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Chuwong I. UNG DUNG PAO HAM PE KHAO SAT VA VE PO THI CUA HAM SO

Muc tiéu

Sau khi nghién ciru chuwong nay, hoc sinh c6 thé:

- Biét dugc céc khai niém vé dao ham cap hai, tinh don di¢u ctia ham s0, cuc tri cua ham
s0, gia tri 1én nhat va gia tri nho nhat, tiém can, khao sat sy bién thién va vé do thi ham so.

- Giai dugc cac bai tap vé dao ham cap hai, tinh don di€u, cuc tri, gia tri 1én nhat va nho
nhat, tiém can, khao sat sy bién thién va vé do thi ham so.

- Xac dinh dugc dao ham cap hai, cac khoang don di¢u, tim cac di€ém cuc tri, tim gia tri 16n
nhat va nho nhat ciia ham so trén doan xac dinh

- Xac dinh dugc cac dudong ti€ém can, khao sat sy bién thién va v€ do thi cua ham so6

- Say mé va yéu thich tim hi€u cac bai toan vé ham so0, ung dung dao ham.

= Nhic lai: Cac cong thirc dao ham co ban:

1. (uiv)yzuviv';

2. (ku) =ku’;

3. (u.V)y —uv+vu;

5. (l) _ Y (v6iv=v(x) %0)

A\

6.y, =Yy, 1,

Bang dao ham

(Xn )' — an—l

(W) =

(sinx) =cosx

(cosx) =—sinx

(tanx) = —
Cos” X

, 1
(cotx) =———
sin” x

Pao ham cua cac ham so cap co ban Dao ham cua cac ham s6 hop

u=u(x)

") =mu""'u
(l)v __u
u)
1 uy
o) =5
(sinu) =u cosu

(cosu) =—u'sinu

(tanu) = >
cos’ u

(cotu) =——
sin’u
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BAI 1. TINH PON PIEU CUA HAM SO

1. Tinh don diéu ctia ham sb

1.1. Nhic lai dinh nghia ,
Ki hi¢u K 1a khoang hodc doan (ntra khoang). Gia stir ham s6 y =f(x) xac dinh trén K.
Ta noi:
< Ham s y=1(x) dong bién (ting) trén K néu véi moi cip X, X, thugc K max, <x,
thi f(x,) <f(x,), tuc la
X, <x, =>f(x,) <f(x,);
< Ham s y =f(x) nghich bién (giam) trén K néu véi moi cip X;,X, thugc K ma
X, <X, thi f(x,)>f(x,), tuc la
X, <x, = f(x,) > f(x,);
Ham sb déng bién hoac qghich bién trén K duoc goi chung 1a ham s6 don diéu trén K.
1.2. Tinh don di€u va dau cia dao ham
Ta thura nhén dinh li sau day
Pinh li: Cho ham so y =f(x) co dao ham trén K.
a) Néu £'(x) >0 voi moi x thudc K thi ham séf(x) déng bién trén K.
b) Néu f'(x) <0 vdi moi x thudc K thi ham séf(x) nghich bién trén K.
2. Quy tic ygét tinh don diéu ctiia ham sb
2.1. Quy tac
1. Tim tap x4c dinh. Tinh f'(x);
2. Tim céc diém tai d6 f'(x)=0 hodc f'(x) khong xéac dinh;
3. Sap Xep cac dlem do theo thir ty ting dan va lap bang bién thién;
4. Néu két luan vé cac khoang ddng bién, nghich bién ctia ham sé.

2.2. Ap dung
Vidu 1: Tim cac khoang don di¢u ciia ham sb y=x3—3x+1
Giai
o TXD:D-=
o y'=3x"-3.
e y=0<x=1hoacx=-1.
e Bang bién thién
X| — o0 —1 1 4+ o0
' + 0 - Q -+

NS

Ham sé nghich bién trén khoang (—l;l) va dong bién trén khoang (—oo;— l) U (1;+ oo).
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3. Cwe tri cia ham so
3.1. Khai niém cuc dai, cuc ti€u

3.1.1. Dinh nghia
Cho ham s xac dinh y = f(x) va lién tuc trén khoang (a;b) (c6 thé a 1a—o0; b 1a +00 va diém
X, € (a;b).

a) Néu ton tai s6h>0 sao cho T <f(X0) 4 moi Xe(xo—h;x0+h)vé X #X,
thi ta n6i ham s6 f(x) dat cwe dai tai x,.

b) Néu ton tai s61>0 sao cho Fx)>1£(x,)

thi ta n6i ham s f(x)dat cwe tiéu tai x,.
<« Chuy: - Piém cuc dai va cuc tiéu duoc goi chung Ia diém cuec tri;
- Gia tri cuc dai va cuc tiéu duoc goi chung 1a cwe tri.
3.1.2. Piéu kién di dé ham so c6 cure tri
Ta thira nhan dinh 1y sau day
Pinh li 1. Gida sir ham s6y = f(x)lién tuc trén khodang K = (Xo —h;x, + h) va cé dao ham
trén K hodc K\ {XO} véih>0,

a) Néu T)>0pén khoang (x,—h; xo)va T <0 4r6p

voi moi xe(x,—h;x,+h)vax #x;

khodng(xo; X, -l-h) thi xg la mét diém cwc dai ciia ham sé f(x).
b) Néu F'X)<0 46y khodng(xo —h; XO)Ve‘l F'x)>0 4r6p khodng(xo; X -l-h)

thi xy la mot diéem cuc tiéu cua ham so f(x).

X Xo-h Xo Xoth X Xo-h X0 Xoth

£(x) + 0 - £(x) - 0 +

f(x) /fCD\ N, 7
fer

3.2 Quy tic tim cuc tri

£Quy tic 1
1. Tim tap x4c dinh. Tinh f'(x);
2. Tim c4c diém tai d6 f'(x) =0 hodc f'(x) khong xéac dinh;
3. Lap bang bién thién; 7
4. Tur bang bién thién suy ra cac di€m cuec tri.
Vidu 1: Tim cac diém cyc trj ctia cac ham sb y=x-3x+1
Giai
Tap xac dinh: D =
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y =3x*-3

, |:X=1 {y=—1
y=0& =
x=-1 y=3
Bang bién thién
X — o0 —1 ] + o0
VAl + Q0 -0 +

y 7 3\ /' +00
—0 -1

Tur bang bién thién suyrax=-11a diém cuc dai, x = 1 12 diém cuc tiéu ctia ham sb di cho.
Pinh li 2: Gid sir ham s6 y =f(x) c6 dao ham cdp hai trong khodng(xo —h;x, + h), Vi
h>0_ Khi ds: ’ 7 7
a) Néu f'(x,)=0,f (x,)>0 thi x, la diém cuc tiéu;
b) Néu f'(x,)=0,f"(x,) <0 thi x, la diém cuc dai.
Ap dung dinh 1i 2, ta c6 quy tac sau day dé tim cac diém cyc tri ciia mot ham sé.
& Quy tac 2
1. Tim tap xac dinh. Tinh f'(x);
2. Gidi phuong trinh f'(x)=0 va ki hiéu x; (i=1,2,3.......) 1a cac nghiém
cua no;
3. Tinh f'(x)va f'(x,);
4. Dua vao dau cta f'(x,)suy ra tinh chdt cwc tri ciia diém x;
Vi du 2: Tim cyec tri cuia ham sb
flx)=x'—2x*+1
Giai
Tap xac dinh cua ham s6: D =
£(x) = 4x> — 4x = 4x(x* = 1)
Px)=0 < x==%1;x=0
£(x) = 12x* - 4; £(£1) =8> 0 =x =-1 va x = 1 12 hai diém cuc tiéu
£(0) =-4 <0 =x = 0 1a diém cyc dai.
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oI TU TRONG
BAI TAP

Bai 1. Xét sy dong bién, nghich bién cia cac ham sd sau:
a) y=—x+3x" -1
b) y=x"-2x>+3

c)y= §X3+3X2—7X—2

Bai 2. Tim céc khoang don di¢u cta cac ham so:

a) y=2*1, b) y=+/x* —x—20; ¢) y=*L,

I-x 2x -5
x* —2x 2x
d) y= ; e) y= .
)y 1-x )y x2=9
Bai 3. Chiing minh rang ham sé y= 2X . dong bién trén khoang (-1; 1); nghich bién trén
X"+

cac khoang (—oo;—1) va (1;+o0).
Bai 4. Chirng minh rang ham s y=+/2x —x> ddng bién trén khoang (0;1)va nghich bién trén
khoang (1; 2).
& Goi y: Su dung dinh li sau:
Gia st ham sb y= f(x) c6 dao ham trén khoang (a; b).
+) Néu f'(x) >0, Vx e (a,b) thi f(x) dong bién trén khoang (a; b);
+) Néu f'(x)<0,Vx e (a,b) thi f(x) nghich bién trén khoang (a; b);
Bai 5. Ap dung quy tic 1, tim cac diém cuc tri ctia cic ham sd sau:
a) y=2x"+3x>-36x-10; b) y=x*+2x>-3;

c) y:x+l; d) y=x’1-x)*; e) y=vx"—x+1;
X

Bai 6. Ap dung quy tac 2, tim diém cuc tri cua cac ham so sau:
a) y=x"'-2x>+1; b) y=sin2x-x;
p— 5 i 3 — = 1
c) Y=X —X 2X+1; d) Y=sinXx+cosx
Bai 7. Chiing minh rang v6i moi gid tri cua tham s6 m, ham so
y=x'—mx’-2x+1
lu6n luoén c6 mot diém cuc dai va di€m cuc ti€u.
Bai 8. Tim a va b dé cac cuc tri ciia ham so

yzéazx3 +2ax” —9x+b

5
déu la nhitng 1a s6 duong va *o =~ la diém cuyc dai.
] . . x> +mx +1
Bai 9. X4c dinh gia tri ciia tham s6 m dé ham s6 ¥ = «+m datcuc daitaix = 2.

T6 Toan Trang 6



§2. GIA TRI LON NHAT VA GIA TRI NHO NHAT CUA HAM SO

1. Dinh nghia

Cho ham sd y = f(x)xéc dinh trén tap D.
a) S6 M dugc goi la gia tri 16n nhat ctia ham s y = f(x)trén tap D néu f(x) < Mvéi moi

x thudc D va ton tai X, € D sao cho f(x,)=M.
Kihiéu M = maxf(x);
r D r 14 r
b) SO m duoc goi la gia tri nhé nhat cia ham s6 y = f(x) trén tap D néu f(x)>m voi moi
x thudc D va ton tai X, € Dsao cho f(x,)=m.

Ki hiéu: m=minf(x).

D
Vi du 1: Tim gi4 tri 16n nhét va gia tri nho nhét ciia ham s6 y=f(x) = x> —4x +3
Giai
Tap xac dinh: D =
y =2x—4
y=0x=2
— 2 + o0
Y = 0 +
y \1/

Vay minf (x)=-1.
2. Céch tinh gia tri 16n nhit va nhé nhit ciia ham sb trén mot doan

2.1. Pinh Ii

Moi ham s0 lién tyc trén mét doan déu co gia tri 1on nhat va gia tri nhd

nhét trén doan d6
2.2. Quy tic tim gi4 tri 16n nhat, gia tri nhé nhit ciia ham s6 lién tuc trén mot doan

&Quy tac
a) Tim cac diém X1, X5,....X,, trénkhoang (a;b), tai do f(x)=0 hoic f(x) khong xac dinh;
b) Tinh f(a),f(x,).f(x,)....f(x,).f(b);
¢) Tim s6 16n nhat M va s nho nhat m trong cac sb trén. Ta co
M=minf(x) ; m=minf(x).
[a;b] [a;b]

trén doan [-1;1]

Vi du 2: Tim gid tri 10n nhat cia ham s6 f x)= " 4 -
+X
Giai
Tap xac dinh: D =
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ALy TU TRONG

' —8x 1 —
f (X) = m,f(X) =0<=x=0
f(0)=4
f(ly=2
f(=1)=2

maxf(x) =4 trén doan [-1;1];  minf(x) =2 trén doan [-11].

BAI TAP

Bai 1. Lap bang bién thién va tim GTLN, GTNN ctia cic ham s6 sau:
a) y=x" trén [-3;0]
1
b) y=2"2 trén |3;5
) y="— trén [3;5]
¢) f(x) =-x’+3x* trén [—l;l]

x+1
f —
d f0= 57

Bai 2. Tim gia tri 16n nhét, gia tri nho nhat ctiia ham sd:
a) f(x)=x" —3x’-9x+35 trén [4;4]
b) f(x) =v5-4x trén [-11]

¢) f(x)=-x"+2x’+1 trén [-1;3].

trén [1;3]

Bai 3. Tinh gié tri 16n nhat cua céc ham s6 sau:

4
a)y 1+x?

LAY aud
b) y=4x"-3x

T6 Toan Trang 8



§3. KHAO SAT SU BIEN THIEN VA VE PO THI CUA HAM SO
1. Dudng tiém cin ngang

Pinh nghia: Cho ham s6 y =f(x) xdc dinh trén mot khodng vo han ( khoang dang
(a;+00);(—o0;b) hodc ( —o0;+00)).
Puong thang y = Yo 1a duong tiém cin ngang (hay tiém cén ngang) cua d6 thi ham sd
y=1f(x) néu it nhat mot trong cac diéu kién sau dugc thoa min
Iim f(x)=y, ; Iim f(x)=
(x)=o : Jim £(x)=,

X—>+0
Viduy 1: Tim tiém cén ngang ctia d thi ham s6 y= 2x +53
X_
Giai
%43 x(2+3] [2+3j
lim 22— X)_ fim S~ X o,
X>+0 X — X—>+00 ( Sj X—>+0 ( 5)
x| 1-= _-
X X
%43 x(2+3] (2+3j
Hodc lim 2272 = fim X/ |im X)_»

X——00 X_S X——00 ( 5) X—>—00 ( 5)
x| 1-— -
X X

Vay y= 2 1a tiém cén ngang ctia d6 thi ham s6 da cho.
2. Dudng ti€ém cin ding

Pinh nghia: Puong thang x = X, dugc goi la duwong ti€ém cin dirng (hay tiém can ding)
ciia @b thi ham s6 Y = F(X) néu it nhat mot trong cac diéu kién sau dugc thoa man

lim f(x)=+0 ; lim f(x)=—o0

x—>xa X=X
lim f(x)=—o0 ; lim f(x) =400
X=X X=X

Vidu 2: Tim ti¢m can ding cua dd thi ham sd y= 2x +53
X J—
Giai
. 2X+3 . 2x+3
lim =+400; lim =—
x-5" x =5 x25 X —5

Vay x =5 la tiém can diing cua dd thi ham sd da cho.

ax+b

@ Chii y : Cho ham s6 y = .
cX +

T6 Toan - Khoa Khoa hoc co ban Trang 9



b
Xx|a+—
. ax+b . X a A A a
lim = lim ———< =—= Tiém can ngang: y=—
x—)ioocx+d X—>t0 d C C
x| c+—
X
. ax+b < .. ax+b A A a d
lim =oo0 hoac lim =o0 = Ti¢m can ding: x =——
4 ex+d 4 cex+d c

C C

3. So' d6 khio sit ham sb
B1. Tap xac dinh
Tim tap xac dinh ctia ham sd
B2. Sw bién thién
e Xét chiéu bién thién cua ham sé:
+ Tinh dao ham y';
+ Tim céc diém tai d6 dao ham y' =0 hoac khong xac dinh,;

+ Xét dau dao ham y va suy ra chiéu bién thién ctia ham sb.
e Tim cuc tri.
e Tim cic gi6i han tai vo cuc, cac gidi han vo cuc va tim tiém can (néu co).
e Lapbang bién thién (Ghi cac két qua tim dugc vao bang bién thién).
B3. Do thi
Duya vao bang bién thién va céc yéu td x4c dinh & trén dé vé do thi.
3.2. Khio sat mét s6 ham da thirc va ham phén thic

3.2.1. Ham s bac ba y =ax’ + bx” +cx +d
a>0 a<20

Phuong trinh y' =0 /

¢6 hai nghiém phan biét A\ / \
V ,
Phuong trinh y' =0
c6 nghiém kép /

T6 Toan Trang 10



Phuong trinh y' =0 ,
v6 nghiém /

Vi du 1: Khdo sat su bién thién va v& d6 thi ham s6 y=x>+3x>—4

Giai
Tap xac dinh: D =
y'=3x2+6x
y =0=3x2+6x=0
x=0=>y=-+4
L:—Zzy:O

lim (X’ +3x*-4)=-o0

xX——o0

lim ( x° + 3x% - 4) =+
Bang bién thién
X -0 -2 0 +00
y’ +0 -0 +

y . /0\4 /v +00

Ham sb dong bién trén (-o0 ;-2 ) va ( 0;+o0)
Ham s6 nghich bién trén (-2; 0)

Ham sb dat cuc dai tai x =-2 ; Yep=0
Ham sb dat cuc tiéu tai x = 0; yer= -4

Bang gia tri:

Trang 11
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ALy TU TRONG

Vi du 2: Khdo sat sy bién thién va vé d6 thi ham s6 y=—x>+3x>—4x+2
Giai
Tap xac dinh: D =

y =-3x* +6x—4
y <0, ¥xeD

limy=+400; limy=-o0 y -

X—>—0 X—>+0

Bang bién thién y oo T————

Diém dic biét: (1; 0); (0; 2) -0

T6 Toan Trang 12



3.2.2. D6 thi ham s6 y = ax+b (c#0,ad—bc =0)
cx+d

D =ad-bc >0 D =ad-bc <0

\
\\
\
\a
\
\
|

X+3
x—1

Vi du 1: Khéo sat su bién thién va v€ do thi cia ham s6 y =

Giai:

Tap x4c dinh: D= \{1}
Su bién thién:

<0 .vx#1

y'=
(x=1)
= ham s6 ludn nghich bién trén (—o0,1);(1,+0)

Ham s0 khong ¢o cuc tri.

. . x+3

lim y = lim =400

xosl* =l x—1

. . x+3

lim y = lim =—o0
=" x—1

x—>1"

Suy ra x=1 1a ti€ém can dung.

limy=1
xX—>o0

Suy ra y=1 la tiém can ngang.

y' -
Yy 1\ +N
Do thi:

T6 Toan - Khoa Khoa hoc co ban
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ALy TU TRONG

4

Vi du 2: Khao sat sy bién thién va v& dd thi ciia ham sb y = ;_ 2);
X —
Giai
Tap xac dinh: D = \{2}
Sy bién thién: y’=L2 >0,Vx #2
(2x - 4)

Suy ra ham s luén dong bién trén (—00,2);(2,+0)
Ham sb khong c6 cyec tri.

) . 1-2x ) . 1-2x

limy = lim = +00; limy = lim = —00

X2t x—=2"2x —4 X2~ x=2" 2Xx—4

Suy ra x=2 1a tiém céan dung.
limy =—-1= y=-11atiém cén ngang.

X—>Fo0
Bang bién thién:
X —00 2 +00
¥ + +
/+oo / 1
y -l —0
DO thi

T6 Toan Trang 14



£(x)=(1-2x)/(2x-4)
f(x)=1

al

30 20 10 10 20

201

4. Sy twong giao ciia cac do thi

Gia st ham s6 y =f(x) c6 d6 thi 1a (C;) va ham sb y = g(x)c6 d6 thi 1a (Cy).
Dé tim hoanh d6 giao diém ciia (C;) va (C,), ta phai giai phuong trinh
f(x)= g(x).

Gia su phuong trinh trén ¢6 cac nghiém 1a x,x,,X,,.... Khi d6, cac giao diém
cua (Cy) va (Cy) la M (x,,f(x()),M;(x;,T(x)),....
Vidu 3:
a) V& d6 thi ham sé y = x° +3x” -2
Giai

b) St dung dd thi bién luan sb nghiém cua phuong trinh: X +3x*-2=m
Giai
S6 nghiém cua phwong trinh bang s6 giao diém cua d6 thi ham sd y = x* +3x* -2 va duong
thang
y =m.
e m > 2: phuong trinh c6 mot nghiém
e m =2 : phuong trinh c6 hai nghiém
e -2<m<2:phuong trinh c6 ba nghiém
e m=-2: phuong trinh c¢6 hai nghi¢m
e m<-2: phuong trinh c6 mot nghi€ém

T6 Toan - Khoa Khoa hoc co ban Trang 15



F Ly TU TR oncG
BAI TAP

Bai 1. Khao sat dd thi ham s béc ba sau:

a) y:2+3x—x3 b) y=—x3+4X2—4x
c) y=x3+X2+9x d) y=2x3+5
Bai 2. Khao sat do thi ham phan thirc sau:
x+3 1-2x —-X+2
VY=o DY o 99
Bai 3. Khao sat do thi ham so6. Tu d6 tim so nghi¢m cua cac phuong trinh sau:
a) x°—-3x2+45=0 b) —2x>+3x2-2=0

c) 2x% —x*=-1
Bai 4. a) Khao sat su bién thién va v& do thi ham s y= X +3x+ I
b) Dua vao do thi ham sd, bién luan vé s6 nghiém ctia phwong trinh sau theo tham s6
m: x> —3x+m=0.

T6 Toan Trang 16



§4. UNG DUNG PAO HAM DE GIAI QUYET MQT SO VAN DE LIEN QUAN
PEN THUC TIEN

1. Ung dung dao ham dé khao sat va vé dd thi ham s6

Vi dao ham va ung dung dé khao sat va vé do thi ham s thuong sé tinh toan gia tri dong
bién, nghich bién, tinh don di¢u ctia ham s6 dé tir d6 dé dang tinh todn dugc bai toan trong
thyuc t€ hi¢u qua.

2. Ung dung ciia dao ham trong kinh té

C6 mét diéu tha vi vé ung dung cua dao ham chinh la duoc ap dung ca trong kinh té, khi
ching ho trg tinh todn toc d§ tang trudng kinh t€ nham dua ra nhiitng quyét dinh dau tu ding
dan.

Vidu 1:

Mot cong ty bat dong san co 50 can ho cho thué. Biét rang néu cho thué mdi can ho véi gia
2 triéu dong/thang thi moi can ho s& c6 ngudi thué va khi ting gia mdi can ho thém 100.000
ddng thi c6 thém 2 can ho bi bo trdng. mudn c6 thu nhap cao nhat, cong ty d6 nén dé gia
thué 1a bao nhiéu?

Giai:

Goi x 1a gia thué thyc t& mdi can ho (x >=2.000.000)

So vé6i gia ban dau thi s6 tién ting thém 13 x — 2.000.000 (d6ng)

Ctr ting 100.000 dong thi c¢6 2 cin ho bi bo trong. vay theo quy tac tam suat

2(x—2.000.000) _ x—2.000.000

Tang x — 2.000.000 s€ c6 cin ho bi bo trong

100.000 50.000

A e A A 1N x—2.000.000 X
So can ho duoc thuéla50 - —— = — + 90

50.000 50.000
2

A LA . A re 7 \ X X

So6 tién thu dugc khi cho thué voi gia x la: (— + 90) X = - + 90x
; 50.000 50.000

Goi F(x) = — x? + 90x 12 ham loi nhuan khi cho thué can ho véi gia x dong.

50.000
Nhu vay bai toan trd thanh bai toan tim GTLN ctia ham s6 f(x ) khi x >= 2.000.000

1

=— x+90
25.000

F'(x):0<:>— 1 x+90=0& x=2.250.000
25.000
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ALy TU TRONG

Bang bién thién:

X 2.000.000 2.250.000 o0
F’(x) + 0 -
F(x) qux

Suy ra F(x) dat gia tri 1on nhét khi x = 2.250.000
Vay cong ty phai cho thué vai gia 2.250.000 dong moi can hé thi duge 1ai 16n nhat.

Vidu 2:

Mot cira hang ban buoi voi gia 50.000 ddng/qua. Vi gia ndy ctra hang ban dugc 40
qua budi. cira hang du dinh giam gid, wdc tinh mdi qua giam 5.000 dong s& ban thém dugc
50 qua. Xéc dinh gia ban dé cira hang thu vé loi nhuén cao nhat, biét rang gia nhap vé cia
mdi qua budi 1a 30.000 dong.

Giai:

Goi x 1a ban thyc té mdi qua budi(30.000<=x <= 50.000)
So vé6i gia ban dau thi s6 tién giam gia 12 50.000 — x (ddng)
Cir giam 5.000 dong thi ban thém dugc 50 qua. vay theo quy tic tam sudt

50(50.000-x) _ 50.000—x

Giam 50.000 — x thi s€ ban thém duoc
5.000 100

50.000—x
100

Sé qua budi ban duoc 12 40 + = ——x + 540
S tién 10i (loi nhuan) thu duoc khi ban voi gia x 1a:

(—Lx + 540) (x — 30.000) = —— x2 + 840x — 16.200.000
100 100

Goi F(x) = — ﬁxz + 840x — 16.200.000 1a ham loi nhuan khi ban 1 qua budi véi gia x
dong.
Nhu vay bai toan tro thanh bai toan tim GTLN cta ham sb f(x ) trén doan

30.000<=x <= 50.000
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Bai toan tro thanh tim GTLN cua

F(x)=— ﬁxl +840x —16.200.000, Pk: 30.000 < x <50.000.
F'(x)= LMY
50

F'(x)=0< —%x +840 =0 < x =42.000
Vi ham F(x) lién tuc trén 30.000 < x <50.000 nén ta co:
F(30.000) =0
F (42.000) =1.440.000
F(50.000) =800.000
Vay véi x =42.000 thi F(x) dat GTLN.
Bai 3: M@} xe khach di tir Viét Tri vé Ha Noi ché téi da duoc 1a 60 hanh khach mét chuyén. Néu

mot chuyén chd duoc m hanh khach thi gia tién cho mdi hanh khach dugc tinh la (30—5;1)

dong. Tinh s6 hanh khéch trén mdi chuyén xe dé nha xe thu duoc lgi nhuan mdi chuyén xe la 16n
nhét.?

dap s6: 40 nguoi

3. Ung dung dao ham trong vit ly

Van toc tirc thoi

Mot chuyén dong thang co phuong trinh biéu dién dudi dang s = s(t) s& dugc xem nhu 1a
mot ham sb c6 dao ham, lic nay van tdc tie thoi s& duge xéac dinh dya trén cong thuc sau:

s(t) — s(t
v(tg) = &' () = tln? (1—t(0) trong d6 néut — tg <> |t — tg| s& c6 d6 chinh xac cang cac
—p — 1
Cudng do tirc thoi ciia dong dién
Dién luong Q truyén trong day dan ciing dwoc xem nhu 1a mot ham so thoi gian cia t hay
Q = Q(t) twong ung voi cuong do trung binh cua mot dong dién dugc xac dinh tai mdc thoi
gian nhat dinh.
Cong thuc tinh cuong do tirc thoi cua dong dién dugc 4p dung dao ham duogc tinh nhu sau:
Q(t) — Q(to)

t— 1y

[t —tolia I = hodc don gidn chi 1a I(tg) = Q' (to)

Gia toc tirc thoi
Trong dao ham cép 2 ta c6 phuong trinh £°(t) thi trong vat 1y d6 chinh 1a gia tdc tirc thoi
ctia chuyén dong s = f(t) tai thoi diém t.
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Cho mét vat chuyén dong dugc biéu dién dudi dang phuong trinh 14 s = s(t). Luc nay, van
tc tie thoi ¢ thoi diém ty s& duoc xac dinh dua trén cong thirc v(ty) = s°(ty).

Cho mét vat chuyén dong dugc biéu dién dudi dang phuong trinh twong tmg nhu dao ham
1a v = v(t). Lic nay, dé dinh gia toc tirc thoi ¢ thoi diém ty s& duoc xac dinh dya trén cong
thuc a(ty) = v’(ty).

Con ddi voi cuong do tirc thoi cua mdt dién lugng cho trudce dugce biéu dién dudi dang
phuong trinh 13 Q = Q(t), thi d¢ tinh tai thoi diém tic thoi t, ta s& ap dung theo cong thire
1a I(ty) = Q’(to).

Vidu 1:

C6 mot xe may chuyén dong duoc biéu dién theo phuong trinh twong tmg cho trude 14 s(t)=
t2 + 6t+ 10. Trong d6 s 13 quang duong di duge (m) va t 1a don vi thoi gian (s). Yéu ciu tinh
van tdc tire thoi ngay thoi diém t = 3.

Huwéng din giai:

Duya vao phuong trinh chuyén dong trén, ta suy ra dugc phuong trinh tinh van tdc ctia xe
twong ung la v(t)=s' (t)=2t+6 (m/s).

= Van tdc tirc thoi ca xe tai thoi diém t= 3 1a: V(3)=2. 3+ 6= 12(m/s)

Vidu 2:

C6 mot vat chuyén dong duoc biéu dién dudi dang phuong trinh cho trude 1a v =4t + 10
(m/s). Yéu cau hay tinh gia toc tirc thoi tai thoi diém chuyén dong twong tng 1a t = 10s?
Huwéng din giai:

Ap dung cong thirc tinh gia toc trong dao ham ctia chuyén dong tuong tng 13 a(t) = v’(t) = 4
(m/s).

Luc nay ta c6 gia tbe cua vat chuyén dong twong tng 14 4m/s — khong thay doi.

Vi du 3:

Cho mét vat di chuyén theo phuong trinh cho trude 1a s(t) = t2 — 40t + 10. Trong d6 t 1a thoi
gian chuyén dong (s), s 13 quing duong di chuyén cta vat (m). Hoi tai thoi diém nao thi vat
s€ dung lai?

Hwéng din giai

Duya theo phuong trinh trén, ta c6 phuong trinh tinh van toc chuyén dong tuong tng 13
v(t)=s' (t)=2t- 40 (m/s).

Khi vat bat dau ding lai c6 nghia van téc tirc thoi s& duoc tinh bang 0. Luc nay ta sé co
phuong trinh twong tng 1a 2t — 40= 0 < t= 20 (s).
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Két luan: sau 20s chuyén dong tir khi khéi hanh thi vat s& ding lai.

BAI TAP
1. Mot xe khach di tir Ha Noi vé Hai Phong cho ti da 60 hanh khach trén mot chuyén di. Néu
mot chuyén xe chd m hanh khach thi gia vé cho mdi hanh khach dugc tinh 1a

5 \ . ~ ,
(30 — Tm)z ddng. Hoi ring mdi chuyén nha xe ché bao nhiéu hanh khach thi thu duoc lgi

nhuén cao nhat?

2. Gia dinh 6ng Thanh nudi tom véi dién tich ao nuéi 1a 100m?. Vu t6m vira qua 6ng nuéi
v6i mat do 1kg/m? tom gidng va san luong khi thu hoach dugc khoang 2 tin tdm. Véi kinh
nghiém nudi tom nhiéu nam 6ng cho biét ctr tha giam di 200gr/m? tom giéng thi thu hoach
dugc 2,2 tan tom. Vay vu t6i ong nén tha bao nhiéu kg tom gidng dé thu hoach san lugng tom
16n nhat? gia st khong c6 dich bénh, hao hut trong qué trinh nuoi.

3. Do giam huyét ap ctia mot bénh nhan duge do boi cong thic G (x) = 0.25x2(30 — x)
Trong d6 x > 0 1a lwong thude can tiém cho bénh nhan (x c6 don vi 1a mg). Dé huyét 4p giam
nhiéu nhat thi can tiém cho bénh nhan mét lidu luong bang bao nhiéu?

4. Sau khi phat hién mot bénh dich, cac chuyén gia y té ude tinh s nguoi nhiém bénh ké tur
ngay xuat hién bénh nhan dau tién dén ngay tha t dugce tinh theo cong thirc

G(t) = 45t% — t3. Néu xem G'(t) 1a tdc d6 truyén bénh (ngudi/ngdy) tai thoi diém t thi tc
d6 truyén bénh 10n nhét s& 1a vao ngay thir bao nhiéu?

5. Cho mot tim nhom hinh vudéng canh 12cm. ngudi ta cat & bon goc ciia hinh vudng bon
hinh vudéng béng nhau, mdi hinh vuéng d6 cé canh la x(cm), roi gép tAm nhom lai dé duogc
md cai hdp khong cod na‘ip. Tim x dé duoc mét cai hop co thé tich 1on nhét?

6. Mdi trang trong mot cudn sach giao khoa can duge trinh bay cac ndi dung trong mot khung
hinh chir nhat c6 dién tich 1a 384cm?. Khung hinh chit nhat nay phai cach 1& trén va dudi

3cm, cach 1@ trai va 1& phai 2cm. hay tinh kich thudc tdi vu cua trang gidy?
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ALy TU TRONG

ON TAP CHUONG I
3% % k3

Bai 1. Tim khoang don di¢u cta cac ham so sau:
a) y=—x3+2x2 -x-7
x—5
b) y=
1-x
Bai 2. Tim cuc dai, cuc ti€u cua ham so sau:

y= x*-2x%+2
Bai 3. Tim tiém dung va tiém can ngang ctia ham sd sau:
_2x+3
v= 2—-x )
Bai 4. Khao sat cac ham so sau:

a) y:—x3 +3x2+9x +2;
b) y=x3 +3x2 +1
Dua vao d6 thi ham s, bién luan s nghiém ctia phwong trinh sau:

430 +1= 2
2

Bai 5. Trong tat ca cac hinh chir nhat c6 chu vi béng 16¢m thi hinh chir nhat c6 dién tich 16n
nhat bang bao nhiéu?

Bai 6. khi nuo6i c4 thi nghi€ém trong mdt cai hd, cac nha khoa hoc da nhan théiy réng: néu trén
mdi don vi dién tich ctiia mat hd ¢6 n con cé thi trung binh mdi con dén thoi diém thu hoach
s€ ¢6 can nang la P(n) = 480 — 20n (g). Hoi phai tha bao nhiéu con ca trén mot don vi di¢n

tich mat hd dé sau mot vu thu hoach dugc nhiéu san luong ca nhat?
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CHUONG II: NGUYEN HAM. TiCH PHAN
Trong chwong nay, chung ta sé tim hiéu nhitrng van dé sau: Nguyén ham, nguyén ham cua
mot s6 ham so so cdp, tich phan, wng dung hinh hoc cua tich phan.

BAI 1. NGUYEN HAM. BANG NGUYEN HAM

CUA MOT SO HAM SO CAP

1. Nguyén ham va tinh chat
1.1. Nguyén ham
Pinh nghia: Cho ham sd f(x) xac dinh trén K. Ham s6 F(x) dugc goi 1a nguyén ham cia
ham s6 f(x) trén K néu F'(x) = f(x) véi moi x € K.
Vidu 1:
a) Ham s6 F(x) = x? 1a mot nguyén ham cta ham s f(x) = 2x trén khoang (—oo; +00)
viF'(x) = (x2)' = 2x; Vx € (—o0; +00).
b) Ham s6 F(x) = Inx 1a mdt nguyén ham ctia ham sé f(x) = itrén khoang (0; +o) vi
F'(x) = (Inx)’ = =; Vx € (0; +o0).
Néu F(x) 1a mot nguyén ham ctia ham s6 f(x) trén K thi F(x) + C, C € R 1a ho tat ca cac
nguyén ham cua f(x) trén K. Ki hiéu

f f(x)dx = F(x) + C

Chii y: Biéu thic f(x)dx chinh 1a vi phan ciia nguyén ham F(x) cia f(x)
(VidF(x) = F'(x)dx = f(x)dx)
Vidu 2:
a) VOix€ (—oo; +); [2xdx =x%2+C;
b) Véix e (0; +0); [dx = Inx +C;
c) Voix € (—o; +); [cosxdx = sinx + C
1.2. Tinh chit ciia nguyén ham

1) [f(x)'dx = f(x) + C;
2) [kf(x)dx = k [ f(x)dx; k I3 hing s6 khéc 0;
3) [If(x) + g(]dx = [ f(x) dx £ [ g(x) dx

Vi du 3:
1) f(cosx)'dx = [(—sinx) dx = cosx + C
2) Voi x € (0; +») tacod

3 1
f(Ssinx+;)dx= 5fsinxdx+3f;dx= —5cosx + 3lnx + C

1.3. Su ton tai nguyén ham
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Moi ham s6 f(x) lién tyc trén K déu c6 nguyén ham trén K .
Vi du 4:
2 2
a) Ham s6 f(x) = x3 c¢6 nguyén ham trén khoang (0; +o0) va
2 5
[ x3dx = gxi +C
1

b) Ham s6 g(x) = —— c6 nguyén ham trén timg khoang (km; (k + 1)m); (k € Z) va

sin2x

[——dx = —cotx + C

sin?x

1.4. Bang nguyén ham ctia mot s6 ham s6 thuong gip

dex=C faxdx=%+C; (a>0;a#1)
fdx=x+C fcosxdx=sinx+C
Xn+1
fx“dx= +C; (n# —1) fsinxdx=—cosx+C
n+1
1 1
f—dx=ln|x|+C f ——dx = tanx + C
X CcOS?x
1
fexdx=eX+C f — dx = —cotx + C
sin?x

2. Phuwong phap tinh nguyén ham

2.1. Phwong phap doi bién so

Dinhlil:

Néu [ f(u) du = F(u) + Cva u = u(x) 1a ham s6 c6 dao ham lién tuc thi

f f(u(x)). u'(x)dx = F(u(x)) + C.

% Hé qua. Véiu=ax+b(a#0),tacd

1
ff(ax+b)dx=5F(ax+b)+C

Vidu 5: Tinh [ sin (3x — 1) dx
Vi
[ sinudx = —cosu + C nén theo hé qua ta c6
1
f sin(3x—1)dx = —§cos(3x— 1)+C
2.2. Phwong phap tinh nguyén ham tirng phin
Dinh li 2:

Néu hai ham s6 u = u(x)va v = v(x) c6 dao ham lién tuc trén K thi
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fu(x).v’(x)dx =ux)v(x) — f u' (x)v(x)dx.

* Chiy:
Vi u'(x)dx = du; v'(x)dx = dv; nén dang thic trén con duge viét dudi dang:

fudv=uv—fvdv

Day la cong thirc tinh nguyén ham timg phan.

3. Bai tap ap dung
Vidu 6: Tinh I = [ cosx sin®xdx
Giai
bat t = sinx & dt = cosxdx
Khi do

1 1
[ = fcosxsin3xdx= ft3 dt=Zt4+C ==Zsin4x+C

Vi du 7: Tinh céc tich phan sau

a) [ xe*dx b) [xcosxdx ¢) [lnxdx
Giai
a) [ = [ xe¥dx
< u=x du = dx
bat {dv = e¥dx { v = ¥

Do d6 I = [ xe*dx = xe* — [ eXdu = xe* — e* + C
b) I = [ xcosxdx

u=x du =dx
bat = )

dv = cosxd.x vV = sinx

[ = fxcosxdx = xsinx — f sinx dx = xsinx + cosx + C.

¢) I = [Inxdx

. u = Inx du = l dx

bat = X
dv =dx o
VvV —=—X

[=[Inxdx =xInx — [dx = xInx —x + C

BAI TAP
1. Tim nguyén ham cta cac ham sd sau
x+vVx+1 2x—1
a) f(x) = 3—&; b) f(x) = eX
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o) f(x) = ———; d) f(x) = sin5x.cos3x
sin?xcos?x
() = () = &
) = T D=5’ DI = &9
2. St dung phuong phap d6i bién, hiy tinh
a) f(S —x)10dx; b) fx(l + x2)20%dx
) f 2¢. sinxd d) f dx
) | cos®x.sinxdx; _
X STAERS eX+e X+ 2
3. St dung phuong phép tinh nguyén ham tirg phan, hiy tinh:
a) f xsin?xdx ; b) f x?sinxdx
X
C) f 7dX; d) f(Xz + 2x — 1)eXdX
sin?x
e) f xIn(x + 1)dx; f) fx sin (2x + 1)dx
2) f(l — x)cosxdx ; h) fxsinxdx

BAI 2. TICH PHAN. UNG DUNG HINH HQC CUA TiCH PHAN
1. Khai nién tich phan
1.1. Dién tich hinh thang cong
Cho ham s6 y = f(x) lién tuc, khong doi dau trén doan [a; b]. Hinh phang gi6i han boi do
thi cua ham s6 y = f(x), truc hoanh va hai duong thang x = a; x = b dugc goi 1a hinh
thang cong ( H. 1a)

O 16p dudi, ta da biét cécp tinh dién tich hinh chir nhat, hinh tam giéc. Bay gio, ta

x€t bai todn tinh dién tich hinh phang D gidi han béi mot duong cong kin bat ki ( H. 1b).

y A
//\
5 R
0 a v
a) b)
Hinh 1
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Bang cach ké cac duong thang song song voi cac truc toa do, ta chia D thanh nhiing
hinh nho 1a nhitng hinh thang cong (H.1a). Bai todn trén dugc dua vé tinh dién tich ctia hinh
thang cong.

Bai toan tim dién tich hinh thang cong bat ki:
Cho hinh thang cong gi6i han boi cac duong théng x =a; X =b; (a<b), truc
hoanh va duong cong y = f(x), trong d6 f(x) 1a ham s6 lién tuc, khong &m trén doan [a; b].
Véimdi x € [a; b]. Ki hi¢u S(x) la dién tich cua phan hinh thang cong d6 nam giira
hai duong thang vudng goc voi Ox lan lugt tai a va x ( H.2).
Ta ching minh dugc S(x) 1a mot nguyén ham cua f(x) trén doan [a; b].
Gia sir F(x) 1a mot nguyén ham cua f(x) thi c6 mot hang sé C sao cho S(x) = F(x) + C.
ViS(a) = 0 nén F(a) + C = 0 hay C = —F(a).
Vay S(x) = F(x) — F(a).
Thay x = b vao dang thirc trén, ta c6 dién tich cta hinh thang can tim la
S(b) = F(b) — F(a).

y N
y=f(x) _
3
S(x)
s a X b :x
Hinh 2

1.2. Pinh nghia tich phin
Cho f(x) 12 ham s6 lién tuc trén doan [a; b]. Gia sir F(x) 12 mot nguyén ham cia f(x) trén
doan [a; b].
Hiéu s6 F(b)-F(a) ,du()’c goi 14 tich phén tir a dén b (hay tich phan xac dinh trén doan
[a; b]) chia ham sb f(x).

b
[ 9 ax = FeIE = F) - F@

Ta goi a 1a can dudi, b 1a can trén, f(x)dx 14 biéu thirc du6i ddu tich phan va f(x) 1a ham
s0 dudi dau tich phan.

Chu y:
Truong hop a=b hodc a > b, ta quy udc

a b a
aff(x) dx = 0; aff(x) dx = —bff(x) dx

Vidu 1:
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3
1 1 26
fXZdX=§X3|% =§(33 — 13) =?
1
e

f%dt=1nt|‘f=1ne—ln1= 1-0=1.
1
Nhén xét:
a) Tich phan ciia ham 6 f tir a dén b c6 thé ki higu béi [ f(x) dx hay [ f(t)dt. Tich phan d6
chi phu thudc vao f va cac can a; b ma khong phy thuge vao bién s6 x hay t.
b) Y nghia hinh hoc cua tich phan: Néu ham so f(x) lién tuc va khong am trén doan [a;b],
thi tich phan fab f(x) 1a dién tich S ctia hinh thang cong gidi han béi d6 thi ciia f(x), truc Ox va
hai duong thang x = a; x = b (H.1a). Vay

b
S= ff(x) dx

2. Tinh chit ciia tich phin

b b
1) f kf(x) dx = k f f(x) dx; k 1a hing s6
a a

b

b b
2) f(f(x) + g(x))dx = f f(x) dx + f g(x) dx

a

3) fbf(x) dx = ff(x) dx+ff(x)dx.

Vi du 2: Tinh f02(4x3 —2x+ 5)dx
Giai
2 2 2 2

f(4x3 —2x+5)dx = 4fx3 dx — 2[xdx+ 5fdx = &M - EH)E+5)|3 =22

0 0 0 0
3. Phuwong phap tinh tich phan
3.1. Phuwong phap doéi bién
Pinh li. Cho ham s6 f(x) lién tuc trén doan [a; b]. Gia sir ham s6 x = @(t) c6 dao ham lién
tuc trén doan [a; 8] sao cho @(a) = a; @(B) =bvaa < @(t) < b vdéimoit € [a; B]. Khi
do

b B
f f(x) dx = f f(((). @' (v dt
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Viduy 3: Tinh 2 sin®xcosx dx
Giai
bat u = sinx. Ta cé u’ = cosx.
Khi x = 0 thi u(0) = 0, khi x = Zthiu(%) = 1.
2 2
Vay

1

— i3

1 1
sin?xcosx dx = f u?du = §u3|% =3

0 0.
3.2.  Phuong phap tinh tich phén tirng phan
Pinh li. Néu u=u(x) va v=v(x) 1a hai ham s6 c6 dao ham lién tyc trén doan [a; b] thi
b b

[ w60 veoax = @eveIE - [ weo veoax

a a
b

b
hay fudv=uv|2—fvdu
a

a

Vi du 4: Tinh

I=flnxdx
1
Giai
- u = Inx du=ldx
bat
e {dv=dx(_){ V=XX

Ta co
e e
I=flnxdx=xlnx|§'—fdx=elne—11n1—x|§’=e—e+1=1
1 1

4. Bai tap ap dung
Bai 1: Tinh
1 x
fO mdx
Giai
Patu=1+x?tacou =2xu(0) = 1;u(1l) = 2 nén
2

1

f X d_1f1d_112_ 1(1 1)_3
(1 +x2)3 *T2)w M T Tl T 16

0 1

REACY 16
Bai 2: Tinh Jg xsinx dx

o u =X du = dx

bat {dv = sinxdx = {

Do do

TC

2
T

T T
xsinx dx = (—Xcosx)lg + f cosxdx = (—XCOSX)|§ + (sinx)lg =0+1=1.

0

e Iz
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Bai 3: Tinh [ = [ xcosxdx

Giai
Pit u=x . du=dx
dv=cosxdx v=sinx
T T
2 2

n T I T
[ = fxcosxdx = (xsinx)|? — f sinx dx = (xsinx)|Z + (cosx)|? = 5~ 1

0 0

5. Tinh dién tich hinh phing
5.1. Hinh phing giéi han béi mot dwong cong va truc hoanh
Dién tich S ciia hinh phang gi6i han boi do thi ctia ham s6 f(x) lién tuc, truc hoanh va hai
duong thang x = a; x = b (H. 4) dugc tinh bdi cong thirc

y N\

S = flf(x)ldx 4

Hinh 3

5.2. Hinh phing gi¢i han béi hai dwong cong
Cho hai duong cong f(x) va g(x) lién tuc trén doan [a; b]. Goi D 1 hinh phang gi6i han

bdi d6 thi cua hai ham s6 d6 va cac dudng thiang x = a; x = b (H. 5) dugc tinh boi cong
thurc.

y

b

- f ) — gl dx  (#)

a
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Hinh 4

Chii y: Khi 4p dung cong thirc (*), can khir ddu gia trj tuyét d6i ctia ham sé dudi dau tich
phan. Mudn vay, ta giai phuong trinh f(x) — g(x) = 0 trén doan [a, b].
Gia sir phuong trinh ¢ hai nghiém ¢; d (c < d). Khi d9, f(x) — g(x) khong ddi dau trén
cac doan [a; c]; [c; d]; [d; b]. Trén mdi doan d6, chang han trén doan [a; ], ta co
C

f [f(x) — g()] dx

a

f ) — gl dx =

Vi du 1: Tinh dién tich hinh phiang dugc gidi han boi do thi cia ham sé y = x3, truc hoanh
va hai duong thang x = —1; x = 2 ( H.6)

Giai
¥y
2 0 2
S = f|X3|dX= f(—x)3dx+fx3dx
1 1 0
° x4 17
= —_-— + — e -7
4 4 4 >
-1 0 e 2 x
Hinh 5

Vi du 2: Tinh dién tich hinh phang gii han boi d6 thi ciia cic ham sé:y = x?- x- 4 va
y =x-1.
Giai
Ta c6: hoanh d6 giao diém cta hai dd thilax? - x- 4 = x- 1
SxX-x-4-x+1=0=x>-2x—-3=0 [sz—_31

Vay dién tich can tim 1a:
3
S = flxz—Zx—Bldx
-1

Dox?—-2x—3<0; Vx€[-1;3]
Suy ra

3 3
3
S = flx2 —2x—3|dx=S= f(—x2 +2x+3)dx = <—X?+X2 +3X>
-1 -1
6. Tinh thé tich
6.1. Thé tich ciia vat thé
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Vit thé gidi han boi mot mit cong va hai mat phang x = a; x = b; a<b, S(x) 1a dién
tich cua thiét dién ciia vat thé trén mot mit phang vudng goc véi 0x.S(x) lién tuc
trén [a; b].

Thé tich vat thé 1a

b
V= f S(x) dx
a
6.2. Thé tich ciia khdi chép va khoi chép cut
* Thé tich cta khéi chop 1a:
Bh
=3

Vi khéi chop c6 chiéu cao bang h va dién tich day bang B.
* Thé tich cta khéi chop cut la:

h
V=2(B+VBB +B)

Vi khoi chop cut tao boi khoi chop dinh S ¢6 dién tich hai day lan lugt 1a B; B’ va ¢6
chiéu cao bang h.
7. Thé tich khdi tron xoay
7.1. Thé tich khdi tron xoay quay quanh truc ox
Thé tich khdi tron xoay do hinh phang gi6i han boiy = f(x) (C);x=a;x=b,y=0;
(a <b), quay quanh Ox

b
V=1Tff2(x)dx
a

[
»

X

v = f(x
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Hinh 6

7.2. Thé tich khdi tron xoay khi quay quanh Oy.

Thé tich khdi tron xoay sinh ra do hinh phang gii han boi cac dudong x = g(y), truc
Oy,y = a,y = b(a < b) quay quanh Oy la:

b
V=nL x? (y)dy

\

Hinh 7

8. Bai tap ap dung
Bai 1: Tinh dién tich hinh phang giéi han bai hai dudng congy = x> —x va y = x — x2.
Giai
Tacod: f(x) —gx) = (x3 —x) — (x —x2) =x3 + x? — 2x
fx) —gx) =0 x3+x2-2x=0S%x, = -2; X, = 0;x3 = 1.
Vay dién tich hinh phang d cho la:

1
S = f|X3+X2—2X|dX

-2

0 1
= f(x3+xz—2x)dx+ f(x3+xz—2x)dx
2 0
<X_4+§_X2>0 <§+X_3_X2>1 =4 —=—
4 3 ., 4 3 0 3 12 12

Bai 2: Tinh thé tich vat thé tron xoay do phan dudng tron (C): x? + y? = R? tam O khi quay
xung quanh truc Ox.

_ 8 5 37

+
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Giai
Khi (C) quay quanh Ox ta c6 mit cau, thé tich khéi cau 1a
R , R AR 2
V=T[f(\/R2—X2) dx = f(RZ—XZ)dX=ﬂ RZX—? =§1TR3
-R -R -R
BAI TAP
1. Tinh cac tich phan sau:
: 2
a) f(x& +2x% 4+ 5) dx b) f Y1 —x)2dx;
0 1
LS
2 2
f . d d f in’x dx;
C) XD X ) sin“x dx;
1 0
2
T 2
e) f sin2xcos?x dx b) f(x% + x5Vx + 7x) dx;
0 0
2. St dung phuong phap d6i bién, hiy tinh
1 1
f = _d b) I= f s
R ACETOER ) 1= )
0 0
n
2 2
2X
c) f sin?x. cosxdx d) f dx;
x2+1
0 0
T
2 e
In?x
e) f sinx. cos?x dx b) dex;
0 1
3. St dung phuong phap tinh tich phan timg phan, hay tinh
2 e
a) f(x + 1)sinx dx b) flenx dx;
0 1
n
T 2
o) I= fx(l + cosx)dx d) f(ZX — 3)sinx dx;
1 0
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e) f In (1 +x)dx b) f(x2 —2x— 1) e7*dx;

4. Tinh dién tich hinh phang gi6i han béi cac duong

a) y=x%y=x+2;

b)y = [Inx|;

o)y =(x—6)% y=6x—x%
5. Tinh dién tich hinh phang giéi han boi duong cong y = x? + 1, tiép tuyén v6i duong nay
tai diém M(2; 5) va truc Oy.

6. Tinh thé tich khéi tron xoay do hinh phang giéi han boi cac dudng sau khi quay xung quanh
truc Ox:

a)y=1—-x%y=0;
b)y=cosx;y=0;x=0;x=T;
T

c)y—tanxy—OX—OX—Z

T6 Toan - Khoa Khoa hoc co ban Trang 35



COLLEGE

ON TAP CHUONG II

1. Cho ham s6 f(x)=2x+e". Nguyén ham F(x) cia ham s6 f (x) trén & sao cho
F(0)=2023 la:

A. X% +e" +2023. B.X+¢'+C.
C.P 2 +¢e +2022. D. ¥ +¢'.
p)
2. Biét F(x) =x" la mdt nguyén ham cia ham s6 f(x) trén 2. Gid tri clia I[Z + f(x)]dx
béng: 1

a2 B. 7. C.9. D. %

4
1 |
3. Biét [[f(x)+2x]dx = 2. Khi d6, [ f(x)dx bling:
0 0

Al B. 4. i D. 0.

4. Tim:
a) [2x(x'-x+2)dv;  b) I(2x+-]7Jdt; ¢) [(3+2tan’x)dx;
X

d) [(1-3cot” x)dx; e) [sinx+2")de: @) [(2.6* —¢*)dx.
5. a) Cho ham s6 f(x) = x* + ¢™*. Tim nguyén ham F(x) ctia him s& f(x) trén R sao cho
F(0)=2023.
b) Cho ham sé g(x) = 1 (x > 0). Tim nguyén ham G(x) ctia ham sd g(x) trén khoing
x

(0 ; + o0) sao cho G(1)=2 023.

6. Tinh:
| 2 5 4
a) I (x+ 2)3dx; b) I—,dt; c) J.sz/;(h‘;
1 X I
0 - 2 1 L 91
d) | 27 “dx: e) |2*.3*" 'dx: g) dx.
:[1 g {II“
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3
7 Tich phin | ! dx 66 gikitri bing:
5 X°

Kz B, ~% R LN
6 6 648 648

5

8 Tich phin Isin.rd.r ¢6 gid tri bing:

n
7
S it W L
A. sin—-sin—. B. sin——sin—.
g 7 5
T T T T
C. cos——cos—. D. cos——-cos—.
5 7 7 5

|
- i
9  Tich phin I = ITdr ¢6 gid tri biing:
0 -

A.—L. B. — C.-1 D, 1.

1
In3 In3’

10 Cho | f(x)dx =—10, F(x) la mdt nguyén ham ctia ham s6 f(x) trén doan [- 2 ; 3],

Sy 1

-

F(3)=-8. Tinh F(=2).
11 Tinh:
| 2 l 4 l
a) (.t6 —4x% +3x* )dx; b) dx; c) dx
/ e T
3 3 X
d)](4sinx+3cos.r)dr: e) ICOtz_\‘d\'; g) |tan’xdx;
0 b ¢ 1]
4
0 af 1
h) Ie""dx; 1) Ie"'dt; k) I(3.4"—5e")dt
1 2 0
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12 Hinh thang cong ABCD & Hinh 28 c6 dién tich biing:

A.I i-x-i-} X, B.I i+x+3 2
1% X
4/

(i—x—.'%}h‘. D. I(i+.t+3}h'_
X A€

13 Thé tich khéi tron xoay tao thanh khi cho hinh phing gidi han bdi @b thi ham

C.

s L4

Hinh 28

s6 f(x)= Jx, truc hoanh va hai duding thiing x = 0, x = 2 quay quanh truc Ox la:
2

A. nj).\/;dr. B. n:j;xdr. e j;\/:dx D. E[xdx.
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13 Cho dd thi ham sG v = ¢' va hinh phfmg dugc to
mau nhu Hinh 29.

a) Hinh phiing d6 dudc gidi han bdi cdc duding niao?
b) Tinh dién tich hinh phing dé.

ny

Hinh 29
o o 1Y
14 Cho d0 thj cic ham s6 y = [i) ,¥y=x+ 1 vi hinh
phiing dudgc 16 mau nhu Hinh 30.
a) Hinh phiing d6 dugc gidi han bdi cdc dudng nao?
b) Tinh dién tich hinh phing d6.

15 Cho d6 thi him s6 y = k va khéi tron xoay nhu
Hinh 31. »
a) Hinh phiing dugc gidi han bdi cde duding nio dé
khi quay quanh true Ox ta dugc khéi tron xoay nhu
Hinh 317
b) Tinh thé tich khéi tron xoay d6.

Hinh 31

16 Cho dd thi ham s& y = f(r) nhu Hinh 32.

a) Tinh dién tich hinh phing gidi han bdi d6 thi
ham s6 y = (1), truc Ot va hai dudng thing 1 = 0,
r=2.

VA

|
b) Hoi [ £(u)du biéu thj cho phin dién tich ciia
0

hinh phing gidi han bdi cic dudng nido trong
Hinh 327

Hinh 32
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CHUONG III: PHUONG PHAP TOA PQ TRONG KHONG GIAN

Muc tiéu
Sau khi nghién ciru xong chwong nay, hoc sinh c6 thé:

- Hoc sinh ndam dwge cdc kién thirc co ban vé phirong trinh mdt phang; phiwong trinh dwong
thang trong khong gian; ‘ 7 7
- Trinh bay dwoc cdc cong thuc vé phuong trinh mat phang,; phuong trinh dwong thang
trong khong gian,
- M6 ta dwoe dang hinh hoc ciia phirong trinh mdt phang va phwong trinh dwong thang trong
khong gian;
- Ap dung va giai dwgc cac bai tgp vé Hoc sinh nam dwoc cdc kién thire co ban vé phwong
trinh mat phang; phuwong trinh duong thang trong khong gian,

§1. TOA PQ CUA VECTO POI VOI MOT HE TRUC TOA PO.
BIEU THU'C TOA PQ CUA CAC PHEP TOAN VECTO

1. Toa d¢ ciia diem va cia vecto

1.1. HE toa d¢
Hé toa d6 Pé—cac vudng goc trong khong gian 13 hé gom 3 truc x'Ox, y'Oy, z'Oz vudng goc
v6i nhau ting d61 mot, voi cac vectodonvi i, j, k.

vy

i2=j2=k2=1
ij=jk=ki=0

e Toa d§ cia mot diem

M(x;y; z) ©OM =xi +yj +7k

Vi du 1: Xac dinh cac diém M(0;0;0), A(0; 1; 2), B(1; 0; 2), C(1; 2; 0) trong khong gian
Oxyz.

T6 Toan Trang 40



1.2. Toa do cia vecto
a=(a;;aya3) ©a=ajl+ayj+ak
ENhain xét
* M(x;y;2) & OM = (X;y;2)
e Toa d¢ cua cac vecto don vi: i =(1;0;0), j = (0;1;0),k = (0;0;1)
eVéc to- Khong: 0=(0;0;0)
Vi du 2: Trong KG Oxyz, cho hinh hop chir nhat ABCD.A'B'C'D’ c6 dinh A trung véi O,
cac vecto AB,AD, AA’ theo thit tw cung hudng voi i, j,k va AB =a, AD =b, AA’ = c. Tinh
toa d6 cac vecto AB,AC,AC’, AM, véi M 1a trung diém cua canh C'D’.

A D
Bf———7
|
. D
Apl-—_L D,
B/,go b y
X c

2. Biéu thirc toa dd ciia cac phép toan vecto

Dinh li: Trong KG Oxyz, choa = (a;5045505), b =(b;;0y5b5). Khi do:
i) a+b=(a +b;a,+Dby;ay+Dby)
ii) a—b=(a;—b;;a,—by;ay—Dby)

iii) ka=k(a;;a,;ay) = (ka;;ka,;kay)

(ke )
H¢ qua
a1=b1
u=b a2=b2
a3=b3
o JVoib#0

a,b cung phuong

aQ, =kb1
s 3dke azzkb2
a, =kb3

o Cho A(Xx,;y,:z,):B(X;3Y,:2,)

AB=(Xp=X,3¥p = Ya32p —24)

2 2

, X, +X + +
M la trung diém cia doan AB: M( A2 B'yAzyB'ZAZZBj
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3. Tich vo hwéng

3.1. Biéu thirc toa do ciia tich vd hwéong

Dinh li: Trong khong gian Oxyz, cho:a =(a;;a,;a;), b=(b;;b,;bs).
a.b = albl + azbz + a3b3

3.2.Ung dung

a) Do dai ctia mot vecto: |al=4/af +a3 +a3

b) Khoang cach giira hai diém: AB:\/(XB —xA)2 +(yp —yA)2 +(zg —zA)2

¢) Goc gitra hai vecto

dlbl T d2b2 T d3b3

cos(a,b) =
( )\/2 2 2\/b2b2b2
a1+a2+a3. l+ 2+ 3

T dosuyra a L b ab; +ab, +a3b; =0
Vi du 3: Trong KG Oxyz, cho A(1;1;1), B(-1;2;3), C(0;4;-2).
a) Tim toa d6 cac vecto AB, AC, BC, AM (M la trung diém ctia BC).
b) Tim toa d0 cua vecto AC+3AB, AB—-2AC;

¢) Tinh céc tich vo huéng AB.AC, AB.(2AC)
BAI TAP

Bai 1: Cho ba vecto a =(2;-5;3),b=(0;2;-1),c =(1;7;2).
a) Tinh toa d§ cuia vecto d =4a— %b +3c;

b) Tinh toa dd ctia vecto e=a—4b—2c.
Bai 2: Cho ba diém A = (1;-1; 1), B=(0; 1; 2), C=(1; 0; 1).
Tim toa do trong tdim G cua tam giac ABC.
Bai 3: Cho hinh hop ABCD.ABCD' biét A = (1; 0; 1), B =(2; 1; 2), D = (1; -1; 1),
C =(45;,-5).
Tinh toa do con lai cua hinh hop.
Bai 4: Tinh

a) a.b voi a=(3;0;-6), b=(2;-4;0); b) cd voi c=(1;-5;2), d =(4;3;-5).
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BAI 2. PHUONG TRINH MAT PHANG
1. Vecto phap tuyén ciia mit phang
1.1. Pinh nghia: Cho mp (P). Néu vecto n # 0 va c6 gia vudng goc v6i (P) thi n dgl vecto
phap tuyen cua (P).

n

b/

Chii y: Néu n 12 VTPT cua (P) thi kn (k # 0) cing 1a VTPT cua (P).

a, a4,
b, b,

a; 4
b,

)
b b,

bs

9

Vecto n xac dinh n :[

} dgl tich c6 hwdéng (hay tich vecto) cua hai

vecto a va b . Kihi¢u: n=[a,b] hoic n=anb.

1.2. Nhan xét:
e Tich c6 hudng cua hai vecto cling 1a mot vecto.
e Cap vecto a, b ¢ trén dgl cap VTCP cua (P).
Vi du 1: Tim mot VTPT ctia mat phang:
a) Qua A(2;-1; 3), B(4; 0; 1), C(-10; 5; 3).
b) Qua A(2; 0; 0), B(0; 2; 0), C(0; 0; 2).
Giai
a) AB=(2;1;-2); AC =(-12;6;0); BC =(—14;5;2)
— [ AB,AC |=[ AB,BC | = (12;24;24) = (1;2;2).
b) AB =(-2;2;0); AC =(-2;0;2); BC =(-2;2;0)
[ 4B,AC|=[ 4B,BC|=(12;24;24)
2. Phwong trinh tong quat ciia mét phiang
2.1. Pinh nghia: Phuong trinh Ax+By+Cz+ D=0, trong d6 4>+ B’ +C* =0, dugc goi 1a
phwong trinh tong quat ciia mit phang.
* Nhén xét:
a) (P): Ax+By+Cz+D=0= (P)co 1 VIPT la n=(4;B;C).
b) PT cua (P) qua M,(x,;y,;z,) va cO VIPT n=(4;B;C) 1a: A(x—x,)+B(y~-y,)+C(z~2z,)=0.
Vi du 2: Hay tim mot vecto phap tuyén ctia mit phang (o ): 4x —2y - 62+ 7 =0.
Vi du 3: Lap phuong trinh tong quat ctia mit phang (MNP) véi M(1; 1; 1), N(4; 3; 2),
P(5; 2; 1).
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Giai
Ta c6: MN =(3;2;1); MP = (4;1,0).
Goi n = MN AMP =(-1;4;-5).
Phuong trinh mat phang (MNP) di qua M(1; 1; 1) va c6 vecto phap tuyén n = (~1;4;-5) la: -
1(x-1) +4(y-1)-5(z-1) =0 @ -x +4y -5z + 2 =0
2.2. Cac truong hgp riéng
a) D=0« (P)diquaO.

b)A =0 |:(P)DOX
(P) Ox

c)A=B=O<:>[(P) (O

(P)=(Oxy)

Ax + Cz + D =0 Ax + By + D =0

Cz+ D=0 Ax + D =0

Nhan xét: Néu cac hé sd A, B, C, D déu khac 0 thi c¢6 thé dua phuong trinh cuia (P) vé dang:
—+=+==1 (2)

3. Piéu kién dé hai mit phing song song, vuéng géc
3.1. Piéu ki¢n dé hai mit phing song song
Trong KG cho 2 mp (P,), (P,):
(B):Ax+By+Cz+D, =0

(P):4x+B,y+Cyz+D, =0
*(R) (B)
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{(Al;Bl;C1)=k(A2;BZ;C2)
D, # kD,
* (R)=(h)
@{le;:B]l;D?)=k(Az;Bz;C2)
o (P)) cit (Py)
& (4;;B,;C) #k(4,;B,;C,)
Vi du 4: Cho hai mp (P,) va (P,):
(P1): x—my+4z+m=0
(P2): x-2y+(m+2)z-4=0
Tim m dé (P,) va (P,):
a) song song
b) trung nhau
¢) cit nhau.
Vi du 5: Viét PT mp (P) di qua diém M(1; —2; 3) va song song véi mp (Q): 2x—3y+z+5=0.
Giai
Vi (P) // (Q) nén (P) c6 VIPT n=(2;-3;1).
= (P): 2(x-1)-3(y+2)+1(z-3)=0
& 2x-3y+z-11=0.
3.2. Piéu kién dé hai mit phang vudng goc
PY)L(P)=44,+BB,+CC,=0

G2

Vi du 6: Xac dinh m dé hai mp sau vudng goc véi nhau:
(P): 2x-7y+mz+2=0
(Q): 3x+y-2z+15=0
Giai

1
(R) L(R)= 44, +BB,+C(C,=0= m= T

Vi du 7: Viét phuong trinh mp (P) di qua hai diém A(3; 1; —1), B(2; —1; 4) va vudng goc véi
mp (Q): 2x—y+3z-1=0.

Giai
(P) c6 cap VTCP la:
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AB =(~1,-2;5) VA n, =(2-1:3); n, =| 4B,n, |=(-1;13;5)
= (P): x-13y-5z+5=0.
4. Khoing cach tir mgt diém dén mot mit phang
DPinh li: Trong KG Oxyz, cho (P): Ax+By+Cz+D=0 va diém M (x5 052,) -

|AX +By, +Cz +D|
d(M; (P)) = —————=
’ JA?+B*+C?
M,
] p7

/M,| |

Vi du 8: Tinh khoang cach tir diém M dén mp(P):
a) M(1; -2; 13) ; (P): 2x-2y-2z+3=0 b) M(2; -3; 5); (P): 2x—y+2z-6=0
c) M(1; —4; -2); (P): x+y+5z-14=0 d) M(3; 1; -2); (P) = (Oxy)
Giai

Q) dVL(P) =33 b) dM(P) =
©) d(M,(P))=+27; d) d(M,(P))=2
Vi du 9: Tinh khoang céch gitra hai mp song song (P) va (Q):

a) (P): x+2y+2z+11=0; (Q): x+2y+2z+2=0

b) (P): 4x—y+8z+1=0; (Q): 4x—y+8z+5=0

Giai
Bang khoang cach tir 1 diém trén mp nay dén mp kia.
a) Lay M(0; 0; —1) € (Q).
d((P),(Q)=d(M,(P)) =3

b) Lay M(0; 1; 0) € (P)

d((P).(0)) = d(M () = g

Vi du 10: Viét pt mat cau (S) c6 tam I va tiép xuc véi mp (P):

a) {1 (3,-5,-2) b) {1 (1;4,7)
(P):2x—y-3z+1=0 (P):6x+6y—-T7z+42=0
Giai
R =d(1,(P)

a) (x=3 > +(y+5) +(z+2) :g

b) (-1 + -4 + -7 <[ 2

Vi du 11: Viét phuong trinh mit phang (P) tiép xtic v&i mit cau (S) tai M:
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2) ($):(x=3+(y-1yY +(z+2)" =24 b) (S):(x=1 +(y+3)* +(z-2)" =49
M (-1;3;0) M(7;-1;5)
Giai
Taco: n=IM
a) (P): -4(x+1)+2(y-3)+2z=0
b) (P):6(x=7)+2(y+1)+3(z=5)=0
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iy TUu TRONG

OLLIEGE

VI. MOT $6 UNG DUNG CUA PHUONG TRINH MAT PHANG TRONG
THUC TIEN

Phuong trinh mét phing c6 nhiéu ting dung trong thuc tién nhu trong thiét k& xdy dung,
tinh todn céc yéu td ki thudt, ... Ta sé tim hiéu qua mot s6 vi du sau day.

Vidul5 Hinh 17 minh hoa B(10:20:; 10)
hinh anh hai mdi nha cia mot
nha kho trong khong gian véi hé
toa d6 Oxyz (don vi trén mdi truc
toa dd la mét). Cac buc nidng
cuia nha kho déu duge xiy vuong
gbe voi mit dat.

(0 ; 20, 10)

A(10:0:9)

a) Lap phuong trinh cia hai mét
phiing tiong ting m&i mdi nha.

b) Tim toa d6 cta diém Q.

¢) Tim toa do cha vectd P—Q-

Hinh 17

Giai
a) Hai miit phiing tudng ng m&i mdi nha la (ABP) va (CDP).
* Do miit phiing (ABP) ¢6 ciip vectd chi phudng la AB=(0:20:1), AP=(-5:0:-3)
nén ¢6 mdt vectd phép tuyén la:
— 20 1 | 0 0 20
[AB,AP] = : :
0 - -3 =5 -5 0
Ma miit phing (ABP) di qua diém A(10 ; 0 ; 9) nén ¢6 phuong trinh la:
—60(x - 10) = 5(y— 0) + 100(z = 9) = 0 & 12x +y — 20z + 60 = 0.

* Do miit phiing (CDP) ¢6 ciip vectd chi phuong la DP=(5;0:- 3), DC = (0:20:1)
nén ¢6 mot vecto phap tuyén la:
=3 §.15 O

- — 0 -3
[pP, DC]= ; ;
20 1|1 oj0o 20
Ma mit phing (CDP) di qua diém D(0 : 0 ; 9) nén ¢6 phudng trinh la:

60(x=0)=5(y=0)+ 100(z=9)=0¢ 12x -y + 20z - 180 = 0.

b) Vi cic biic tdng cia nha kho déu duge xiy vudng gée véi mit dat nén véi hé toa do
trén taco Q(x ;20 2).

J=(—60:—5:IOO).

3

]=(60:—5:100).

Do diém Q thudc mit phing (ABP) nén toa do cia diém Q thoa man:
12x + 20 = 20z + 60 =0, tic 1a 3x - 5z=- 20.
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VI. MOT S UNG DUNG CUA PHUONG TRINH MAT PHANG TRONG
THUC TIEN

Phuong trinh mit phing c6 nhiéu ting dung trong thuc tién nhu trong thiét k& xdy dung,
tinh todn céc yéu td ki thudt, ... Ta sé tim hi€u qua mot s6 vi du sau day.

Vidul5  Hinh 17 minh hoa B(10:20:; 10)
hinh anh hai mdi nha cia mdt
nha kho trong khong gian véi hé
toa d6 Oxyz (don vi trén mdi truc
toa dd la mét). Cac biuc widng
cuia nha kho déu duge xiy vudng
gbe vai mit dat.

C(0; 20; 10)

A(10:0:9)

a) Lap phuong trinh cia hai mit
phiing tiong ting m&i mdi nha.

b) Tim toa d6 cta diém Q.

¢) Tim toa do cia vectd @

Hinh 17

Giai
a) Hai mit phiing tuong tng mdi méi nha 1a (ABP) va (CDP).
* Do miit phiing (ABP) ¢6 clip vectachiphuong1a AB = (020 :1), AP =(-5:0;-3)
nén ¢6 mdt vectd phép tuyén la:
—— 20 1 1 0|0 20
[AB,AP] = : :
0 -3 |-3 =5 |-5 O
Ma miit phing (ABP) di qua diém A(10 ; 0 ; 9) nén ¢6 phuong trinh la:
-60(x = 10)=5(y-0)+ 10z -9) =0 12x + y - 20z + 60 = 0.

* Do miit phfmg (CDP) c6 citp vectd chi phuong la D; =(5:0:-13), D—C. =(0:20:1)
nén ¢6 mdt vecto phép tuyén la:
=3 9.5 0O

T 0 =3
[DP, DC]= ; :
20 1| |1 O |10 20
Ma mit phing (CDP) di qua diém D(0 ; 0 ; 9) nén ¢6 phudng trinh la:

60(x =0)=5(y=0)+100(z=9) =0 12x = y+ 20z - 180 = 0.

b) Vi cic biic tdng cta nha kho déu duge xdy vudng gée véi mit dat nén véi hé toa do
trén ta c6 Q(x: 20 : 2).

Do diém Q thudc mit phing (ABP) nén toa do ctia diém Q thoa min:
12x + 20 - 20z + 60 = 0, tic 1a 3x - 5z = - 20.

=(-60:-5; i
3 )01 25:10

]=(60:—5:I00).
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iy TU TROMNG

COLLEGE

Miit khic, vi AC, AB 1a hai vectd ciing hudng nén tdn tai s thuc 1 > 0 sao cho
AC =1AB. Do
AC =(xc—=3:¥c+2,5;2,-0.,5);
AB=(3-3;7,5+25:0-0,5=(0:10;-0,5)
Xo—=3=01 Xo=3
nén <y +2,5=101 4{y.=101-25
2 —0,5=-0,5t Ze == 0,5t +0,5.
ViCe(a)nén3—(10r-2,5)+ 10(-0,51+0,5)=9 < r=0.1. Suyra C(3 : - 1,5 : 0,45).
Viy tai vi tri C, d6 cao clia mdy bay 1a 0,45 km.

B Bai Tap 2

1. Phuong trinh ndo sau diy la phuong trinh tong quét ctia mit phing?
A -2 +2y+3z+4=0. B.2x-y+z+5=0.
C.x+y-22+6=0. D.3x-4y=5z+1=0.

2. Mt phiing x + 2y — 3z + 4 = 0 c6 mdt vectd phdp tuyén la:
A. i, =(2;-3;4). B. i, =(1:2:3).
C.ny=(1;2;=3J D.n,=(1;2;4).

w
o

Lap phuong trinh miit phing (P) di qua diém /(3 ; =4 ;5)vanhan ii=(2;7:-1)
lam vectd phdp tuyén.

4. Lap phuong trinh mit phing (P) di qua diém K(= 1 ; 2 ; 3) va nhan hai vectd
i=(1:2:3), v=(4:5:6) lam cdip vectd chi phuong.

5. Lip phudng trinh miit phiing (P) di qua:
a) Diém I(3 ; — 4 ; 1) va vudng géc véi truc Ox;
b) Diém K(- 2 ;4 ; — 1) va song song vdi mit phing (Ozx);
¢) Diém K(=2 ;4 : - 1) va song song véi mit phing (Q): 3x + 7y + 10z + 1 = 0.

6. Lép phuong trinh mét phiing (P) di quaba diém A(1;1:1), B(0:4:0),C(2;2;0).

7. Lép phuong trinh mit phiing theo doan chiin ctia miit phiing (P), biét (P) di qua ba
diém A(5:;0;0), B(0;3;0), C(0;0;6).
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8.Viét phuong trinh ctia mit phang;
a) Di qua diém M(1; -2; 4) va nhan n =(2;3;5) lam vecto phap tuyén;
b) Pi qua diém A(0; -1; 2) va song song voi gia cia mdi vecto u = (3;2;1)va
v=(-3;0;1)
¢) Pi qua 3 diém A(-3; 0; 0), B(0; -2; 0) va C(0; 0; -1).
9. Viét phuong trinh mat phéng trung tryc cua doan théng AB véi A(2; 3;7), B(4; 1; 3).
10.
a) Lap phuong trinh ctia cac mat phang toa do (Oxy), (Oyz), (Oxz).
b) Léap phuong trinh cua cac mat phang di qua diém M(2; 6; -3) va lan lugt song song véi
cac mat phang toa do.
11. Lap phuong trinh ctia mat phang:
a) Chtra truc Ox va diém P(4; -1; 2);
b) Chua truc Oy va diém Q(1; 4; -3);
¢) Chira truc Oz va diém R(3; -4; 7).
12. Cho tr dién ¢o cac dinh 1a A(5; 1; 3), B(1; 6; 2), C(5; 0; 4), D(4; 0; 6).
a) Hay viét phwong trinh ctia cac mit phang (ACD) va (BCD).
b) Hiy viét phuong trinh mét phang (o) di qua canh AB va song song v&i canh CD.
13. Hay viét phuong trinh mit phang (o) di qua diém M(2; -1; 2) va song song voi mit phiang
B):2x—-y+3z+4=0.
14. Lap phuong trinh mit phang (o) di qua hai diém A(1; 0; 1), B(5; 2; 3) va vudng goc véi
mat phang (B): 2x —y + z -7 =0.
15. X4c dinh céc gié tri ciia m va n dé mdi cip mit phang sau day 1a mot cip mit phang song
song voi nhau:
a)2x+my +3z-5=0 va nx—8y-6z+2=0;
b)3x-5y+mz-3=0 va 2x+ny—-3z+1=0.
16. Tinh khoang cach tir diém A(2; 4; -3) 1an luot dén cac mat phang sau:
a)2x—y+2z-9=0;
b) 12x — 5z +5=0;
c)x=0.
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BAI 3. PHUONG TRINH PUONG THANG TRONG KHONG GIAN

1. Phuong trinh tham s6 clia dwong thﬁng
L.1. Dinh li: Trong KG Oxyz, cho dudng thang A di qua diém Mo(Xo; Yo Zo) va nhén vecto
a=(a;a,;a,) 1am VTCP. Piéu kién can va du dé diém M(x; y; z) nam trén A 13 c6 mot s thuc

t sao cho:

x=x,+1a,

y=y,tta,
z =z, +1a,

1.2. Pinh nghia: Phuong trinh tham sb cua duong théng A di qua diém Mo(Xo; Yo; Zo) va co
VTCP a =(a,;a,;a,) 12 phuong trinh c6 dang:
x=x,+1a,
y=y,tta,
z=z,+1a,
trong d6 t 1a tham sb.
Chu y: Néu a,, ay, a; déu khac 0 thi co thé viét phuong trinh ctia A dudi dang chinh tac:

X=X _ V=V _Z7%

al a2 a}
Vi du 1: Viét PTTS cua duong thang A di qua diém M, va ¢c6 VTCP a, véi:
a) M(5;2;-3),a=(-13;5) b) M(0;-2;5),a =(0;1;4)
¢) M(1;3;-1),a=(12-1) d) M(3;~1;-3),a =(1;-2;0)

Vi du 2: Cho céc diém A(2;3;-1), B(1; 2; 4), C(2; 1; 0), D(0;1;2). Viét PTTS cua céc duong
thang AB, AC, AD, BC.

Giai
AB =(-1;-1;5), A(2;3;-1)
x=2-t
= PTTS cua AB: {y=3-1¢
z=-1+5¢

Céc phuong trinh dudng thang con lai HS tu giai twong ty.
Vi du 3: Viét PTTS cia A di qua diém A va vudng goc voi mit phang (P):
a) A(-2;4;3),(P):2x-3y+6z+19=0; b) A(3;2;1), (P):2x-5y+4=0;
¢) A(1; =15 0), (P)=(Oxy); d) A(2; 35 6), (P)=(Oyz);
Giai
a) ViAL(P)nén a=n=(2;-3;6)
x=-2+2¢
= PTTS cia A: {y=4-3¢
z=3+6t
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Vi du 4: Cho duong thang A ¢c6 PTTS. Hiy xac dinh mot diém M € A va mot VICP caa A.
x=—1+2¢
A: Sy=3-3t
z=5+4+4¢
Giai
Cho t =t(, thay vao PT ciia A. V6it=0= M(-1; 3;5) € A.
2. Piéu ki¢n dé hai dwong thing song song, cit nhau, chéo nhau
2.1. Piéu kién dé hai dwong thing song song
Goi =(a;aya,), a :(al';az';a3') lan luot 1a VTCP ciad vad'. L'Qiy M(Xo; yo; Zo) € d.

’
a=ka

d/d <
Med

Pic biet:  d=d < 197K
Med

Vi du 5: Ching minh hai thang sau song song song:

x=l4+s  |¥=2+2 x=1+2t  |¥=-1-2
a) d:{y=2t ;d :yy=2+4 b) d:iiy=2+t;d :yy=2-1
z=3-t z=5-21 z=3+2 z=-3-2¢
c)
d:x—lzy—2:z—3
9 6 3
d':x—7=y—6=Z—5
6 4 2
Giai

a) a=(12-1), d' =(24-2)
= a,d' cung phuong.

Vi du 6: Viét phuong trinh duong thang A di qua diém A va song song véi duong thang d
cho trudce:

x=2-3t x=3+4¢

a) A(2;-5;3),d: <y=3+4t b) A(1;-3;2),d: <y=2-2¢
z=5-2¢ z=3t-1

o) A(4;-2;2),d; TF2_r=5 272 d) A(5; 2; -3, d: XF3_y-1_z+2
4 2 3 2 3 4

Giai
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Vi A// d nén A cling nhan VTCP cua d lam VTCP.
a) Phuong trinh dudng thang di qua A(2; —5; 3) va ¢c6 VTCP ug = (=3;4;-2)1a:

x=2-3t
y=-5+4t
z=3-2t

b) ,¢), d) gidi tuong tu nhu cau a).
2.2. Piéu ki¢n dé hai dwong thang cit nhau
Cho 2 duong thang
x=x,+1a, X=x,+tta
d: y=y,tta,, d’: yzy(') +t'a'2
Z=z tia z=z,+ta,
d va d’ cat nhau << hé pt an t, t’ sau c6 dung 1 nghi¢m:
X, +ta, = x(') + t'all
Y, tla, =y£) +t'a'2 (*)
z,+tay, = z(') + t'a;

Vi du 7: Tim giao diém cta hai duong thang sau:

, x=1+t¢
x=1+t x=2-2t didy=2+2t
a) d:sy=2+3t,d :\y=-2+1 b) z=1-t¢
z=3-1 z=1+3f g Xl _y=2_z-1
3 1 1
X =31 x=l+f x=342  |¥=5+
C)d:iyy=1-2t,d :yy=21 d) didy=-2+3t,d" 1y y=-1-4(
z=3+1 4! z=6+4 z=20+{

Vi du 8: Tim m dé hai duong thang d va d’ cat nhau. Khi d6 tim toa do giao diém cua ching

x=1+mt x=1-t x=1-t x=2+t
a) d:<y=t d i y=24+21 b) d:sy=3+2t,d :\y=1+1
z=—1+2t z=3-¢ z=m+t z=2-3¢

2.3. Piéu ki¢n dé hai dwong thing chéo nhau
Cho 2 dudng thang
X=X, +1a, X=Xy +ia
d: Sy=y,+1a,,d": y=y,+1a,
1=t =7y +1ay

d va d’ chéo nhau < hai VTCP khong ctng phuong va hé pt an t, ' sau vo nghiém:
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X +1a; =x,+1'a,

_ ro(k
Yo +1ay =y, +1a, (*)
Zg+lay =7y +1ay

edld <= ald.

Vi du 9: Chimng to cac cip dudng thiang sau chéo nhau:

x=1+2t x=1+31 x=1-=2¢t x =2t
a) d:yy=—1+3t,d :{y=-2+2¢ b) d:iy=3+t ,d :yy=1+¢
z=5+1 z=—1+21 g=-2-3t z=3-21
c) - d) -
g xoy-1l ozl g X3 -l 27l
1 2 4 -7 2 3
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.__l’r._v TU TRONG

Vidul2' Trén mot sudn nidi (c6 dd nghiéng déu),
ngudi ta trong mot ciy thong va mudn git n6 khong bi
nghiéng biing hai sdi diy neo nhu Hinh 34. Gia thiét
ciy thong moc thing ding va trong mdt hé toa dd phi
hgp, cdc diém O (gde ciy thong) va A, B (ndi bude diy
neo) c¢é toa dd tuong dng la O(0 ; 0 :0), A3 ;-4 2),
B(-5;—-2;1), don vi trén mdi truc toa do 1a mét. Hinh 34
Biét riing hai diy neo déu dudc budc vio ciy thong tai diém (0 ; 0 ; 5) va dudge kéo ciing
tao thanh cdc doan thﬁng.

a) Tinh d6 dai ctia mbi diy neo dugc sif dung.

b) Tinh géc tao bdi mdi diy neo va mit phing sudn ni (1am tron két qua dén hang don
vi cua do).

Giai

a) Do diém C(0:0: 5) nén AC =(3-0)% + (- 4-0)2 +(2=5)* =34 (m);

BC = (- 5-0) +(=2=02 +(1- 5 = /45 =35 (m).
b) Tacé: OA=(3;-4:2), OB=(-5;-2:1) nén

[oa,08)5* 3450 ]2 ~Y]-0f-13:-26.
' -2 1’|t =5|’ | ’

2 -5 -2
Vi thé, vectd i =(0; 1;2) la mot vectd phép luyé’n clia mit phz‘ing (OAB).
Miit khéc, do CA=(3; -4 :-3), BC=(5:2:4) nén tacé:
CA.i| P.0+(=4).1+(-3).2 10

lcal . |7 34 .45 NN

suy ra (CA, (OAB)) ~ 50°. Viy géc tao bdi diy neo CA va mit phing sudn nii 1a
khoang 50°.

* sin(CA, (OAB)) = |cos(CA. ii)| =

lBcl.lil - 35.45

suy ra (BC, (OAB)) ~ 42°. Viy géc tao bdi diy neo BC va mit phing sudn ndi 1a
khoang 42°,

= 2
* sin(BC, (OAB)) =|cos(BC, ﬁ)l: %

Vidu 13 Trong khong gian véi hé toa dd Oxyz, mdt cabin cdp treo xudt phdt tif diém
A(10: 3 ; 0) vi chuyén dong déu theo dudng cép c6 vectd chi phuong la i =(2:;-2:1)
véi toc do 1a 4.5 m/s (don vi trén mdi truc toa do 1a mét) (Hinh 35).

a) Viét phuong trinh dudng cdp.
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b) Gia sif sau ¢ (s) ké tit ldc xudt phdt (7 = 0), cabin dén diém M. Tim toa do cia diém M.

¢) Cabin ditng & diém B c6 hoanh do X, =550. Tim d6 dai quang dudng AB (lam tron két
qua dén hang don vi ctia mét).

d) Puding cép AB tao véi mit phing (Oxy) géc bao nhiéu d6 (1am tron két qua dén hang
don vi cta do)?

-3
A(10:3:0)

el

(Ngudn: htps://shutterstock.com)
Hinl 35
Gidi
x=10 y-3 z

TR NEY Y
b) Do tdc d chuyén ddng cta cabin 1a 4,5 m/s nén do dai AM biing 4,5t (m). Vi viy
AM| = 4.5t (1> 0).

Do hai vects AM va i 1 cung phuong va cung hudng nén AM = kii v6ik1a s thuc
dudng nao d6. Suy ra: |AM| = klii| = & . ,/23 +(=2)* +1 =3k. Do d6 3k =4,5. Suy ra

)

a) Phuong trinh chinh tic ctia duding cép la:

(._
- B
2 ary

- -~

“ ————
k= ';. Vi thé, ta ¢6: AM =3—tﬁ=(31;—-!

Goi toa do ctia diém M 1a (x, 1 y,,: 2,).

i 3t
Do AM =(xy, =X, 3 Yy =Ya s 2 —:A)=(3t v =3t ?]
Xy =3t+x, Xy =3t+10
nén _‘.“4 = - 3’ + -\‘.‘i @ .VA' = - 3t + 3
TN o3
i = +2, M=o

3
Viy diém M c6 toa 43 I (3x+10 L =3143; -,)i)

BAI TAP
1. Viét phuong trinh tham s6 ctia dudng thang d trong mdi trudng hop sau:
a) d di qua diém M(5; 4; 1) va c6 vecto chi phuwong a = (2;-3;1);
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b) d di qua diém A(2; -1; 3) va vudng goc véi mit phang () co phuong trinh
xty—-z+5=0;

x =142t
¢) ddi qua diém B(2; 0; -3) va song song v&i duong thang A:ly =-3+3t;
z =4t

~d) ddi qua hai diem P(1; 2 ; 3) va Q(5; 4; 4). , 9
2. Viét phuong trinh tham s0 ctia dudng thang la hinh chiéu vudng goc cia duong thang d:
X=2+t

y=-3+2t
z=1+3t
1an luot trén cic mit phang sau:
a) (Oxy);, b) (Oyz)..
3. Xét vi tri twong ddi cua cac cap duong thang d va d cho bdi cadc phuong trinh sau:
X =-3+2t X=5+t
a) didy=-2+3t va d:Jy=-1-4t
z=06+4t z=20+t
x=1+t x=1+2t
b) dijy=2+t va d:Jy=—1+2t.
z=3—-t z=2-2t

4. Tim a dé hai duong thang sau day cit nhau:

x =1+at x=1-t
dii y=t vad:<y=2+2t.
z=—1+2t z=3-t
5. Tim s6 giao diém cta dudng thang d véi mit phang (a ) trong cac trudng hop sau:
x =12+4t
a) d:y y=9+3t va (a):3x+ 5y-2z-2=0;
z=1+t
x=1+t
b) d:iiy=2-t va (a):x+3y+z+1=0;
z=1+2t
x=1+t
c) dily=1+2t va (a):xty+z-4=0;
z=2-3t
X =-3+2t
6. Tinh khodng céach giita dudng thang A: {y =—1+3t va mit phiang
z=—1+2t
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(a):2x—y+z+3=0.

X=2+t
7. Cho diém A(1; 0 ; 0) va duong thang A: {y =1+2t.
z=t

a) Tim toa do diém Hla hinh chiéu vudng goc cua diém A trén duong thang A.
b) Tim toa d6 diém A" ddi xing v6i A qua duong thang A.
8. Cho diém M(1; 4; 2) va mit phang (o): x +y +z-1=0. 7
a) Tim toa do di@m H la hinh chi€u vuéng goc cﬁaqdiém M trén mat phang (o).
b) Tim toa d¢ diém M doi ximg v6i M qua mét phang (a.).
c) Tinh khodng cach tir diém M dén mat phang (o).
9. Cho hai duong thang
x=1-t x=1+t
didy=2+2t va d:<y=3-2t.
z=3t z=1

Chung minh d va d chéo nhau.
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COLLEGE

Bai 4: PHUONG TRINH MAT CAU

Hinh 38 md td mdt mat cdu trong khong gian.

Trong khong gian vdi hé toa dp Oxyz,
phutong trinh cua mdt cu duge lap
nhu thé nao?

(Ngudn:hups://shutterstock.com)
Hinh 38 R
- > 2
I. DINH NGHIA MAT CAU

Néu quay duding tron tim / M
ban kinh R quanh dudng kinh AB mét

vong (Hinh 39) thi hinh tao thanh A B

duge goi la miit cdu. Nhiing diém

thudc mit ciu d6 cdch I mot khodng ———
bing bao nhiéu? Hinh 39 (Nguén:

https:/iwww.shutterstock.com)

[6’6 - [ "} —_— ~

Cho truée diém 7 va s6 duong R. Mit ciu tdm 7 ban kinh R 1a tip hgp tét ca cic
diém trong khong gian cdch diém / mot khodng bing R.

———— o mm—

A B

- ]
Bdn kinh ' Pucmg kinh
Nhdn xét

* Piém M thudc miit ciu tim / ban kinh R khi va chi khi IM = R.
* Piém M nim trong miit ciu tim 7 ban kinh R khi va chi khi IM < R.
* Diém M nim ngoai mit ciu tim / ban kinh R khi vi chi khi /M > R.

Tdm
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Vidul | Trong khong gian vdi hé toa dd Oxyz, cho mit ciu tim /(= 2 ; 1 ; 5) béan
kinh 3. Cdc diém A(10: 1;2), B(0; 1 : 4) va C(0 ; 3 ; 4) nim trong, nim trén hay nim
ngoai miit ciu d6?

Giai -
Do IA = \/(10—(— 2’ +(-17 +(2-5)* =153 >3 ./'

Roae = G G +("* = < ¥ 1 Trong khong gian véi
nén diem A(10 ; 1 ; 2) nam ngoai mit cau do. hé toa 46 Oxyz, cho diém

X 2 3 2 ’ I(1;2:3) va mit ciu tam
Vi B = (0—(=2)* +(1-1? +(4-57 =V5<3 nén 1 di qua diém A(0; 4 ; 5).

diém B(0 ; 1 ; 4) niim trong miit ciu do. Tinh bén kinh R ctia miit
ciiu do6.

Do IC = \(0-(=2))* +B-1)* +(4-5)* =9 =3 nén
diém C(0 ; 3 : 4) ndm trén mit ciu do6.

Trong bai hoc nay, néu khéng cé chii ¥ gi thém thi ta hiéu cdc bai todn dige xét trong
khong gian vai hé toa dj Oxyz.

Il. PHUONG TRINH MAT CAU
Cho hai diém M(x;y;z)val(a:b;c).
a) Viét cong thic tinh khodng cdch giita hai diém M va L.
b) Néu mdi lién hé gidia x, v va z d€ di€ém M niim trén mit ciu tim / ban kinh R.
Fg/y = - & =
Phuong trinh ctia mét céu tdm /(a ; b ; ¢) ban kinh R la:
x-a+@-b’+z-cf=R%.

7

Vidu2 @ Viét phuong trinh clia mit ciu, biét: 1=
2 Tim tim va bdn kinh ctia

a) Tam /(1 ;2 ; 3) ban kinh R = 10; mit chu c6 phudng trinh:
b) Tam /(3 : — 1 ; — 5) va di qua di€ém B(0 ;2 ; 1). P+(y+5 7+ +1)P=2.
Gidi
a) Phuong trinh cia mit cdu tam /(1 ; 2 ; 3) bén kinh ¥ =

R=101a:(x= 12+ (y=2)+(z-3)* = 100. "3 Viét phuong trinh cta
b) Bédn kinh miit ciu la: mit oln, bidk:

- - - a) Tam O ban kinh R vdéi
R=1IB=(0-3) +@+1)? +(1+5) =+/54. 0 1a géc toa 40;

Phuong trinh ctia miit cdu tim /(3 ;: = 1 ; = 5) bdn kinh b) Pudng kinh AB véi
: v ’ A(1;2:1),B(3:4:7).
R=/54 la: (x =32+ (y+ 12+ (z + 52 =54.
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l_l’r._v TU TRONG

Nhdn xét
* Cho miit ciiu tim /(a ; b ; ¢) béin kinh R ¢6 phuong trinh la:
x-al+(y-bl+(z-c) =R
Ta c6 thé viét phuong trinh d6 vé dang:
Py 47 =2ax-2by-2cz+d=0v6id=a’ + b+’ - R
Viy mdi miit ciu déu ¢6 phuong trinh dang: ¥ + y* + 22 = 2ax - 2by = 2cz +d = 0.
* Ngudc lai, xét phuong trinh ¢6 dang: X* + y* + z° = 2ax — 2by = 2cz +d = 0.
Tacé: 2 +y*+ 22 =2ax—-2by-2cz+d=0
Sl -2ax+a@+y -2by+ b+ -2cz+F=d*+ P+ -d
@(x—a)2+(_v—b)2+(:—(‘)2=az+b2+c2—d.
Do d6, phudng trinh x* + y* + z* — 2ax — 2by — 2¢z + d = 0 xédc dinh mét miit ciu khi va
chi khi @® + b* + ¢* — d > 0. Ngoai ra, néu @’ + b*> + ¢> — d > 0 thi phuong trinh d6 xéc

dinh m3t cdu tdm I(a ; bic) vaban kinh R=va®+b* +¢* —d.

Vidu3 © Mdi phuong trinh sau c6 1a phuong trinh mit ciu hay khong? Vi sao?
A2+ +272-2x=2y+2z+ 1=0;
by +y—-2x+6y—-8z—3=0.
Giai
a) Phudng trinh 27 + y? + 2% — 2x — 2y + 2z + 1 = 0 khong phai la phuong trinh ciia mot
miit cAu vi céc hé s6 cha x”* va y* khdc nhau.

b) Phudng trinh x* + y* — 2x + 6y — 8z — 3 = 0 khong phai 1a phuong trinh ciia mot miit
ciu vi khong cé biéu thic 2>,

Vidu+4 = Phuong trinh nio sau ddy la phuong § |

trinh ctia mot mit cdu? Tim tAm va bdn kinh cta | & Chitng minh ring phuong trinh

mit ciu (néu co). BP0y g~ {1 D
aAxX+y +7-4d+10y-2z+14=0; 1a phudng trinh cha mot mdt céu. Tim
b) 2+ + 2+ 2+ 4y —6z+20=0. tim / va bdn kinh R ctia mt céu d6.
Gidi

a)Tact: P +y + 72 —4dx+ 10y-2z+14=0
S+ +72-2.2.x+2.5.y-2.1.2+14=0

Sx-2+@+5+z-11>=16.
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Viy phuong trinh di cho 1a phuong trinh mit ciu tim /(2 ; — 5 ; 1) bdn kinh
R=16=4.
b) Tacod: X + 3’ + 22+ 2x +4y — 62 +20=0
SR+ +2+2.1.x+2.2.y-2.3.2+20=0
S+ 1P+ +2P+(z-3=-6<0.

Viy phuong trinh da cho khéng la phuong trinh mit ciu.

. MOT $6 UNG DUNG CUA PHUONG TRINH MAT CAU TRONG THUC TIEN

Phuong trinh mét ciu ¢6 nhiéu dng dung trong thuc tién nhu trong thiét k& xay dung, tinh
todn cdc yéu t& ki thudt,... Ta sé tim hiéu qua mot s6 vi du dudi diy.

Vidu5 @ Trong khong gian véi hé toa d§ Oxyz
(don vi trén mdi truc 1a kilomét), mdt tram thu
phat séng dién thoai di dong (Hinh 40) dugc dit &
vitil(-3:2:7).

a) St dung phuong trinh mit ciu dé md ta ranh
gidi bén ngoai cia ving pha séng trong khong
gian, biét r'fmg tram thu phét séng dé dudc thiét (Nguédn:htips://shutterstock.com)
k€ vdi ban kinh phti séng la 3 km. Hinh 40

b) Piém A(=2 ; 1 ; 8) niim trong hay niim ngoai mit ciu d6? Néu ngudi dung dién thoai
& diém A(=2 ;1 ; 8) thi ¢6 thé sit dung dich vu clia tram nay hay khong?

¢) Diém B(2:3 :4) niim trong hay niim ngoai miit ciu d6? Néu ngudi dung dién thoai & diém
B(2 ; 3 ; 4) thi 6 thé sif dung dich vy ctia tram nay hay khong?

Giai

a) Phuong trinh mit ciu d€ mo ta ranh gidi bén ngoai ctia viing phu séng trong khong
gian la:

x+3+(-2P+-7*=9.

b) Tacé: IA=[-2—(- )P +(1-2)2 +(8-7)* =3 <3.

Vi IA < R nén diém A nim trong mit ciu. Viy ngudi diung dién thoai & diém
A(=2:1;8)c6 thé sit dung dich vu ctia tram nay.

) Taco: IB=1[2-(= P +(B3-22 +(4-7)? =35 >3.

ViIB > R nén diém B niim ngoai mit ciu. Viy ngudi ding dién thoai d diém B(2;3:4)
khong thé sit dung dich vu cta tram nay.
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Vidu 6 = Trong khong gian véi hé toa dd Oxyz
(don vi trén mdi tryc 1a mét), mdt ngon hai ding
(Hinh 41) dugc dat & vi i (21 ; 35 ;: 50).

a) Sit dung phuong trinh mit cdu dé mo ta ranh
gidi clia viing phi sdng trén bién cha hai diing,
biét riing ngon héi ding d6 dugc thiét k€ vai
bédn kinh pht sang 1a 4 km.

b) Néu ngudi di bién & vi tri C(42 ; 37 ; 0) thi ¢6
thé nhin thdy dugc dnh sdng tit ngon hai ding
hay khong?

(Nguon:huwps:/ishuttersiock.com)
Hinh 41

¢) N&u ngudi di bién & vi tri D(5 121 ; 658 ; 0) thi ¢6 thé nhin thdy dugc dnh sdng tif ngon
hai ding hay khong?
Giai
a) Phuong trinh mit ciu dé md t4 ranh giéi bén ngoii clia ving phi sdng trén bién cla
hai ding la:
(x =21 + (v — 35)° + (z = 50)* = 4 000"

b) Ta c6: IC =+/(42=21)* + (37 -35)2 +(0 - 50)*

= J2 945 < 4000. e

Vi IC < R nén di€m C nim trong mit cdu. Vay ngudi & Trong Vi du 6, gia sit
di bién & di€m C(42 ; 37 ; 0) thi c6 thé nhin thdy dugc  ngudi di bién di chuyén

dnh sdng tif ngon hai ding. ;:‘;‘l’ dL‘l;iisng g(‘)f;“fc‘: \\"ii ::

¢) Ta c6: ID = (5 121—21) + (658 —35)% + (0 - 50)° D(5 121 ; 658 : 0). Tim
vi tri cudi cung trén doan
= /26 400 629 > 4 000. thing ID sao cho nguvi

: " di bién con ¢6 thé nhin
5 an did X A mit cdu Vv : ;
Vi ID > R nén diém D ndm ngoai mit cau.Vay ngudi thdy dudc 4nh sdng i

di bién & diém D(5 121 ; 658 ; 0) khong thé nhin thay ngon hai diing.
dugc danh sang tf ngon hai ding.

Mo ie

1. Tam cta mitciu (S): (x =2+ (y=3)* + (2 +4)* = 16 ¢6 toa dd li:
A.(-2:-3:4). B.(2:3:-4). C.(2:-3;-4). D.(2;-3:;4).

(3]

Bén kinh ctia miit cdu (5): (x = 1) + (y = 2)* + (z = 3) = 9 biing:
A.3 B. 9. C 81 D. 3.
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3. Mit ciu (S) tim /(- 5 : — 2 ; 3) bédn kinh 4 ¢6 phuong trinh la:
A (x=-52+(-22+@z+3)’=4. B.(x-5+(y-2+(z+3)*= 16.
C.x+5P+(y+ 2 +(z-3)=4. D.(x+5P+(y+2°+(z-3)=16.

4. Cho miit ciu c6 phudng trinh (x — 1)* + (y + 2)* + (z = 7)* = 100.
a) Xdc dinh tim va bén kinh ctia miit ciu.
b) M&i diém A(1 ; 1: 1), B(9;4:7), C(9:9; 10) niim trong, niim ngoai hay nim
trén mit cau d6?

tn

Cho phuong trinh X + y* + 2% =4x =2y - 10z + 2 = 0.
Chiing minh riing phudng trinh trén la phudng trinh cia mot mét ciu. Xdc dinh tam
vi bén kinh ctia miit ciu do.

6. Lép phuong trinh mit cdu (S) trong mdi trudng hop sau:
a)(S)cotam I(3: -7 ;1) vaban kinh R = 2;
b) (S) cétam /(- 1 : 4 ; = 5) va di qua diémM(3:1:2);
¢) (5) ¢6 dudng kinh 1a doan thing CD v6i C(1 ;=3 := 1) vaD(-3:1:2).

7. Heé thong dinh vi toan cdu (tén ti€ng Anh
la: Global Positioning System, viét tit 1a
GPS) 1a mdt hé thong cho phép xéc dinh
chinh xdc vi trf cia mdt vt thé trong
khong gian (Hinh 42).

Ta ¢6 thé md phong co ché hoat dong cua
hé thong GPS trong khong gian nhu sau:
Trong ciing mt thoi diém, toa dd clia mot
diém M trong khong gian s€ dugc xdc dinh
bdi bon vé tinh cho trude, trén moi vé tinh
c6 mdt mdy thu tin hiéu. Bing cdch so  Anh: Vé tinh GPS dang bay trén quy dao
sdnh sy sai léch vé thdi gian tf ldc tin hiéu quanh Trdi Dat

dugc phét di véi thai gian nhan phan hoi
tin hiéu d6, mbi mdy thu tin hiéu xdc dinh
dugc khodng cdch tif vé tinh dén vi tri M cén tim toa d6. Nhu viy, diém M la giao
diém ctia bon mit ciu véi tim 1an luct 1a bon vé tinh da cho.

(Nguon: hups:/vi.wikipedia.org)
Hinh 42

Ta xét mot vi du cu thé nhu sau:

Trong khong gian véi hé toa dd Oxyz, cho bon vé tinh A(3: = 1 : 6), B(1 : 4 : 8),
C(7:9:6), D(7 ;- 15;18). Tim toa d) cua diém M trong khong gian biét khoing
cdch tif cdc vé tinh dén diém M lan ludt AMA =6, MB=T7,MC = 12, MD = 24.

ON TAP CHUONG
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1. Mt phiing (P): 3x — 4y + 5z — 6 = 0 ¢6 mot vectd phdp tuyén la:

A n=(3:4:5). B.n,=(3:-4:5).
C.ny=(-3:4;5). D.n,=(3:4:-5).
. : x—2 y-3 z-1 " ;
2. DPudng thang d: = = g =3 ¢6 mdt vectd chi phuong la:
A uy=(2:3:1. B.u,=(6:3:9).
C.u;=(3:9:6). D. i, =(1:2;3).
3. a)Mitciu (S): (x=11)* + (y = 12)* + (z = 13)* = 100 ¢6 bin kinh la:
A. 10. B.11. Gl Z, D. 13.
b) Toa d6 tim clia mat ciu (S): (x =5 + (v +6)° + (z = 7)* =8 la:
A.(-5:;6:;7). B.(5;6;-7). C.(5:-6;7) D.(-5:;6;7).

4. Khodng cich tit di€m M(a : b ; ¢) dén mit phing x —a - b —c =0 la:
lb + (.‘|

\/_,,—,'
a +b” +c

Chobon diém A0 :1:3),B(-1:0:5),C2:0:2)vabD(1:1:-2).

A, |a+h|. B. |b+c|. G, |('+a|. D.

n

a) Tim toa d6 cua céc vectd AB, AC va mot vectd vudng goéc véi ci hai vectd do.
b) Viét phudng trinh tham s& va phudng trinh chinh tic ctia cdc dudng thing AB va AC.
¢) Viét phuong trinh tong quét ctia mit phiing (ABC).

d) Chiing minh riing bon diém A, B, C, D khong dong phiing.

e) Tinh khodng céch tit diém D dén mit phing (ABC).

6. Viét phuong trinh tdng quét ctia miit phing (P) trong mbi truding hgp sau:
a) (P) di qua diém M(- 3 ; 1 ; 4) vd ¢6 mdt vectd phdp tuyén la i =(2;-4:1);

b) (P) di qua diém N(2 ; — 1 ; 5) va ¢6 clip vectd chi phuong 1a i, =(1; - 3; - 2) va
Uy =(=3:4:1)

7.Cho bén diém A(-2; 6; 3), B(1; 0; 6), C(0; 2; -1), D(1; 4; 0).
a) Viét phuong trinh mét phang (BCD). Suy ra ABCD 1a mét tir dién.
b) Tinh chiéu cao AH cua tr dién ABCD.
c) Viét phuong trinh mét phang (a ) chira AB va song song véi CD.
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8.Lap phuong trinh tham s6 ctia duong thang:
a) Di qua hai di€ém A(1; 0; -3), B(3; -1; 0). 7
b) Di qua diem M(2; 3; -5) va song song voi duong thang A cd phuong trinh

X =-2+2t
y=3-4t
z=-5t

9.Cho mit phang () c6 phuong trinh 3x + 5y — z— 2 = 0 va dudng thiang d c¢6 phuong
trinh

x =12 +4t
y=9+3t
z=1+t.

a) Tim giao diém M cuia duong thang d va mit phang (o).
b) Viét phuong trinh mit phang () chira diém M va vudng goc véi duong thang d.

10.Cho diém A(-1; 2; -3), vecto a = (6;—2;—3)va dudng thang d c6 phwong trinh:

x=1+3t
y=-1+2t
z=3->5t.

a) Viét phuong trinh mat phang (o) chira diém A va vudng goc véi gia clia a.

b) Tim giao di€ém M cua d va (a).

c) Viét phuong trinh dudng thang A di qua diém A, vudng goc véi gia ctia a va cét

duong thang d.

11.Tim toa d6 diém H 1a hinh chiéu vudng goc cua diém M(1;-1; 2) trén mat
phang (a): 2x —y +2z +11 = 0.
12.Cho diém M(2; 1; 0) va mat phang (o ): x + 3y — z -27 = 0. Tim toa d6 diém M 'ddi
xung voi M qua (o).
13.Viét phuong trinh dudng thang A vudng goc v4i mat phing toa do (Oxz) va cat hai
dudng thang

x=t x=1-2t
didy=—4+t vad:y=-3+t.
z=3—t z=4-5t

14. Tim tam va ban kinh cta cic mit cdu c¢6 phuong trinh sau:
a) X’ +y’ +7° —8x—2y+1=0;
b) 3x* +3y° +3z° —6x+8y+152-3 =0.
15. Lap phuong trinh mit cu trong hai trudng hop sau:
a) C6 duong kinh AB véi A =(4;-3;7), B=(2; 1; 3);
b) Pi qua diém A = (5;-2; 1) va c6 tam C = (3; -3; 1) .
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CHUONG IV: THONG KE VA XAC SUAT (PHAN 3)

§1 = XAC SUAT cO DIEU KIEN

Mét 16p hoc ¢6 17 hoc sinh nit va 13 hoc sinh
nam. O 16p hoc d6, ¢6 3 hoc sinh tén la Thanh,
trong d6 ¢6 1 hoe sinh nit va 2 hoc sinh nam. Thay
gi4o goi ngdu nhién mdt hoc sinh 1én bang. Xét
hai bién c6 sau:

A: “Hoc sinh dudc goi Ién bang c6 tén 1a Thanh™;
B: “Hoc sinh dudc goi 1én bang 1a hoc sinh ni”.

2 Xdc sudt cua bién co A vai diéu kién bién cé B da xdy ra
1/{'?}\, duege tinh nhue thé nao?
-
A 4

Trong muc nay, ta ludn gia thiét phép thit 7' c6 khong gian méu 1a tip hgp Q gém hitu
han phén i va cdc két qua cia phép thit 1a dong kha niing, céc bién ¢ déu lién quan dén
phép thir dé.

. DINH NGHIA XAC SUAT CO PIEU KIEN
@ P Trong bai toan & phin md déiu, hiy tinh:

a) Xdc suit dé hoc sinh dudgc goi 1én bang c6 tén 1a Thanh, biét ring hoc sinh d6 la nit;
. «P(ANnB T " . S ciis i P(LATNB

b) Ti s0 ¥ . Tt d6, hay so sanh xdc suat tinh dugce 6 cdu a) vai ti sO (P(—B))

Trong trudng hgp tdng quét, ta ¢6 dinh nghia sau:

e
Cho hai bién ¢6 A va B. Xdc sudt cia bién ¢4 A vdi diéu kién bién ¢4 B da xdy ra

dugc goi 1a xde sudt cia A vdi diéu ki¢n B, ki hiéu 1a P(A | B).

Néu P(B) > 0 thi P(A| B) =m.
P(B)
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Nhén xét
« Tit dinh nghia cta xdc sudt c6 diéu kién, ta suy ra: Néu P(B) > 0 thi
P(A n B)=P(B).P(A|B).
« Ngudi ta chiing minh dude riing: Néu A, B 1a hai bién ¢ bat ki thi
PIAnB)=P(A).P(BIA)=P(B).P(A|B).

Cong thic trén dude goi 1a cong thite nhan xdc sudt.

I'idul = Cho hai bién c6 A, B ¢6 P(A) = 0,4; P(B) = 0.6; P(A n B) = 0,2. Tinh céc xéc
suat sau: P(A | B); P(B 1 A).

Gidi
2 2
P(B) 0.6 3 P(A) 0.4

Vidu2 & Trong ki kiém tra mon Todn cia mét truding trung hoc phé thong ¢6 200 hoc
sinh tham gia, trong d6 ¢6 95 hoc sinh nam va 105 hoc sinh nit. Khi ¢ong bd két qua cia ki
kiém tra d6, c6 50 hoc sinh dat diém gidi, trong d6 ¢6 24 hoc sinh nam va 26 hoc sinh ni.
Chon ra ngéu nhién mt hoe sinh trong s6 200 hoc sinh d6. Tinh xdc sudt d¢ hoc sinh dudc
chon ra dat diém gioi, biét riing hoc sinh d6 1a nif (lam tron két qua dén hang phén trim).

Gidi
Xét hai bién ¢6 sau: ‘\—y - =
A: “Hoc sinh dugc chon ra dat diém gioi”; “ 1 Mot hop ¢6 6 qua béng mau

xanh, 4 qua bong mau do: cic
qué bong ¢6 kich thude va khéi
Khi d6, xdc sudt dé hoc sinh duge chon ra dat diém  Iugng nhu nhau. Liy ngdu nhién

gioi, biét riing hoc sinh d6 Ia ni, chinh 12 xdc sugt 141Ut hai qui béng trong hop.
cla A véi diéu kién B 'Ky khéng hoin lal. Tim xdc sudt

B: “*Hoc sinh dudgc chon ra la hoc sinh ntt™.

dé 1an thit hai 14y dudc qua béng
Do ¢6 26 hoc sinh nit dat diém gioi nén mau do, biét ring ldn thd nhit
26 di 1y duge qua béng miw xanh.

P(AnB) = =0,13.
200

—

Do ¢6 105 hoc sinh nd nén P(B) = %5; =10,525. Vi thé, ta c6:

P(AnB) 0,13 0.5,

P(AIB) = = ~ 0,
P(B) 0,525

Vily xdc suit dé hoc sinh dudc chon ra dat diém gioi, biét riing hoc sinh dé 1a ni, 12 0,25.
nAnB)

Nhdn xét: Cho hai bién ¢d A va B véi P(B) > 0. Khi d6, ta c6: P(A| B) = (B)
n

*).
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OLLIEGE

Vidu3 @ Trong 10 000 do so mi xuét khiu ctia mét doanh nghiép dét may ¢é 1 000 do
s0 mi tring. Céc 40 s6 mi tring d6 gdm ba cd: 40, 41, 42, trong dé ¢6 200 do ¢d 40. Chon
ra ngdu nhién mdt chi€c 4o trong 10 000 do s6 mi xudt khiu. Gia sif chiéc 4o so mi dugc
chon ra 12 40 s0 mi triing. Tinh xdc sudt d€ chiée 4o so mi d6 ¢6 ¢d 40.

Giai

Xét hai bién ¢6 sau: | /)2 T ' % d' S
T | o ", ‘ rong hop dung chiéc

A A0 BN CHMIRCOCO TS thé caing logi ¢6 200 chiéc thé

B: “Ao duge chon ra 1a 4o so mi triing”. mau vang. Trén mdi chiéc thé

A S : 3 mau vang co ghi mét trong ndm
Khi d6, xdc sudt d¢ chi€c 4o so mi duge chonracé 5 | 2‘g31 f 5. C6 40gchié'c

¢d 40, biét ring chiéc 4o so mi d6 1a 4o so mi tring,  hé mau vang ghi s6 5. Chon ra

chinh 12 xdc sudt ¢6 diéu kién P(A | B). ngiu nhién mét chiéc thé trong
B > " ) hop dung thé. Gia sit chiéc thé
Ap dung cong thic (%), ta ¢6: dugc chon ra ¢6 mau vang. Tinh

n(AnB) 200 xic suat dé chiéc thé d6 ghi s6 5.

P(A|B)= =0,2.

n(B) 1000 - -
Viy xdc suit dé chiéc 4o s6 mi dude chon ra cé ¢ 40, biét ring chiéc do sd mi d6 1a do
sd mi triing, 12 0,2.

Xdc suit ¢6 diéu kién c6 nhiéu ting dung trong thuc tién. Ching han, ta ¢6 thé lam quen
véi ting dung clia xéc sudt c6 diéu kién trong Y hoc, Kinh € qua nhiing vi du sau.

Vidu4 & Mot cong ty duge pham gidi thiéu mét dung cu ki€m tra sém bénh sot xuat
huyét. V& kiém dinh chit lugng cta san phim, ho cho biét nhu sau: S6 ngudi dugc thi la
9 000, trong 6 d6 ¢6 1 500 ngudi di bi nhiém bénh sot xudt huyét va c6 7 500 ngudi khong
bi nhiém bénh s6t xuit huyét. Khi thi biing dung cu clia cong ty, trong 1 500 ngudi da bi
nhiém bénh s6t xuat huyét, ¢6 76% s ngudi d6 cho két qua dudng tinh, con lai cho két qua
am tinh. Mt khéc, trong 7 500 ngudi khong bi nhiém bénh sot xudt huyét, c6 7% s6 ngudi
d6 cho két qua duong tinh, con lai cho két qua 4m tinh khi kiém tra.

a) Chon s thich hgp cho [ ? ] trong Bdng 1 (don vi: ngudi). So sdnh s ngudi c6 két qua
dudng tinh khi thit nghiém véi s6 ngudi bi nhiém bénh sot xuat huyét.

= _\\\ Két qua thif nghiém
= Dudng tinh Am tinh
Tinh trang bénh "‘\\_\
Nhiém bénh
Khong nhiém bénh

Bang |
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b) Chon ngiu nhién mot ngudi trong s nhitng ngudi thit nghiém. Tinh xdc suat dé ngudi
dugc chon ra bi nhiém bénh sot xuat huyét, biét riing ngudi d6 ¢6 két qua thi nghiém
ducng tinh (1am tron két qua dén hang phin mudi).

¢) Nha san xuit khing dinh dung cu cho két qua ding véi hon 90% s& trudng hop c6 két
qua duong tinh. Khing dinh d6 c6 ding khong?

Giai

a) * Trong 1 500 ngudi da bi nhiém bénh st xudt huyét, sé ngudi cho két qua ducng tinh
(khi kiém tra) 1a: 76% . 1 500 = 1 140 (ngudi).

Trong 1 500 ngudi da bi nhiém bénh sot xudt huyét, s6 ngudi cho két qua am tinh (khi
kiém tra) la: 1 500 — 1 140 = 360 (ngudi).

» Trong 7 500 ngudi khong bi nhiém bénh sot xudt huyét, s6 ngudi cho két qua duong
tinh (khi kiém tra) 1a: 7% . 7 500 = 525 (ngudi). Do d6, s& ngudi khong bi nhiém bénh
sOt xudt huyét cho két qua im tinh (khi kiém tra) la: 7 500 - 525 = 6 975 (ngudi).

Ti d6, Bang 1 duge hoan thién bdi Bdng 2 (don vi: nguoi).

—

T~ Kétqua thif nghiém

—~—

N | Dudng tinh Am tinh
Tinh ll'a_il'lg b(?,‘nh \

=3

Nhiém bénh 1140 360
Khong nhlem bénh 525 l 6975

Bang 2

Tt Bang 2 ta thiy s6 ngudi ¢6 két qua duong tinh khi thit nghiém la:
52541 140 =1 665 > 1 500.
b) Xét cic bién ¢o sau:
A: “Ngudi dude chon ra trong s6 nhitng ngudi thit nghiém 12 bi nhiém bénh s6t xuit huyét”™;
B: “Ngudi dugc chon ra trong s6 nhiing ngudi thit nghiém cho két qua duong tinh (khi
kiém tra)”.
Tt cde dit liéu thong ké & Bdng 2, ta c6: R

1665 37 S

B = 000 20D’ 3 Véi c;c gid thiétnhu Vidu,

1140 19 chon ngau nhn{*:n mot ngubl trong

P(ANB)=——=— s0 nhiing ngudi thit nghiém. Tinh

9000 150° xdc sudt € ngudi duge chon ra

. 19 37 76 bi nhiém bénh sot xudt huyét,

VY PANR) =t ™ i T ORI, bié rling ngudsi 6 c6 két qua thl

| : ; hiém am tinh (1 két

¢) Do 68,5% < 90% nén khiing dinh cita nha sin xudt gg,nf;;;‘";h;:‘ n‘“’;‘;l’.’)f“’" FRa

la khong ding.
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iy TUu TRONG

OLLIEGE

Clui ¥: Ngudi ta ching minh duge tinh chét sau chi ra méi lién hé gitia xdc suét c6 diéu
kién va bién ¢ doc lap:
Cho A va B 1a hai bién ¢6 v6i 0 < P(A) < 1, 0 < P(B) < 1. Khi d6, A va B 1a hai
bién ¢6 ddc 1ap khi vi chi khi

P(A)=P(A|B)=P(A| B) va P(B)=P(B|A)=P(B|A).

Nhén xét: Tinh chét trén gidi thich vi sao hai bién ¢d 1a doc lap néu viéc xay ra hay
khong xdy ra clia bién ¢d nay khong 1am dnh hudng dén xéc sudt xay ra ciia bién ¢d kia.

Il. SU DUNG SO DO HINH CAY DE TINH XAC SUAT O DIEU KIEN

Bic An cua mdt khic g6 thanh ba khdi nho. M&i khéi nho dude son bing mot
trong hai mau xanh hodic vang. Vé so dd hinh cdy biéu thi cdc khi niing ma bic An ¢6
thé son mau cho khic gb dé.

Vidu5 & Mot hop c6 8 vién bi mau do va 5 vién bi mau vang; cdc vién bi ¢6 kich thude
va khéi lugng nhu nhau. C6 5 vién bi trong hdp duge ddnh so, trong d6 ¢6 3 vién bi mau
d6 va 2 vién bi mau vang. Liy ngiu nhién mot vién bi trong hop. Dung sé d6 hinh cay,
tinh xdc suat dé vién bi duge 1dy ra ¢6 mau do, biét riing vién bi d6 duge ddnh s,

Giai
Xét hai bién ¢4 sau:
A: “Vién bi dugc 1dy ra c6 mau do™;
B: “Vién bi dugc 1dy ra c6 ddnh 5.
Khi d6, xéc suit d€ vién bi dudc 1dy ra c6 mau do, biét riing vién bi d6 dugc dénh s6, chinh
1a xdc sudt c6 diéu kién P(A | B).

Sd d6 hinh cdy biéu thi cich tinh xdc sudt c6 diéu kién P(A | B), dugdc vé nhu sau:

Gi'én' bi duge lay a

)
[ B: “Vién bi dugc ldy ra c6 ddnh $56” J [b‘: “Vién bi dugc 14y ra khong ddnh s3” |
7
3 2 = 5 3
[)("‘IB’/\\.]H)— P(.—HB)N”"—
3 5 8 8
. . L / - - .
A: “Vién bi dude A: “Vién bi dudgc A: *“Vién bi dugc A: “Vién bi dudgc
1dy ra c6 mau d6” ldy ra c6 mau vang”) | 1dy ra c6 mau d6” Idy ra c6 mau vang”
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Viy xdc sudt d€ vién bi dugc ldy ra c6 mau %

a6, biét riing vién bi d6 ¢6 danh 55,12 0,6. @ Mot tiii ¢6 10 hop sita chua dau va 10
hop stta chua nha dam; cic hjp stia chua

Chii ¥: Ap dung cong thifc (*), ta ¢6 thé tinh: 6 kich thude va khéi lugng nhu nhau.
ARy 3 C6 12 hop sita chua trong tdi l1a sia chua
P(AIB)=———==-=0,6. khong dudng, trong d6 ¢6 6 hip sia chua

nB) 5 déu va 6 hop sila chua nha dam. Ly ngiu
nhién mét hop sia chua trong tii. Dung sd
dd hinh cdy, tinh xdc sudt dé hop siia chua
duoe liy ra 12 hop sila chua diu, biét ring
hop stia chua do 12 stta chua khong duding.

B saiTap

1. Cho hai bién ¢4 doc 1ap A, B véi P(A) = 0.8, P(B) = 0,25. Khi d6, P(A | B) bing:
A.0.2. B. 0.8. C. 0,25. D. 0.75.

2. Cho hai bién c6 A, B ¢6 P(A) = 0,6; P(B) = 0.8; P(A n B)=0.4. Tinh céc xéc suit sau:
a) P(BIA); P(BIA). b) P(AnB).

3. MOot hop ¢6 3 qua bong mau xanh, 4 qua bong mau do; cdc qua béng c6 kich thude
vi khéi lugng nhu nhau. Lay bong ngdu nhién hai 14n lién tiép, trong d6 méi 14n 1ay
ngiu nhién mdt qué boéng trong hdp, ghi lai mau cla qua bong 14y ra va bo lai qua
bong d6 vio hop. Xét cic bién ¢o:

A: “Qua béng mau xanh dugc 14y ra & lan thi nhit™;
B: “Qud béng mau do dugc ldy ra & ldn thd hai”.
Chiing minh riing A, B la hai bién ¢ doc lép.

4. Cho hai xdc xdic cin d6i va ddng chat. Gieo lan lugt tiing xiic xic trong hai xiic xic
d6. Tinh xéc sudt d€ tong sd chdm xuat hién trén hai xic xic bing 6, biét ring xdc
xéc thd nhat xuit hién mit 4 chim.

5. Mot doanh nghiép trude khi xudt khiu 4o sd mi phai qua hai 1an kiém tra chat lugng
san phiam, néu ca hai lan déu dat thi chiéc 4o d6 mdi du tiéu chuin xuit khiu. Biét
ring binh quin 98% sian phim lam ra qua dudc l4n kiém tra thd nhit va 95% san
phidm qua dugc l4n ki€m tra thd nhét sé ti€p tuc qua dugce 1dn kiém tra thd hai. Tinh

- Y - - .t . * A ~ o~ <
xdc suat dé mot chiéc 4o sd mi da tiéu chuan xuat khau.

6. MOt 16 san phdm ¢6 20 sin phidm, trong d6 ¢6 5 san phdm chat lugng thip. Liy lién
tiép 2 san phim trong 16 sin phdm trén, trong d6 san phdm ldy ra & lin thid nhat
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COLLEGE

khong dude bo lai vao 16 san phim. Tinh xdc sudt dé ca hai san phim dugc 1dy ra
déu ¢6 chit lugng thip.

7. Trén gid sich c6 10 quyén sich Khoa hoc va 15 quyén sidch Nghé thuit. Cé
9 quyén sdch viét bing tiéng Anh, trong d6 3 quyén sdch Khoa hoc va 6 quyén sdch
Nghé thudt, cdc quyén sdch con lai viét biing ti€ng Viét. Ldy nglu nhién mdt quyén
sdch. Diing sd dd hinh cdy, tinh xdc sudt d€ quyén sich dugc 1dy ra la séch viét bing
tiéng Viét, biét ring quyén sich dé la séch Khoa hoc.

8. C6 2 linh kién dién tlf, xdc suit dé mdi linh kién hong trong mdt thai diém bat ki
lan luot Ia: 0,01 0,02. Hai linh kién d6 dudc li’ip vio mdt mach dién theo so d6 &
Hinh la, 1b. Trong mdi trudng hgp, hiy tinh xdc sudt dé trong mach dién c6 dong
dién chay qua.

Hinh |
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BAI 2: CAC QUY TAC TINH XAC SUAT
(CONG THUC XAC SUAT TOAN PHAN. CONG THUC BAYES)

Day chuyén lip rdp 6 to dién gdm cic
linh kién la sdn phdm do hai nha mdy séan
xudt ra, SO linh kién nha mdy I san xudt ra
chiém 55% tong s6 linh kién, s6 linh kién
nhd mdy II sdn xudt ra chiém 45% tong
s0 linh kién; ti 1¢ linh kién dat tiéu chuin
cua nha mdy I 1a 90%, cia nha may II 1a
. 87%. Lay ra ngiu nhién mét linh kién tit
(Ngudn: htps://shutterstock.com) — déy chuyén 1dp rdp d6 dé kiém tra.

2
Xdc sudt dé linh ki¢n duge ldy ra dat tiéu chudn la bao nhiéu? ‘,;l«'fé',}\\
\ ./‘A>1~
s \\}'
Trong muc niy, ta ludn gia thiét phép thit 7'c6 khong gian mau 1 tép hop © gébm hitu
han phén tif va cdc két qua cha phép thit 1 ddng kha niing, cdc bién c¢d déu lién quan dén

phép thur dé.

I. CONG THUC XAC SUAT TOAN PHAN
P Mot hop c6 24 chiéc thé cung loai, mbi thé duge ghi mdt trong cdc s6 1, 2,
3, ..., 24; hai thé khdc nhau thi ghi hai s6 khdc nhau. Rit ngdu nhién 1 chiéc thé trong
hop. Xét bién ¢6 A: “S& xudt hién trén thé duge it ra la s6 chia hét cho 3™ va bién ¢d B:
“S6 xudt hién trén thé dude rit ra 12 s chia hét cho 47,
a) Viét cic tap con ctia khong gian méu tuong ding
vdi céc bién cd A, B, A~ B, An B (Hinh 2).
b) So sdnh:
n(A) va n(Am B)+n(An B).
Tii d6, hay chiing to ring:
P(A)=P(AmB)+P(An B).
¢) So sdnh: P(An B) va P(B).P(A|B):
P(An B) va P(B).P(AI|B).

Tit d6, hiy chiing to ring: ,
P(A)=P(B).P(A| B)+P(B).P(Al B). Hink2
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Ta ¢6 cong thic sau (g0i 12 cong thite xde sudt toan phan):

o
~ Cho hai bién c6 A, B v6i 0 < P(B) < 1, ta c6:

P(A)=P(An B)+P(An B)=P(B). P(A| B)+P(B) . P(A| B).

Vidul © Theo mot so liéu thong ké, nim 2004 & Canada c6 65% nam gidi la thita
¢in va 53,4% nit gidi 1a thita cin. Nam gidi va nif gidi & Canada déu chiém 50% dén s6
ca nudc (Ngudn: F. M. Dekking et al., A modern introduction to probability and
statistics — Understanding why and how, Springer, 2005). Hoi ring, trong nim 2004,
xdc sudt dé mot ngudi Canada duge chon ngdu nhién 12 ngudi thita can biing bao nhiéu?

Giai
Xét hai bién c6 sau:
A: “Ngudi duge chon ra la ngudi thita ¢an™;
B: “Ngudi dugc chon ra 12 nam gidi” (bién cd B: “Ngudi duge chon ra la nii gidi”).
Tu gid thiét ta c6:
P(B)= P(B) =50%=0,5; P(AlB)=65% =0,65; P(Al B) =53.4% =0,534.
Theo cong thiic xdc sudt toan phén, ta ¢6:
P(A)=P(B).P(A| B)+P(B).P(Al B)=0,5.0,65+0.5. 0,534 =0,592.

Viy xdc suit dé¢ mot ngudi Canada duge chon ngdu nhién Ia ngudi thita cin biing 0,592.
Nai cich khdc, ti 1&¢ nguoi Canada thita ¢én 1a 59,2%.

Vidu2 = MOt hop ¢6 60 vién bi mau xanh va 40 vién bi mau do; cdc vién bi ¢6 kich
thudc va khdi lugng nhu nhau. Sau khi théng ké, ngudi ta thiy: ¢6 50% s6 vién bi mau

xanh ¢6 ddn nhin va 75% s6 vién bi mau d6 ¢6 dan nhan; nhitng vién bi con lai khong
ddn nhén.

a) Chon s thich hop cho [ ?] trong Bdng 3 (don vi: vién bi).

Dén nhin |
Mi l\\ﬂﬂﬂ ! Cé dén nhiin Khéng déin nhin
Tau bi
| bo
Xanh

Bdng 3
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b) Lay ra ngdu nhién mét vién bi trong hp. St dung cdng thic xdc sudt toan phén, tinh
xdc sudt dé vién bi duge 1dy ra c6 ddn nhin.

Gidai
a) SO vién bi mau do ¢é ddn nhin la: 75% . 40 = 30 (vién bi).
S6 vién bi mau xanh ¢6 ddn nhin 1a: 50% . 60 = 30 (vién bi).

T Dén nhan

Mau bi \‘\\\ C6 dén nhiin Khéng dén nhin
bo 30 0
Xanh 30 10

| Bdng 4

Sau khi hoan thién Badng 3, ta nhiin dugc Bdng 4 (don vi: vién bi).

b) Xét hai bién ¢é sau:

-

“ - 2 " F - ‘
A: “Vién bi dudc chon ra ¢6 dian nhan™; L /1 by i bii todn frong
B: “Vién bi duge chon ra ¢6 mau do™. phin m& diu bing cdch
_ " lap bing théng ké nhu
Khi d6, ta ¢6: trong Vi du 2, biét ring ca
40 2 = % 3 hai nha mdy san xuét dudc
P(B)=100 "5, FPBI=1-PB)=1-2=5 &850 0004nhkien.

PAIBy=30-3 paipy-2NR L
40 4 60 2
Ap dung cong thifc xdc suit toan phin, ta ¢6:

.

P(A)=P(B).P(A|B)+P(B).P(AIB) =

o
N SRS
+
|
1 | —
| W

Viy xdc sudt dé vién bi dugc ldy ra c¢6 dan nhin bang 3,

Vidu3 = Trong trd chdi hdi hoa c6 thudng cia 16p 12A, ¢6 gido treo 10 bong hoa trén
canh cdy, trong d6 ¢6 5 bong hoa chia phiéu c6 thudng. Ban Binh héi bong hoa déu tién,
sau d6 ban An hai bong hoa thi hai.

a) V& sd d0 hinh cdy bi€u thi tinh hudng trén.

b) Tit d6, tinh xdc suit ban An hdi dugce bong hoa chita phi€u ¢6 thudng.
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Gidi
Xét hai bién ¢6: A: “Bong hoa ban An héi dudc chia phiéu ¢6 thudng™;
B: “Bong hoa ban Binh hdi dugc chida phiéu c6 thudng™.

Khi do, ta c6:

5 1 = A L = )
P(B)——)—E. P(B)=1-P(B)= 1-5—5. P(A|B)—6. P(AIB)-E‘
a) So dd hinh ciy biéu thi tinh hudng da cho la: -
Bong hoa ban Binh hdi ra Bong hoa ban An hdi ra L{Hﬁy g",n bﬁ! todn trong
J' phin md diu bing phuong
A phip s dung so db
P(A | B)= hinh cdy nhu trong V7 du 3.
9
|
P(B)=— B >
2
c P(A | B) =2 i
/ )= 9
] —
P(B)=~— B

A
b) Ap dung cong thic xdc suit toan phin, ta ¢6:

P(A)=P(B).P(A| B)+P(B).P(AI B) =

O | &

5
RS o —
9

19 | -

|
2
Viy xdc suat ban An héi dugc bong hoa chida phiéu c6 thudng biing

1| =9 | —

Il. CONG THUC BAYES
@SB Xét hai bién c& A, B trong Hoat dong 1.
a) Tinh: P(A), P(B), P(A | B) va P(B| A).
b) So sanh: P(B 1 A) va w
P(A)

Ta ¢6 cOng thic sau (goi la cong thite Bayes):
o
Vi hai bién o A, B ma P(4) > 0, P(B) > 0, ta c6: P(BI A)= L 2L PAIB),

P(A)
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Nhdn xér: Cho hai bién ¢6 A, B véi P(A)>0,0<P(B) < 1. Do
P(A)=P(B).P(AIB)+P(B).P(AIB)

nén cong thic Bayes con ¢6 dang: P(Bl1A) =- el =R LB) .
P(B).P(AIB)+P(B).P(AIB)

lidu4 = Cho hai bién ¢ A, B sao cho P(A) = 0.6; +
P(B)=04:P(AIB)=0,3. Tinh P(BIA). p A
I 3 Cho hai bién c6 A, B
Gidi sao cho P(A) = 04
Ap dung cong thiic Bayes, ta c¢6: P(B)=0.8;P(B1A)=0,3.
P(B).P(AIB) 0,4.0,3 _ Tinh P(A | B).

P(BlA)=
P(A) 0,6

0,2.

Vidu5 = Giasicé |}1<§t loai bénh ma ti 1é ngudi mic bénh 1a 0,1%. Gia sit c6 mét loai
xét nghiém, ma ai mac bénh khi xét nghiém ciing ¢6 phan ding duong tinh, nhung ti 1¢
phan tng ducng tinh gia la 5% (tdc la trong s6 nhiing ngudi khong bi bénh ¢6 5% s6
ngudi xét nghiém lai ¢6 phan (ng duong tinh).

a) V& sd dd hinh ciy biéu thi tinh huéng trén.
b) Khi mdt ngudi xét nghiém c6 phan dng duong tinh thi kha niing méc bénh ctia ngudi
d6 1a bao nhiéu phén triam (lam tron két qua dén hang phin trim)?
Gidi
a) Xét hai bién ¢6: K: “Ngudi duge chon ra khong mic bénh™;
D: “Ngudi duge chon ra ¢6 phan ing dudng tinh™.
Do ti 1& ngudi méic bénh 12 0,1% = 0,001 nén P(K) = 1 = 0,001 = 0,999.
Trong s& nhiing ngudi khong méc bénh ¢6 5% s6 ngudi c6 phan ng duong tinh nén
P(D | K) = 5% = 0,05. Vi ai miic bénh khi xét nghiém ciing ¢6 phén ting duong tinh
nénP(DI K)=1.
So db hinh ciy & Hinh 3 biéu thi tinh huéng da cho. V
P(D 1K) = 0.05 D & Duge bit c6 5% din

6ng bi mu mau, va 0.25%
phu nit bi mi mau (Ngudn:

-

P(K) = 0,999

D
D
P(DIK) = |

P(K) = 0,001

@l

Hinh 3

F. M. Dekking et al., A mod-
ern introduction to prob-
ability and statistics - Un-
derstanding why and how,
Springer, 2005). Gia st s6
dan 6ng biing s6 phu nil.
Chon m{t ngudi bi mu
mau mot cich ngiu nhién.
Hoi xdc sudt dé ngudi dé
la dan 6ng li bao nhiéu?
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b) Ta thdy: Kha niing mic bénh clia mOt ngudi xét nghiém c6 phan dng ducng tinh chinh
12 P(K | D). Ap dung cong thic Bayes, ta c6:
PRI 2 P KD - 890t ~1,96%.
P(K).P(DIK)+P(K).P(DIK) 0.,001+0,999.0,05

Viy xdc sudt mic bénh clia mot ngudi xét nghiém ¢6 phin ting duong tinh 1a 1,96%.

lBAI TAP

Cho hai bién ¢6 A, B véi P(B) = 0.6; P(A | B) = 0,7 va P(AIB)=0,4. Khi dé,
P(A) biing:
A.07. B. 0.4. C. 0.58. D. 0.52.

2. C6 hai chi& hop, hop I¢6 5 vién bi miu triing va 5 vién bi mau den, hop 11 ¢6 6 vién
bi mau tring va 4 vién bi mau den, cdc vién bi ¢6 cung kich thude va khdi lugng.
Lay ngdu nhién ddng thai hai vién bi tit hop I bo sang hop 11. Sau d6 iy ngiu nhién
mot vién bi tf hop 1L
a) Tinh xdc suit d€ vién bi dugc 14y ra 1a vién bi mau tring.

b) Gia st vién bi dugc 1dy ra Ia vién bi mau tring. Tinh xdc suat vién bi miu tring
d6 thude hop 1.

-
.

Mot loai linh kién do hai nha mdy s& I, s6 11 cing sdn xudt. Ti 1é phé& phim cia cdc
nha mdy I, 1T 1dn lugt 1a: 4%: 3%. Trong mot 16 linh kién d€ 1an 16n 80 sian phiam cla
nha mdy s& I v 120 san phim cua nha may s6 11. Mt khach hang 1dy ngdu nhién
mot linh Kién tf 16 hang dé.

a) Tinh xéc sudt d€ linh kién dugc 1dy ra la linh kién tét.

b) Gia st linh kién dugc 14y ra 12 linh kién ph& phdm. Xd4c sudt linh kién d6 do nha
mdy nio sdn xudt 12 cao nhit?

4. Mot chiéc hp ¢6 20 chiée thé cling loai, trong d6 ¢6 2 chiée thé mau xanh va 18 chiée
thé mau triing. Ban Chéu niit thé hai 1dn mét cdch ngiu nhién, mdi lan rit mot thé va
thé dugc rit ra khong bo lai hdp. Tinh xdc sudt d€ ci hai 14n ban Chau déu rit duge
thé mau xanh.

5. Nim 2001, Cong ddng chau Au ¢6 1am mot dgt kiém tra rét rong rii cdc con bo dé
phét hién nhiing con bi bénh bo dién. Khong ¢6 xét nghiém nao cho két qua chinh xdc
100%. Mot loai xét nghiém, ma & ddy ta goi 1a xét nghiém A, cho két qua nhu sau:
khi con bo bi bénh bo dién thi xdc suit dé c6 phan dng duong tinh trong xét nghiém
A 12 70%, con khi con bd khong bi bénh thi xdc sudt dé c6 phan ting dudng tinh trong
xét nghiém A 12 10%. Biét riing ti 1& bd bi miic bénh bo dién ¢ Ha Lan 1a 13 con trén
1 000 000 con (Ngudn: F. M. Dekking et al., A modern introduction to probability and statistics —
Understanding why and how, Springer, 2005). Ho1 khi mét con bo 6 Ha Lan ¢6 phan ting
duong tinh vdi xét nghiém A thi xdc suit dé né bi mic bénh bd dién 1a bao nhiéu?
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BAI TAP CUSI CHUONG VI

Cho hai bién ¢6 xung khic A, B véi P(A) = 0,2; P(B) = 0.4. Khi d6, P(A | B) biing:
A. 05. B.0,2. C.04. D. 0.

Mot cifa hang kinh doanh t6 chiic rit tham triing thudng cho hai loai san pham. Ti
I& triing thudng cha cdc loai san phiam I, I1 1dn lugt la: 6%; 4%. Trong mdt hop kin
gbm cdc thim cling loai, ngudi ta d€ 14n 16n 200 chiéc thim cho san phim loai I va
300 chiéc thiim cho sin phiam loai I1. Mot khéch hing 1y ngdu nhién 1 chiéc thim
tit chiéc hop d6.

a) Tinh xdc sudt dé chi& tham dugc 13y ra la tring thudng.

b) Gia st chiéc tham dugc 1y ra la tring thudng. Xdc suat chiéc thim dé thudc loai
san phdm nio 1 cao nhat?

Mot xa thii bin vao bia s& 1 va bia s6 2. Xdc suit d€ xa thi d6 bin tring bia s6 1,
bia s6 2 1An lugt 14 0.8: 0.9. Xdc suit dé xa thi d6 bin tring ca hai bia 12 0,8. Xét hai
bién ¢d sau;

A: “Xa thi @6 bin tring bia s6 17;

B: “Xa thu d6 bin tring bia s 2",
a) Hai bién ¢6 A va B ¢6 doc lap hay khong?
b) Biét xa thii d6 bén tring bia s& 1, tinh xdc sudt xa thi d6 bén tring bia s6 2.

¢) Biét xa thi d6 khong bin tring bia s 1, tinh xdc sudt xa thi d6 bin tring bia 3 2.

Mot chiée hdp c6 40 vién bi, trong d6 ¢6 12 vién bi mau d6 va 28 vién bi mau vang;
cdc vién bi ¢6 kich thude va khéi lugng nhu nhau. Ban Ngin 1y ngiu nhién vién bi
tit chiée hop dé hai 1an, mbi lan 1dy ra mét vién bi va vién bi duge 1ay ra khong bo
lai hop. Tinh xéc suét dé ca hai 14n ban Ngan déu ldy ra dugc vién bi miu vang.

Gia sif trong mdt nhém ngudi ¢6 2 ngudi nhiém bénh, 58 ngudi con lai 1a khong
nhiém bénh. D€ phat hién ra ngudi nhiém bénh, ngudi ta ti€n hanh xét nghiém tit ca
moi ngudi ctia nhém d6. Biét ring d6i véi ngudi nhiém bénh, xdc sudt xét nghiém
6 két qua duong tinh la 85%, nhung d6i vdi ngudi khdng nhiém bénh thi xdc suit
dé bi xét nghiém c6 phén ting duong tinh la 7%.

a) V& so dd hinh cdy biéu thi tinh hudng trén.

b) Gia sit X 12 mot ngudi trong nhém bi xét nghiém c6 két qua duong tinh. Tinh xdc
sudt dé X Ia ngudi nhiém bénh,
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