la chuyén dong trong
dé mbi diém thude vat ludn ludn dich chuyén trong mdt mat
phdng xdc dinh song song voi mot mat phdng quy chifu dd
chon trude (H.4-1).

4.1.2. MO HINH CHUYEN DONG PHANG

Xét mot doan thing AB tiy ¥ clia vAt rdn 2, mad AB vudng
goc vii mat phAng quy chifu P Vi 2 li mét vt rén nén AB = const
M4t khac do vat rén 3 chuy&n dong song phdng nén cic difm A,
B luén dich chuyfn trong hai méat phAng song song nhau. Vay
doan AB ludn song song vai vi trl ban déu cda né. Theo dinh
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nghia, AB thyc hién chuyén dong tinh tién. Vay chuyén déng
cia doan AB duge dac trung béi chuyén dong cia difm M thuéc
nd (H. 4-1). Vat rdn 2 1a t4p hgp v6 s6 thanh AB. Do dg
chuyén déng song phdng cia vat rdn 3 duge dac trumg boi
chuyén déng cia thiét dién phdng S trong mét phéng P.

-

X

Hinh 4-1 Hinh 4-2
Nhu vy viéc khiuﬁtchuyéndﬂngmgphﬂngﬂﬂn vt rdn 2
trong khong gian dugec dua v& bai toan khao st chuyén déng
phing cta thiét dien S trong méat phdng P (H. 4 - 2).

4.2. KHAO SAT CHUYEN DONG CUA VAT RAN

4.2.1. PHAN TICH CHUYEN BONG PHANG THANH CHUYEN DONG 00 BAN

Xét chuyén dong cia hinh phing S trong mat phang chita ng
(H. 4 = 3). Ta chon hé quy chi®u c6 dinh Oxy. L&y mét di€m
A thy ¥ thude S lam di€m cuc va gin chat vao hinh phang §
mot hé toa 40 Alp. Déng thoi gn vao A mét hé toa do Ax'y’
sao cho trong qud trinh S chuyén dong ludn ludn cd Ax' // Ox ;
Ay’ // Oy.

Ehuyéndbngphﬁngcﬁahinhﬁdﬂﬁcphﬂnﬂchth&nhhnichuﬁn
ding thanh phén :
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—~ Chuyén ddng tinh tifn cta hé dong Ax'y’ ddi v6i hé quy
chifu cf dinh Oxy.

— Chuyén dfng quay quanh A cia hé dong Aly déi voi hée
dong Ax’y' -

Nhu thé& chuyén ddng phang cha vét rdn bao gid ciing cd
th€ phan tich duge thanh hai chuyfn dong co bidn : chuyén
dong quay tuong d6i cia vat rd® quanh cyc A thubc vat déi
v8i hé¢ quy chifu ddng Ax'y’ va chuyfn ddng tinh tién cha he
déng Ax'y' cung vdi cyc A d6i vdi hé quy chifu c8 dinh Oxy.

4.2.2. PHUONG TRINH CHUYEN BONG CUA VAT

Theo phan tich
::ln.hv; tri r.:f:u' S d&i vl yi

i hé quy chifu cd
dil}h Oxy duge =xéc
dinh bdi ba théng =4
dinh vj. D6 la gdc ¢
(d& xdc dinh vi tri clia
S — hodc hé toa db
Aln — d6i v6i hé dong
Ax'y’) vA cédc toa d0
Xy, ¥ (d€ xdc dinh
vi trl cia hé dong
Ax'y’ d6i v6i hé of
dinh Oxy). Nhu thég, Hinh 4-3
38 béc ty do cia mdt
vit rdn chuyén dong song phing la ba.

Khi thiét dién phéng S chuyén dong phidng, ba thong s&
Xao Ya VA ¢ bién d6i theo thdi gian t. Do dé phuong trinh
chuyén d¢ng cila v4t rdn chuyén ddng phdng la :

Xy = X, (L) y, = y, (1), ¢ = p(t) 4 = 1)
Hai phuong trinh ddu mé t4 thanh phfn chuyén déng tinh

tién, phuong trinh thd ba mo td thanh phén chuyén dong quay
tuong d6i.
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4.2.3. VAN TOC VA GIA TOC SUY RONG CUA VAT

N&ltﬂdﬂﬂ%ﬂﬂﬂtﬂﬂﬁmﬂtﬂqql '1Aiq2=3'n,iq;z’ﬂ
thi vi tri cia vt rdn chuyén dong phdng duge xdc dinh bai
vectd dinh vj ;

U Ka

—p

qQ= q; = ¥a (4 - 2)
q4 ' '

Danhimhﬂcnhﬂtthmthﬁigiunc&awctndtnhvicﬁav&trﬁn
chuyfn dong phing duge goi 1A vecto van téc suy rong cia vat :

[~ =

q, X5
:'1-.= qI = jrﬁ
93 ¥

Tuong iing voi su phan tich chuyén dong & trén, hai thanh
phén ddu cia vects van téc suy dng md tA vAn tfc cta thanh
phan chuyén dong tinh ti€n, cdn thanh phén thi ba cia vects win
tée suy rOng mo tA van tfc gde cda thanh phfin chuyén ding quay.

Ta goi dao ham bdc hai theo thdi gian cia vecto dinh vi cia
vit rdn chuyén déng phing la vecto gia téc suy rdng cia vat :

q; X,
E'= Q%] = iidq.
93 2

Nhu thé, hai thanh phén ddu cia vecto gia téc suy rong mo
i4 gia toc cia thanh phén chuyén dong tinh tién, va thanh phén
l:hl.i'ha{é&:ﬁ!:!}cﬁnmugiatﬁca‘u}rrﬂngmﬂtigintﬁc
goc cla thanh phén chuyén dong quay.

4.3. KHAO SAT CHUYEN DONG CAC DPIEM THUQC VAT

4.3.1. PHUONG TRINH CHUYEN BONG

Lay mét di#m B b#t ki thudc vat rdn S chuyén déng phing.
Vi tri ctia difm B d6i v6i hé quy chidu c6 dinh Oxy duge xde
dinh béi vects dinh vi Ty

ow o "R g ol B SR o LR

g = Ty + AB 4 -4
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Chi€u didng thdc vecto (4 — 4) lén cac truc toa do Ox, Oy
ta duge :

Xg = X, + {yco8p - npsing

Yg = ¥a * Sgsing + g cosp
Trong dé Ly, ny la cac toa do cia di€m B trong hé toa do
Aln, ching ludn 1a c4c hing sf.

Céc phuong trinh (4 — 5) o6 th€ vigt dusi dang ma tran nhyu sau :

B XA cosp — sinp 4 r &p
= + A -
[va] = [sa] * [sivp coop] [25] ~ “4-®
Céc phuong trinh (4 - 5) hoac (4 - 6) duge goi 1A cic phuong
trinh chuyén déng clia mot diém thude vat rén chuyén déng phing.

¥y [

(4 = B)

1 |

Hinh 4-4

4.3.2. VAN TOC CAC DPIEM
1. Bi€u thie gidi tich xdie dinh vén tSc ciia mbét diém

DE nhén duce bifu thic gidi tich xdc dinh van tc cia mét
difm thude vAt rdn chuyén déng phdng, ta dao ham hai v& cia
phuong trinh (4 — 6) theo th¥i gian :

iB X —sinp = cosp ;B]
ty
¥R ¥a cosp —sing ’!Bj

(4-T)
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Hoac vist dusi dang thong thudng -

} “ -8

¥g = .!."',q + ¢ (Egeosp — npSing)
Ehﬂj:nﬁuchuaquenvﬂicﬁchdmhhmnﬁcmatﬂn,tanﬁ

thé dao ham hai v& cilia céc phuong trinh (4 - 5) dé nhin duge

cic phuong trinh (4 - 8).

2. Quan hé vin téc gida hai diém

Dinh H 1. Van 8¢ cia diém B tiey ¥ thubc hinh phdng S
chuyén dong phdng, béng tdng hinh hoe vén tbe cia diém cuc
A va vgn e cia diém B trong chuyén dong quay cia hinh
phdng S quanh A.

Vg = Vpo+Vpa = Vi+o A AB 4 -9

Chitng minh. Theo muc 4.2 ciia chuong nay, chuyén déng phéng
cﬁnhinhphhgﬂnﬁth#phﬂnthhthhnhhninhuﬁnd@ngthanh
phén : chuyén dong quay tuong dSi cia S quanh truc di qua A
va chuyfn déng tinh tién theo cung v6i hé dong Ax’y’. Do d¢ mdt
diém B bat K cia hinh phang"S s& tham gia vao hai chuyén dong
thanh phén ndim.ﬂéﬂmvgntﬁctumdﬁianadiﬁmﬂm&p
dung dinh H hop van tdc (cOng thic (3 — 7) chuong 3 - phén
Dong hoe) :

—y _-..

Vo F ¥
— —

= Y
0 day ;: ot B, = ::':. vi hé dong Ax’y’ chuyén
déng tinh tign Ve =Vga VYOI vp, I van t6c cia di€m B trong
chuyén dong quay tuong d6i cia hinh phing S quanh A. Vay
ta cf :

—
IF!.

g — -
Vg = vA+ VA

Theo cong thic Ole (2 - 11) chuong 2 thi Vaa = wAAR; &
3 van tfc goc cia hinh phing 8.
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Chi y 1. VAn t8c gdc cia thadnh phén chuyfn ding quay
khong phu thude vio viée chon cuec. Thuec vy, néu ldy A lam
cye, ta od ¢

;;‘?h'i':a“ﬁ_ﬁ (a)
Néu ldy B 1a cye thi :
?A=?B+Hﬂhﬁn?ﬂ—anﬂﬁ B)

Cong hai didng thic (a) va (b) ta cd :
© (wp-og) AAB=10 (e)

Do _cu,h o ETH la vecto vubng gdc_:ﬂi mﬂ phing__ S, nén
vubng géc voi AB. Tt (¢c) suy ra : @, = wg = @

Chii y 2. T céch xéc dinh vAn t6c mot difm cha vat rdn
quay quanh mdt tryc c8 dinh, ta dé dang xdc dinh vecto TM
bing hinh hoc. :

_ Phuong L BA
?B A Chiéu huéng theo chiéu quay o
Tri 86 v, = @. AB

Chit ¥ 3. Tit ctng thic (4-8) ta cd
thé suy ra ngay cOng thic (4 - 9)
biing mot vai din gidi todn hoc don
gidn.

Pinh 1l 2 Hinh chifu vén tbe
hai diém bdt ki cia hinh phdng S
chuyén dong phéng len dudng théng
néi hai diém dé thi bdng nhau.

heya vy = BeagVa Hioh &5 @4-10)

Chiing minh
Chig&u didng thic (4-9) lén truc AB ta duge :

Do Vgs L AB, nén he,pvag = 0. VAy dinh Ii duge ching
minh.
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3. Tam van tée tde thai
Dinh nghia. Diém P trén hink phdng S ma tai théi diém
khdo sét e6 vgn e bdng khong, goi la tam vdn te tue thoi.

Dinh li 3. 0 méi thoi diém néu o = 0, cd mot di€m duy
nhét thuéc hinh phing S o van tSc bing khong,

Chitng minh. Truse hét ta chitng minh sy t8n tai cia tam vin
t6c tdc thii. Gia sit biet van t6c Vv, vA van t6c gdo o (H.4-6).
Quay vectg :r: quanh A theo chidu cia w dj mit gdc 90° ta duge

nia dudng thing AB. Trén AB 18y mét difm P sao cho -

]
.A..P = a "ill'HI
w e
U >
g
4 W
Hinh 4-6 Hinh 4-7
fchi dﬁ - ;;A = _'?A
Mat khac theo céng thic (4 - 9) .
- — — —_ — —_
?szﬁ-llul’ﬁtvﬁ_vﬂzn

Bay git ta chitng minh tinh duy nh4t cia tam P bing phuong
phap phan ching. Gia st ¢6 hai di€m P, va P, ma tai thai di€m
—
khio sdt ed_tinh chat ¥ =~Tr"p’ = 0. Khi d¢ :
1
? = v T ;‘

P, Py PiPy

D6 1a mét digu vo If vi v P = w. P,P, = 0.

Vay P, = P,
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4. Sy phan bd van téc cdc di€m

Ta xét sy phan b8 vén tbc cdc di€m cla tdm phéng S chuyén
dong phdng. Cd hai khd nang cd th€ xidy ra tai mbi thdi difm :

Khd nang 1 : w = 0

Lay tdm van t6c tidc thhi'P lam cye. Xét vAn tdc cla
mét difm M bé&t ki thuéc hinh phing S. Ta e¢d quan hé& van
téc.

TM=?P+?HP=?MP{‘1&;;=H
phuong L MP
Vi = Vaap chiéu huéng theo chiu w
t:'i.ﬂd?ul..:w.MP
Véy khi @ = 0, vAn t6c tic thdi cla hinh phdng S phan bé

gidng nhu S dang quay quanh tam van tc tic thdi P v6i van
thc goc w (H.4-T).

Ngudi ta ndi ring hinh phing S quay tidc thdi quanh P.
Khd nang 2 rw = 0
Xét van tfe hai difm M, N b4t kil cia hinh phing 5. Ta cd

?M = ?H+?HN
Do vy = MN. @ = 0, nén vy, = vy. Vay khi w = 0, vén t6c
tic thei cha cac diém cia hinh phAng
S déu bing nhau (H4 - 8).

Ngudsi ta néi rdng hinh phang
8 chuyén déng tinh tifn tdc thi.

Nhu véy, tai mbi thoi difm,
hinh phdng 5 hoac quay tdc-thai
quanh tAm vén tde tde thdi P (khi
w # 0) hodc chuyén ddng tinh
ti€n tdc thdi (khi w = 0). Chd ¥
rdng chuyfn ddng tdc thdi cda
hinh ph&ng chi ndi lén tinh chét
clia vin t8c. Tuyét d6i khong duge
ti dd suy ra tinh chét cia gia t8c. Hinh 4-8
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6. Quy tdc thyc hanh tim tdm vén téc tic thai :
Dua vao cdc k&t quid & trén ta dua ra & day mot sd quy téc ;
thyc hanh tim tAm vaAn t6c tdc thai.
Trudng hop 1 : Bi6t van t6c di€m A va phuong vAn téc diém
B. Hai phuong ndy khéng song song véi nhau,

Dya vao tinh chdt v, L PA, vy L PB, t A va B ta ks
tuong dng cdc dudng vubng gdc vai Va VA v Giao difm cia
ching la tdm v4n t6c P (H.4 - 9a).

Trudng hop 2. Biét vén t6c hai difm A va B, ching cd phuong
song song vOi nhau.

a) b} c)
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v
Dua vao tinh chit . e E
v PB

Ta thdy tam v@n t6c tuc thdi P chinh 12 giao difm cia duing
AB v6i dudng nfi cdc ddu mit cdc vecto v, vd vg, (H4-9b va
4-8¢). Truting hgp giso difm & vd cing, tdm p]:.fng thuc hién
chuyén ddng tinh tifn tdc thai (H.4-9d va 1-9d).

Truong hop 3. Biét mot di€m cia hinh phing cf vén téc bing
khéng.

Khi chuyén dfng phéng la chuyén dong lan khong trugt cia
thiét dién phdng S trén mot duong cf dinh thi di€ém tiép xdc
cd van tdc tdc thdi biing khong. (Vi céc tifp di€m clha hai vat
khi khong trugt trén nhau phii cd clng mOt vAn t6c, ma vAt
th? hai cf dinh). Vi vy difm cia vAt tifp xdéc vH6i méat tua
chinh 1A tam P (H.4-9e).

Thi du 4 - 1. Tim van t6c cia difm M trén vanh ciia banh
xe bédn kinh R lan khong trugt trén
dudng théng. Cho bi6t vin t6c tAm

C cia bénh xze 1A v,
Bai gidi
Vil banh xe lan khéng trugt trén

dudmg thing nén diém tifp xic giia
bénh xe vd mit dudng lA tAm vén
tée tic thoi P (H.4-10).

Van té: goc cia banh xe 12 :

L Y

e [
W == = =
PC R
- Hioh 4-10
Van tfc clia difm M :
vc2Rm1
\fM = mPM = R = Evcm

4.3.3. G1A TOC CAC DIEM
1. Biéu thic gidi tich xéc dinh gia t6c cia mot diém
Dac hiam bifu thic vAn t8c (4 - 6) hoéc (4 — 7) ta duge :
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Xp A — sing ~ coap . | cosp — sing &g

=1 |=|e — ip? (4-11)
Ya| |¥a cosp —simp sinp cosp || |7

Hay : ;

;B = ;‘,‘ - p(Egsing tgeosp) — p*(fycosp — pgsing) (4-12)
Yg =¥a +p (Speosp — ngsing) -’i’zwgﬂin?’ + ngcosp)
2. Quan hé gia téc gita hai diém

Dinh 1i 4. Gia t6c cia diém B tiy y thuée hink phéng S
chuyén dong phéng, bdng tdng hinh hoc gia t6c ciae difm cuc
A vd gia téc cia diém B trong chuyén dong quay cia hink
phing S quanh A. '

By = @, + ag, = ay + aly, + g, (4-13)
Ching minh. Lap luan tuong
tu nhu khi ching minh dinh If 1
vé quan hé van tdc gita hai diém
cia hinh phdng 8, ta d4p dung
dinh li hop gia t6c (cong thde
3-8 chuong 3) :
— —» —
a = a, + a
_i'l: = 0 vi h¢ dong Ax'y’ chuyén
déng tinh tién
Odty a, = a 8 = ag= a5 Hinh 4-11
Con a_la gia t6c cia diém B trong chuyén déng quay tuang
d6i cia hinh phidng S quanh A. Ta ki hiéu gia t6c nay la a;,.
Theo chuong 2 thi :

Bga = ?HA * ?'m-
Vay ta c6 :
—s - — —
g = 8, T 8z, = 'ﬂA"'?HA"‘?‘BA

Dinh i duoc ching minh.

Chi y 1. T cde hé thdc (4 - 12) ta o6 th€ nhan duge heé
thitc (4 - 13) bdng mot vai bién ddi todn hoe khéng phic tap.
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Chii ¥ 2. Tl cdch xdc dinh céic thanh phén gia t6c tiép,
gia téc phdp clia mét difm thubc vat rdn quay quanh mdt
truc ¢6 dinh, ta dé dang xdc dinh cédc vecto _ITBM ?"Bﬂ bing
hinh hoe (H4 - 11).

Phuong L AB
alga { Chifu phit hop chiéu cia E
Tris6 a'y, = £ .AB
_;_.E Huéng tit B d&n A
a Tri s6 a%, = w?AB.

Theo céc céng thic (2 - 15) cia chuong 2 ta cd cdc bifu

thic gidi tich :
?AB=_E.H.H; ;F"HA=::.I‘J"-TM

3. Tam gia téec tdc thoi

Dinh nghia : Diém @ trén hinh phdng S ma tgi thoi diém
khdo sat ¢ gia tdc bdng khoéng, goi la tém gia tSc tiic thoi.

Dinh U 5. O méi thoi diém
néfu w va E khdéng dong thoi
triét tidu, o6 mot difm duy nhdt
thudc hinh phiang S c6 gia téc
bang khéng.

Chitng minh. Sy tén tai cla
tam Q. Gid s biét a,, o, £.

Quay vectd &, quanh A theo
chiéu £ di mét gdc «.

tga = & w? Hinh 4-12

ta duge nita dudng thing AB (H4-12). Trén AB liy mft diém Q
sao cho :

A D

By
AQ - Fim" + 3
Nhu thé 8y, = - a,. VAy ta cd :

i e i

161



Ta ching minh sy duy nhét cia tdm Q bing phuong phép
phan ching. Gid si cd hai difm Q, vA Q, ma tai thdi diém
khdo sit

— - —
Wy =g = B
' 1
Khi d6 he thic : |
o ™ o T haun. |
12 didu vo li, vi : 8g,0, * 0. Vay Q, = Q,
Chi y :

= Khi @ vA £ khdng ding thoi triét tidu thl Q 1A mot di€m
gidi ndi;

— Khi w va € ding thai triét tiu thl Q — o;

— Ndi chung, tAm vén tdc tic thai P va tim gia téc tdc
thdi Q cda hinh phdng S khéng tring nhau.

Thi du 4 - 2. Tai mot thoi difm ndo d6, tam O cia bénh
xe lan khong trugt trén dudng ray thidng c6 van téc v, = lm/s
vi gia t6c 8, = 1,5m/ %, (H4-13). Bﬁanhbﬁnh:eR-Dﬁm
Hay xdc dinh tam gia t6c tdc thdi Q tai thdi difm dé.

Bai giai

Do P 1a tAm vAn tfc tic thoi, ta o -

Yo

mzﬁ-:z{ﬂ
Gia t8c gdc cla bédnh xe :

a
&

= - = 8.2
£ = " 3/ s

Chiéu etla @ va £ cho trén hinh
4 - 13

Quay vectd a, theo chibu cia
€ di mit géc « :

= 0,76 (a’"= 379

e | 02

w o
t-Eﬁ—E:—
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ta duoc nia dudng thing OA. Trén dd ldy mbt diém Q@ ma

Gq='ﬁ%g'ﬂ,4m
Difm Q dé 1a tAm gia téc tdc thoi.
Emij':I&iau=ﬂthi£=ﬂﬂdud&a=ﬂ“;oq=ﬂ,
Nhu vay khi van téc tdm O cla bénh xe ludn khong d6i thi
diém O d6 1a gia tée tdc thai

4.4, TONG HOP CHUYEN DONG SONG PHANG TU CAC
CHUYEN PONG CO BAN

3 céc phén trén ching ta da ching minh ring chuyén dong
phing céia vat rén ludn cd thé phan tich thanh hai chuyén dong
co ban 12 chuyén dong quay quanh mot tryc cf dinh va chuyén
déng tinh tién. Nguge lai, tu hai chuyén dong co ban dd, ta cd
thé téng hop thanh chuyén dong song phidng hay khong?

Trudc khi xét bai toan trén, ching ta dua ra cdc khai niém
chuyén dong tuong ddi, chuyén dong tuygt d6i va chuyén dong
theo vat rén. Chuyén dong cla vat rdn d6i v6i hé quy chifu
déng duge goi 12 chuyén dong tuong d6i, chuyfn dong cia vit
rédn d6i véi hé quy chiu cf dinh 1A chuyén dong tuyét doi.
Chuyén dong cia hé quy chifu dong d6i voi hé quy chifu cb
dinh 1a chuyén dong theo.

Du6i day ta sé xét mdt s6 bai toén téng hop chuyén dong
song phéng hay gap trong ki thuAt.

4.4.1. TONG HOP CHUYEN DONG QUAY QUANH HAI TRUC SONG SONG

Gia st vAt rAn quay vOi vAn toe goc ;r quanh truc O’z d&i
v6i hé toa do dong O'x’y'z’. Hé toa.dd dong O’x’y’'z’ lai quay
vii vén toe goc ;e quanh truc Oz d6i véi hé toa d§ cf dinh
Oxyz. Hai truc Oz va O'z’ song song vé&i nhau. Xét chuyén dong
clia viit rhn d6i v6i hé toa 46 cf dinh Oxyz, ta cd dinh 1 :
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Dinh 1i 6. Téng hop hai
chuyén doéng quay quanh
hai truc song song cia vdt
rdn, ta duoc chuyén déng
tuy¢t doéi la chuyén doéng
song phdng cé mgt phdng
quy chifu vudng géec vdi
truc quay. Vén tdc géc tuyét
déi bang téng dai s6 vgn
t6c goc tuong dbi va vén
téc géc theo :

w, = o, + 0,

Truémg hop ddc biét khi
hai chuyén dong quay ciing
téc d§ nhung nguoc’ chidu
nhau thi chuyén déng tuyét
déi la chuyén dong tinh tién.

Ching minh. Xét mot Hinh 4-14
thi€t dién S clha vat rdn
ma vubng gde vai trye Oz (H. 4 - 14). D&i vai he quy chifu c6
dinh, khi vt rdn chuyfn dong, thist dién S chi chuyén déng
trong mét phing P chia nd. Vay chuyén dong tuyst déi caa vit
ran 1 chuyén dong song phing ma mat phing quy chigu vudng
goc vai truc quay. Vi vly ta chi cn xét chuyfn déng cia thiét
dién phing S trong mat phdng P.

Goi giao di€m cia ecdc truc O'z' va Oz véi thiét dién phang
Sla Ava B Taxét ba trudng hop cd thé xdy ra :

a) w, vd w, cung chiéu quay (H. 4 - 15a). Ta cd

va = ABw, ; vy = ABw,.

Dé dang xdc ﬁinh duge tdm van t6c tic thdi cia hinh phéng
la P T hinh vé 4 - 15a ta‘cg :

PA y Va _ Aﬂ.m!
PB ;; - AB.aw,
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BB,
r PAE

Goi w, 12 vAn tc gdc tuybt d6i
cia hinh phing S. Ta cd -

Do do : w

w = A _BA _ PA+PB
3 PA PA ° PA
PB
= ——qy = &
Ve T PAVe = Ve T O Hioh 4-15

Vay, trong trudng hop nay, ta nhan duge hé thic : 0, = o, +o,

b) w, vd w, ngugc chiéu quay vAd o6 tri 86 khéc nhau
(H. 4-15b). Khong gidm tdng quét, gid st o, > o, Khi dé
do BA = PB — PA, nén tinh todn tuong ty nhu trén ta sé& c6 :

ﬂl'.= mr—ﬂ'.}
Két hop hai trutmg hop a) va b) ta duoc : @, = @_ + @
¢l w, = —n:- (H4 — 15¢). Trong trudng hpp n.iy vg = ?ﬁ

Do dd r.:hujrl!n dﬂng tuyét d&i ctia vAt rdn lA chuyén déng tinh
tién.

44.2. TMmemmM{vaMWquv
KAI v & w

Goi w la van téc goc cla uhuﬁn dong quay (tuong dbi hodc
theo) quanh mét truc c6 dinh, Y 1a vin t8c cia chuyén déng
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tinh tién (theo hoac tuong
d6i). Gia thist v L o. Ta
ed dinh i : Z Fy

Dinh i 7 : Téng hop
chuyén dong quay quan_n':
mot truc voi vdn tde géc w
va chuyén dong tinh tién
vdi vgn te v cia vt rin
me v L w ta duoc chuyén
déng tuyét ddi la chuyén
dong song phdng cé mdgt
phdng quy chidu vubng gée
- v fruc quay.

Chitng minh 7 _——
Gia s vat rin quay vﬁl v
vAn tée gdcm = Hinh 4-16

quanh truc O'z' d6i vai he

toa d9 déng O’'x'y'z’. Hé toa do dong O'x'y'z’ lai chuyfn dong

tinh tién d6i voi hetmdi}nﬁdinh{}rﬂvmﬁntdc—; i =
Xét mot thi6t dién phidng S clia vat rdn va vubng géc véi

O’z'. Rhi vat rdn chuyén dong, d6i voi hé quy chifu cf dinh,

thiét dién phing S chi chuy€n dong trong mét phdng P cia nd.

Viy chuyfn déng tuyét d6i clia vat rdn 12 chuyén ddng song

phdng ma mat ph.-lng quy r.'.Iu-Eu _vubng gﬁc vlii truc quay. Liy

o' lam cyc, ta cd : l=w,vﬂ:v.

D6i v6i trudng hop chuyén dong tuong dé6i 12 tinh ti€n véi van
téc vcﬁn-:huy\!n dl:m;g.t.hm & chuyfn démg quay quanh mét truc
v6i van tdc gie wi v, ta ching minh hoidn todn tuong ty.

4.5. CAC THi DU AP DUNG

~ Trong céc bai todn 4p dung, ta thudng phai tinh toan déng
hl;-c hé cde vat rdn chuy€n ddng phdng. Céc phuong phip gidi
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cac bal todn ddng hoc vat rdn vA hé vAt rdn chuyén déng cd
th€ phén thanh bén leai : phuong phdp d6 thi, phuong phdp dé
thi — tinh todn, phuong phdp gidi tich, phuong phdp sf trén
méy tinh dién td.

Céc phuong phdp dé thj va df thi — tinh todn dya trén quan
hé van tfc, quan hé gia tfc gida hai diém b&t ki cda hinh phing,
hodc dua trén vifc xdc dinh tAm vaAn tfc vA tAm gia tOc tdc
thisi. Cde phuong phap gidi tich vi phuong phép s8 dya trén céc
bi€u thic gidi tich xdc dinh phuong trinh chuyén dfng, van téc,
gia téc cla mot difm b&t ki thudc hinh phAng. Duéi day néu
ra moOt 88 thi du d4p dung ba phuong phép sau.

Thi du 4 — 3. Cén lic OA dai 40 cm cd th€ quay quanh
true O va lam cho thanh truyén AB dai 80cm chuyén dfng. Con
trugt B trugt doc theo huéng ED nghiéng v6i phuong nAm ngang
mot. géc @ = 45° Tai thoi diém khao sit § = 90° wy, = 287},
Eoa = 0, hay xac dinh : vAn tic gdc, gia tic gdc thanh AB, vén
tfc vA gia tSc con trugt B.

Bai giai

Phén tich : Hé khao
sdt |2 co efiu OAB & vi
tri nhu hinh 4 - 17,
trong d6 : OA chuyén -
dong quay quanh O, U °
AB chuyén déng a2
phing, con trugt B 5
chuyén ddng tinh tién 0
doc theo DE. :

Bdi tedn vin téc : {
Trube hét tim tAm vén EI:J'
tc tic thdi thanh P
truyén AB. TEm nay
ndm trén giao clia hai Hink 4-17
dudng thdng vubng gdc vAn tdc céc difm A va B (H. 4 — 17).
Tam gidc ABP |a tam gidc vufing cdn nén : AB = AP = 80cm,
BP = 80V2 cm.
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Van tfc gde thanh AB duge xdc dinh bdi bifu thdc :
Va QoA - 0A

T T g o Lk
Van tfc con truot B : vy = w,,.BP = 80VZ cm/ &
" Bdi todn gia téc : 5u dyng cOng thic :

ap = a, +alg, + atg, (a)

trong d6 : a, hudng tit A v& O vk c6 tri 6 a, = w?;,0A =
160cm/s, a%, bubng t¥ B vé A v o6 tri 86 : a%, =
w?, g AB = 80 cm/s ; ;TEA, huéng vudng gde véi AB, ag
hufing doc theo DE. Hai vécto ndy chua biét vé trj s§ va chiéu.
Chi€u phuong trinh (a) 1&n BA va lén phuong vuéng gdc v6i BA
ta duge :
agcos4b® = a"g, ; ageosdb® = -a, + aly,
Tit d6 suy ra : ag = B0VZ cm/s?; a'y, = 240 cm/s?
2'ga
AB

Thi du 4 — 4 : Tay quay OA = 0,2m quay déu v6i vAn tfic
goc w, = 20x1l/s. Thanh truyén AB = 0,4m. Tai thdi di€m co cdu
cd vi tri nhu hinh 4-18, tim :

~ Van t6c diém B, vin t6c géc thanh AB va cfin lsc O,B.

'Glatﬁcdiimﬂ,giatﬁcgdcthanhﬂﬂﬂﬁﬁnlicﬂlﬂ.

Bai gidi

Phén tick : Chon "
heé khéo sdt 1A co 2/
cfu bén  khéu
OABO, & vi trl nhu
hinh 4-18. Hé gfm
ba vat rdn. Tay quay
OA chuyén dong
quay quanh O. Cén
l&c OB chuyén
dong quay quanh Hinh 4-18

s
a

Hon

= 35'2

«, .f 3‘"
)
/
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0, Thanh truyén AB chuyén dong phing. Sit dung phuong phap db
thi - tinh toan gidi bai todn nay.
Bai todn vdn t6c : SU dung cOng thic :

— —I- +_.|. )
vg = VaA (a

tmngdu mﬁnggmvﬂlﬂ.ﬁﬂndtnn&vh OAw, = 41 mfs.
""B.A vudng gdr.: v6i AB, chua bift tri s vA hudng ; ""E vudng
gic vdi O,B va chua bigt tri s6 v2 huéng Chi#u phuong trinh
(a) l&n phu‘l_‘mg BA ta dugc :
V3

vE=?Amaﬂ“=4J‘rT =2ﬁnm."ﬂ
hd Va '
Tﬁdﬁtacd:mnﬂz = — = 20x 1l
** O,B 'OAsin60°

Chigu ding thdc (a) lén phuong OB :

v, 8in30° —vg, = 0= vy, = i::.%—- 21 m/s

YBA 2
“aB TAB T 04
Bai todn gia tie : Ap dung cong thic (H. 4-19) :
2g ""_‘E """BA"'“_E.& (b)

.Dﬂtayquarﬂﬁquaydéunén;i = 0, ‘n huétng tit A v& O va

6 tri 86 a}, = OAw? = 80x? m/s’.
A
B
F
e

a2

= 5x 1/

" Hinh 4-19
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ali huéng t B dén O, va c6 trj 6 :
af = 0,Bw} 5 = 0,1V3.4002% = 40V3z? m/s?.
af, vubng gée véi O,B, chua biét trj s6 va huéng. all, huong

b B vE A vA oS tri s6 a, = ABwl, = 10n? mis?. af, vuong
géc v6i OB, chua bift trj s6 va huéng.
Chi€u ding thdc (b) lén phuong AB ta duge :

ap = — ajcosb)® — aff, = —40n? - 1072 = -50x2
2 2
aﬂ=4(ag) +(n}3) = 10273
Déu trir ching t3 al, phai cd hudng nguge lai nhu trén hinh

vé. Do a}j = £4 53.0;B, ta suy ra :
]

502 50073
1 0,B 0,1¥8 3
Chiéu ding thdc (b) lén phuong OB :
—aj = —ajsin60° + aj, = a};, = alsin60° — af
= 40¥3x? — 40(3a? = 0
Vay . Exg =0

Thi du 4 — 5. Khao sdt dong hoc co cfu hanh tinh nhu
hinh 4 - 20. Banh xe O cf dinh, bdn kinh R = 20em. Tay quay
OA = 30cm quay déu quanh trac O véi vén tfe géc w_ = 10 radjs.
Banh xe A bén kinh r = 10cm, cd tryc ldp vao ddu A cia tay
quay vd &n khép ring véi banh xe cf dinh O. Tim :

= Van tdc gde bdnh xe A, vAn t6c difm M & dfiu bén kinh
thdng gde véi tay quay.

— Gia téc gdc banh xe A, gia tSc difm M.
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Bai gidi

Phén tich : Chon hé
khao sat 14 co cfu hanh
tinh nhu hinh 4 - 20. Do
bénh xe O cf dinh, nén hé
chi cd hai vat rdn chuyén
dong. Tay quay OA
chuyén dong quay quanh
0. Banh xe A chuyén
dong phdng, lin khbng
trugt trén bdnh xe O.

Bai todn vén tfc : Vi
A la mdt diém cta tay . A=0
quay OA nén vén téc v vuéng gée voi OA va huéng thuln theo
ch:éuquaycﬁaﬂﬁ’lﬁaﬁmﬂndvﬁmmﬂﬁw 30 x 10 =
= 300 cm/s.

Do béanh xe A lan khéng trugt trén banh xe O, nén di€m an
khép C 1a tAm vén tdc tdc thdi. Do :

Va 300
v, = CAw, nén w, = & Ty 30rad/s

Chiéu quay cia @, duge chi trén hinh 4-20.

Van t&c diém M vubng gée v6i CM va hubng theo chiéu quay
cia w,. Tri s6 cia né vy = CMw, = CAVZw, = 300VZcm/s.

Bdi todn gia téc : Chi ¥ rdng & cdc co cfu hanh tinh quan hé
Wy = ;—AA lubn ding & moi vi trl, moi thoi di€m. Do dd ta suy ra :
dar o d ,Va
=g = alg"?
Vi v, ludn 12 héng s6 khi o, = const.

Chon A lam cyc, gia téc di€m M dugc xéc dinh béi hé thic
“_‘:{ - ;’-A "'Erun +Eﬁua (a)
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Do tay quay OA quay déu quanh O nén ;1; = 0; Ei huéng

tr A v& O va cd trj 56 a) = OAw_2 = 3000 cm/s.

Thanh phdn gia téc aly, huéng tit M vé A vd cd tri so
ayia = MA@} = 9000 cm/s”. Thanh phdn a},, = 0 do &, = 0.
Vay :

ay = al +ap, (b)

Chigu ding thde (b) 1&n hai truc toa do vudng gdc nhau. Cudi
cung ta ecd :

ay = (@)% + @,)? = 30002 + 90002

Vay :  a,, = 3000y10 cm/s?

Thi du 4 - 6. Khdo sit dong hoc co cfiu vi sai cho trén
hinh 4-21. Bdnh rang 1 quay quanh O véi vén tée gic w,

e

W,
&

Iinh 4-21
gia tde gde £,. Tay quay' OA quay quanh O ddc lap véi banh
rang 1 voi van tée gic w_, gia tdc gde £, Hai bdnh rang 1
vi 2 lan khéng trugt trén nhau vA o6 cdc ban kinh tuogng dng
ld r, va& r,. Banh rang 2 quay duge quanh chét A & trén tay
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quay. Tim vAn tfe gde, gia t6c gdc cha banh xe 2. Tim vén téc,
gia tfc cla di€fm M & trén vanh bdnh xe 2 mad MA 1 OA
(H.4-21).

Bai giai

Phdn tich : Co cfiu vi sai trén hinh 4 — 21 1 co cfiu phing
cd ba khfu chuy&n dong. Banh rang 1 chuyén dfng quay quanh
mdt truc cf dinh. Tay quay OA chuyfn ding quay quanh O,
Banh rang 2 chuyén dong phdng. Sy truyén dong ti bédnh ring
1 vA tay quay OA sang bdnh réng 2 thyc hién nhd sy an khép
gitia cdc bdnh rang 1 vi 2. Chd ¥ rdng co cfu vi sai trén
hinh 4 = 21, la co cfu hai béc ty do. D& xéc djnh chuyén dong
cia nd phai cho biét truGc van t6c géc cha hai khéu.

Bai todn vdn t6c : Ta gidi bai todn trén bdng phuong phép
Vilit. Ta chon tay quay OA lam hé quy chifu dong. Ding trong
h& quy chifu nay, cip bénh rang 1 va 2 1A mét cip bdnh ramng
an khép ngodi, quay quanh cdc truc O va A vdi cde vin tée gic
tiuong d6i w, vA w,. Theo dinh li vé& téng hop hai chuyén dong
quay quanh hai truc aung anng, ta cd :

@), = W)~ W, Wy =Wy~ @
Ti 8§ truyén dong gita hai banh réng :

“ir @y T W, Ty o |

%]

(a)

@War Wy = O, 3 | *

trong dd : z,, z, la s6 rang cla cdc bédnh ring 1 va 2.

Cong thidc (a) goi & cong thdc Vilit. Phuong phdp xéc dinh

vin t8c gdc clia vAt rdn chuyén ddng phing nhd cdng thic (a)
goi 12 phuong phép Vilit,

Tit (a) suy ra :

r, tr L3 -
1 F o, _J >, (b)
I' 1';
Van téc diém M dugc tinh theo cong thic TH = "ﬁ + "Hﬁ

Trong dd vhwﬂuggicvﬁﬂhhmngthm:hﬁcﬁnm (H. 4-21)

®, =
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vd of trj 88 v, = OAw, = (r; + rw, ; vy, vudng goc voi AM,
huﬂngthm_ﬂEiEuEﬁamz,Tﬂnﬁcﬁand\'m=ﬁ.h[.mz=rzm1.
Gia tri cia v la

v = V3 i, = Vi, + )%l + Bo3

Bai todn gia t6c : Do tinh d6i xing cia co cfu, hé thic (b) lubn
lubn ding tai moi vi trl cla co cflu. Dao ham hé thic dd ta

duge :

— Py T0s N =
EZ' 1 ‘ D_ IEI (E}
2 I
Lﬁyﬁlﬂmqﬁ;gintﬂndiﬁmlldw::&cdhhthmnﬂngthﬁt:
ay = ay +al+al, +af, @
M

Hinh 4-22

trong dd :

ay, = OA . g, = (r;, + 1y) £ a} = OAw? = (r; + rwd
aya= AM . &, = 1) & af,= AMw? = rwi

Phuong vA chiéu céia bén vécts ndy ducc vé trén hinh 4-22.
Eﬁﬁm&hv&m{mhdﬂmﬂuﬁﬂmﬁ;“mgt:

Spy = T 8L T 8y, ; By, = a4 af,
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Cuéi cing ta tinh duge :

“M=i‘§u+‘%ﬁ

Thi du 4—7. Cho co cfu tay quay — con truct OAB (H.4-23).
Cho bift chiéu dai OA la r, chifu dai AB la 1. Gid sl chiéu

dai AB kh4 16m so véi chifu dai OA sao cho tl 86 1 =§m

nhé. Thiét 1ap phuong trinh chuyén dfng, bi€u thdc xéc dinh vdn
téc, gia téc cla con trugt B va trung diém M cla thanh AB.

Bai giai

Phén tich : Chon hé khdo sét ]a co cu tay quay — con trugt

(H. 4— 23). Hé gbm
ba vat rin, - Tay
quay OA chuyén
dong quay quanh O.

Thanh  truyén
AB chuyén ddng
phéng. Con truct B
chuyén dong tinh
tifn.

Khdo sét chuyén
ddng ctia con trugt
B. Vi trl cla difm

¥

|
|
r
I A
t
|
|
|
|

Hinh 4-13

B duge xdc dinh bdi thong s6 dinh vi x5. Theo hinh 4-23 :
xg = OH + HB = r cosp + | cosy
Mat khéc ti hinh v& ta cd :

AH

t sing = | siny. Do dd :

ninw=ﬂsinp;cmw-il—im‘

Do gi& thist 4 khé bé, nén ta cd :

{1 = sy ml—%azmz,.:l-é;(‘;ﬂ—““’)

(1-%) +5 conzp
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Vay hoanh do diem B - g 12
X, =muap+£l'(1 -i{) +Tm£p]

:H=DH+HK=GH+:?’1—IE=rmup+-2~maw
r ! 2
= reosp + g o2p + (1 - )

1 E.. .4
FH=M=EAH‘EHIHP

Véy phuong trinh chuyén dong cia M la :

176

2 1,
Iu=m+aﬁoﬂ2¢!+i(l '—%—J } -

1
Ym = 3 rsing

Tu (b) ta c6 bi€u thic xdc dinh van t6e va gia téc cia digm
M :

Xy = = rﬁ(sinp + {Eninﬂp)
J:"H" %m
=g+ Gndy) = 3o + 2 o)

r

- = r.
v = o Pcoap — gnglinw



Thi du 4 — 8. Cho co ¢fu bén khau véi cdc ki higu va kich
thudc nhu hinh 4 — 24. Cho biét chifu dai céc khdu 1, 1, 15

|, toa d§ cia diém K (§, 7,) trong hé toa do gén lién véi khau
3, géc quay cia khiu din ¢, (t). Hay xdc dinh :

— Céc goc ¢, ¢, VA chc vin t6c goc, gia tbe chc khau 3 va 4,
—deﬁﬂﬁadiﬁmlﬁv@tﬁcvﬁgﬁt&ccﬁnmﬁmdﬁ-

¥l

Gl

Hinh 4-24

Bai gidi

Phdn tich. Ta khao sit déng hoc co cfu bén khau hinh 4 - 24.
He gém ba vt rdn dong : khau 2 va khéu 4 chuyén déng quay
quanh truc ¢ dinh, khau 3 chuyén dong phing.

Xdc dinh vdn t6c goc, gia t6c goc cdc khdu 3 va 4 : Trube hét,
ta tim cde difu kién rang budc cla co cfu. Tu hinh 4-24,

ta ¢d :

— — =i
=0

—&
Chi€u phuong trinh vécto (a) 1én cdc truc x va y :,
lysing, = lsing, = — 1sing,



Danhﬁmﬂcphuﬂngh'!nh {h]thmpztnuﬁ:
= Lysing, . ¢’y + Lsing, . ¢, = l, sing,

'3“““”3-?‘3"&““'?4-!"4= -Iztecﬂp; (e)
H¢ hai phuong trinh dai s tuyén tinh dfi vai ¢’y ¢’y DAy cd

WM Lsing, —p)  Lsingp, - py)
¥s Lsin(p, — p,) ° P4 Lsin(p, — py)
T dd ta tinh duoe :
'IE'3=F'3'9.’1;'IE’-|=F14'5‘2 (d)
D& tim cdc dao ham bachniiig,ﬁa,udmham:lcphuung
trinh (¢) theo Py :
= Lsing; . 9”5 + 1, sing, . Py =
= Lycosp, + Licosp, . ' ~ 1,cosp, . 9’2
lycosp, . 9”5 ~ lycosp, . p”, =
= Lsing, + Igainp:._ : p'jz = lsing, . p'iz (e)

(d)

Sau d6 tinh $, va §, theo cong thie :
P3=¢3.96, +9"s 9d; p, = Fa-P2+9" .07 (g
ﬂicsﬁcﬁ.ﬁnﬁthamammaungungmgtm;

Pi lp)o +4p,) = () +(9') Mg, +'21' "o} +...(1=3,4) (h)

Nﬁuclngiitdcﬂnh:inhﬂn,undthilﬁymgﬂtricﬁa
cﬁch&mp}ﬁ:icdinhbﬂ‘ieﬁngthﬂc{h}l&mc:ﬁ::,gﬂtriban
ddu d€ gidi cdc phuong trinh (b) biing phuong phép lap Niuton.

mmmfﬁ,wﬁqﬁﬁcdﬂnf:ﬁm#ﬂmdﬂ
dang tim duge bifu thde:

X = Licosp, + £y cosp, — Ngsing,
Y = lzﬂinﬁﬂz + {-’xmnpj + NKCOSp, (i)
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Tit d6 sit dyng phép tinh dao ham, ta cd céc bifu thdc xdc
dinh vaAn téc, glatchmK

X = 'zﬂnﬁ = (§k sinpy + ngcospy) 3

¥k = Leosp; - {ﬁxmlpj nxsing;) @3 (k)
xg = ‘lz“mi’z Py — Lcosp, - ;% —

- (Exsings + gcosps) . p3 — (§ycospy = ngsinpyei (D)
g = Leosp, . py — Lsing, . 97 +

+ (Egcosp, — nsings) . p; — (Egsinps + 7ycospy) #4°

CAU HOI ON TAP

1. Khio sat chuyén dong cia diém bing phuong phép vecto.
Néu céc tidu chufin nhan xét chuyfn déng thdng va cong, chuyén
dong d&u, nhanh d4n, chdm dén.

2. Khao sit chuyén dong cia difm bAng phuong phip toa db
Dé mlr:?h phumgphﬁpmdotunhj!n Vi tri cla cdc vecto
van téc vvivuctng:latﬁc aﬂtrﬁnqujidannhu th& ndo? Y
ng".'ll:u'l.r.'.ﬂlln‘:.ﬁ.l'.'.I.hlnllphi’.l&ﬂ;llta'.it:;:I\ri?l;El

3. Dinh nghia chujr-En dong tinh ti€n cla v4t rdn. Dac
difm cta chuyén déng tinh tifn cla vét rdn.

4. Dinh nghia chuyén ddng quay quanh mdt truc ¢f dinh cia
vat rdn. Khdo sat chuyén dong toan vit, r.huyé'n dong cédc difm
thudc vat rén,

5. Thiét lap cong thuc Ulﬂ vH = o A 1-M

8. Dinh nghia chuyén dong tuyét d6i, chuyfn dong tucng d6i
v chuyén dong theo cia difm M

7. Phét bifu va chdng minh dinh i hop vAn tfc cia difm.

8. Phat bi€u va ching minh dinh i hop gia t&c cia di€m,
khi he¢ quy chifu dong chuyén dong tinh tiém va khi-hé quy
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chifu dong chuyén ddng quay quanh mét truc c6 dinh. Neéu quy
the thyc hanh xdc dinh vecto gia téc Corislit.

8. Dinh nghia chuyén dong song phing cla vat rdn. M6 hinh
phing cia vAt rdn chuyén dong song phing. Thiét lap phuong
trinh chuyén dong, van tfc va gia tbc suy rOng cla vAt rin
chuyén déng phing |

10. Thiét lap phuong trinh chuyfn déng, bifu thde gidi tich
xic dinh van tfc, gia téc cla mot difm thubde vat rdn chuyén
dong phéng.

11. Phat bi€u va ching minh dinh li vé quan hé van téc, quan
hé gia t8c gita hai difm b&t ki cda vat rén chuyén déng phing.

12. Dinh nghia tdm vén t6c tidc thdi cia hinh phdng chuyén
dong phdng. Suv phan bS van tdc cic difm cda hinh phéng. Néu
cdc quy téc thuc hanh xdc dinh tdm van t6c tde thoi.

13. Phat bi€u va ching minh dinh li vé& tdng hop hai chuyén
dong quay quanh hai truc song song ctia vét rén.

14. Cd m&y phuong phép gidi cdc bai todn déng hoc rdn va he
vat rdn chuy€n dong song phdng? Co sd ciia céc phuong phép do.

180



TAI LIEU THAM KHAO

1. Byresmn H. B, Jlymy H. JI, Mepxur 1. P. Kypc
teoperHdeckoft Mexammkm, JYac 1, Hag 3-e "Hayxa" Mocxsa 1979.

2. Byxroas H. H. Ocuosroft kypc TeopeTHYecKOffi MeXaHMKM,
Yac 1 ; mag 6-e "Hayna", Mocksa 1865.

3. Jlo6porparos B. B, Huxkwrurn H. H. Jlsopuuxos A. A. Kype
TeopeTHIecKol MexaHmkM ; B3] 4-¢ "Bucmaa mxona" Mocxea 1983

4. Knnsuescknfi H. A. HKypc TeoperrtHUeckoR MeXAHMEH,
Yac 1, "Hayxa" Mocksa 1977.

5. Jofinaeckei JI. T, Jlypné A. WU. Kypec TeopeTuueckon
wexanuwkn, Jac 1, M, Tocrexmsgatr 1955.

6. Cycnos K ; Teoperwueckan mexammxa, Orma 1946.

7. GCoeldner, H.' Holzweissig, F. Leitfaden der Technischen
Mechanik (8. Auflage), VEB Fachbuchverlag, Leipzig 1986.

8. Nguyén Van Dao, Nguyén Trong Chuyén, Nguyén Thé& Tién,
Ngt Van Thao ; Co hoc li thuyet, NXB Dai hoc vda THCN, Ha
Noi 1969,

9. Dao Huy Bich, Pham Huyén, Pham Hitu Vinh. Gido trinh
Co hoc i thuyét, Trutng dei hoc Téng hgp, Ha Noi 1977.

10. Magnus. K, Mueller. H. H, Grundlagen der Technischen
Mechanik, 6. Auflage, B. G. Teubner, Stuttgart 1990.

181



MUC LUC

L&i gici thigu
Léri ndi diu
Mé dilu
Phan mit
TINH HQC
Ma dau

Churong 1 ;: Céc khéi ni¢ém co bin va hé tién dé tinh hoc
1.1, Céc khdi niém co ban
1.2. He tién dé tinh hoc
1.3. Céc hé qua
Chuang 2 : Hé Iyc khong gian
2.1. Vecto chinh v m6men chinh clia hé lyc khéng gian
2.2. Thu gon h¢ lyc khong gian
2.3. Diéu kién cén béng va cdc phuong trinh can bing
cla hé lyc khéng gian.
2.4. Bai todn don va vat lat
2.5. Bai todn siéu tinh
Chuong 3 : Ma sfit
d.1. Dinh nghia va phdn loal ma s4t
3.2. Dinh lufit ma sdt trugt
3.3. Dinh lugt ma sit lan
Churong 4 : Trong tam
4.1. TAm cta he luec song song
4.2. Trong tam cia vét rdn
Céu hdi én 1dp

182

Trang

=]

25

31
31

46

68

69
70
79

83
85



Phiin hai
pONG HOC

Md dau

Chirong 1 : Dong hoc diém
1.1. Khéo sit chuyén dong cia diém
bing phuong phédp vectd
1.2. Khao sit chuyfn dfng cla diém
bing phuong phép toa d§ Dé cac
1.3. Khdo sat chuyén dong cla diém
bing phudng phép toa df tu nhién
1.4, Khao sat chuyén dong cua diém
bing phuong phép tea df cue
1.5. Khao sat mot s8 chuyén dong dac biét
Chueong 2 : Chuyén ddng co ban cda vat rdn
2.1. Chuyé&n ding tinh ti€n cla vat rdn
2.2. Chuyén déng quay quanh truc c6 dinh clia vt rdn
2.3, Truyén dong don gian
Chueng 3 : Hop chuyén dong diém
4.1, Dinh nghia vé céc logi chuyén djng
3.2 Céc dinh i hop van t6c va hop gia téc
3.3. Cac thi du dp dung
Chirang 4 : Chuyén dong song phing ciia vt rdn
4.1. Dinh nghia vA m6 hinh |
4.2. Khao sat chuyén dbng cia vit rdn
4.3. Khéo sit chuyén dong cla cdc diém thudc vat

4.4. Téng hop chuyén dong mgipbﬁng
tit cic chuy€n dong co ban

4.5. Céac thi dy 4p dung
Cdu hoi dn tdp
Titi li¢u tham khdo

Muc luc

99

101
101
104
107

113
114

122
122
124
132

136
136
138
141

149
149
150
152

163
166

179
181

183

183



Chiu trdch nhidm xudi bdn -

Chit tich HDQT kiém Téng Gidm déc NGO TRAN Al
Phé Téng Giam déc kiem Téng bién tip VI DUUNG THUY

Bién tap in ldn dgy -
PHAM THANH HUONG
Bién tip tdi ban -
TRAN VAN THANG
Trink bay biq -
TRAN THUY HANK
Sita bdn in -
TRAN VAN THANG
Ché bdn :
PHONG CHE BAN (NXB GIAO DUD)

CO HOC Tap mét - TINH HOC VA PONG HOC
Ma s : 7B0OITS - DAJ

In 3.000 ban, khd 14,5 x 20,5 cm tai Nha in DHQG Ha Noi.
S0 xudt ban : 72/17 - 05

In xong va nép lwu chidy thdng 2 nam 2005.




