ALy TU TRONG

Chuwong I. MENH DE - TAP HQP
Muc tiéu
Sau khi hoc xong chwong nay, nguoi hoc cé thé:
— Thiét lap va phat biéu dwoc cdc ménh dé toan hoc, bao gém.' ménh dé phu dinh; ménh dé dao;
ménh dé twong duong; ménh dé c6 chira ki hiéu ;3 diéu kién can, diéu kién du, diéu kién can
va du.
— Xdc dinh dwoc tinh ding/sai ciia mot ménh dé todn hoc trong nhitng triecong hop don gidn.
— Nhdn biét duoc cdc khdi niém co ban vé tdp hop (tdp con, hai tdp hop bang nhau, tdp rong) va
biét sir dung cac ki hiéu c, D, Q.
— Thyee hién dwoc phép todn trén cdc tdp hop (hop, giao, hiéu cia hai tdp hop) va biét ding biéu do
Ven dé biéu dién chiing trong nhitng trieong hop cu thé.
— Tim dwoc hiéu cia hai tdp hop, phan bii ciia mét tdp con va biét diing biéu dé Ven dé biéu dién
chiing trong nhitng truong hop cu thé.
— Vén dung dwoc kién thire dd hoc vao gidi quyét mot sé tinh hudng ndy sinh tir thuc tién, gdn véi
phép todn trén tdp hop (vi du: nhitng bdi todn lién quan dén dém sé phan tir ciia hop cdc tip hop...).

Bai 1. MENH DE
1. Kh4i niém ménh dé
MOdi ménh dé 13 mot cau khéng dinh hodc dung, hoic sai.
Ménh d khing dinh dung goi 1 ménh dé ding.
Ménh d khing dinh sai goi 13 ménh dé sai.
Mot ménh dé khong thé vira ding, vira sai.

Vidu1: ‘
“S6 m lonhon4” (la mot ménh d¢é sai)
“So3lasole” (1a mdt ménh dé dung)

“Hom nay trdi dep” (Khéng phai ménh dé)
¢ Chu y: Nguoi ta thuong str dung cac chit cai in hoa P, Q, R, ... dé ki hiéu ménh dé.
2. Ménh dé chira bién
e Meénh dé chira bién la cau khéng dinh ma tinh dung sai con tuy thudc vao mdi gia tri cu thé
ctia bién.
e Khi gén thém ki hi¢u: V (véi moi); 3 (tén tai) thi dugc mot ménh dé.
Vi du 2: Xét P(x) = “x -5 < 6” 1a ménh d¢ chtra bién. Vi khi chon x =1 ¢6
P(1)=*1-5<6(dang)”’,x=15co P (15)=“15—-5< 6" (sai).
Khi gan thém ki hiéu: 3, “IxeR , x - 5 < 6” 1a ménh d¢ dung
V,"Vx e R,x-5<6" la ménh dé sai.

% Chuy:

& Phu dinh cua "Vvx e X,P(x)" la:"Ix e X, P(x)"

& Phu dinh cua "3Ix € X, P(x)” la:"Vx e X, P(x)"

3. Ménh dé phii dinh
Cho 2 ménh dé P va Q.
= Ménh dé phu dinh cua P: ki hiéu P (khong P)

Néu P ding thi P sai va nguoc lai

% Chu y: Khi pht dinh ménh dé can cha y
|
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“ > phadinhlaila<”
“>phudinhlaila <”
“ = phu dinh lai la =
“v phu dinh lai 1a 3”7
4. Ménh dé kéo theo
Ménh d& kéo theo: ki hiéu P = Q (néu P thi Q)

Ménh dé P = Q chi sai khi P diing va Q sai

5. Ménh dé diao. Hai ménh dé twong dwong

» Ménh dé dao: i i i
Ménh d¢ Q = Pla ménh dé dao cia ménh dé P=Q

* M¢nh d¢€ twong duong: ki hi¢u P < Q

Ménh @& P < Q dung khi P va Q cung diing hodc cung sai

6. Cac vi du
Vi du 3: Trong céc cdu sau, cau nio la ménh dé:
a. “Phuong trinh: x* +4x+5 = 0 ¢ nghiém” ;
b.“x*>x";
c. “Hinh chit nhat 13 hinh binh hanh c6 2 dudng chéo bang nhau”.
Giai
a. Ménh dé sai vi A' = —1<0 nén phuong trinh khong c6 nghiém
b. Khong 12 ménh dé: vi véix =2 ¢6 4 > 2 (ding) ; véix =1 c6 1 > 1 (sai)
= Khang dinh vira ding, vira sai.
c. Ménh d dung (theo d4u hiéu nhén biét hinh chit nhat).
Vidu 4 : Lap ménh dé ’phﬁ dinh ctia cac ménh dé:
a. A =“2008 chia hét cho 9”
b.B=“VxeR, x*>x”
c.C=%“IneN,n’=3n-2"
Giai
a. A= “2008 khong chia hét cho 97;
b. B="3xeR, x><x"
c. C="Vne N,n?#3n-2".
Vi du 5: Xét tinh dung sai va viét ménh dé phu dinh cac ménh dé sau:
a. VxeR,x*+2x+2>0
b. IxeR,x*+3x+4=0
Giai
Ménh & dung, vi x> +2x+2 =(x2 +2x+1)+1 =(x+1)2 +1>0 v6i moi sb thuc x
Ménh d& phu dinh: Ixre R, x> +2x+2<0
b. Ménh dé sai, vi phuong trinh x> +3x+4=0 v6 nghiém
Ménh d& phu dinh: VxeR,x* +3x+4#0

| . BAITAP
Bai 1. Khang dinh nao 1a ménh d€? Néu la ménh dé, cho biét dung hay sai:

a.3+2="7, b. n<3,15;
e
2
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c. |-5]=5; d.4+x>3.
e. Nam 2008 la nam nhuén; f. Lop ching ta rat chém hoc To;’m.
Bai 2. Trong cac cau sau cau nao la ménh dé€, cau nao la ménh dé chira bién:
a. x+y=1; b. 2-+/5<0;
c. x> +1=0; c. V2 1a s8 hiru ti.
Bai 3. X¢ét tinh ding sai va viét ménh dé phu dinh cac ménh dé sau :
a. A="VxeR,x+3<2"; b.B="VneN,n*=4n-3";
c.C="3xeQ,x*=3"; d.D= "EIer,xSl";

X

Bai 4. Dung cac ki hiéu Vv,3 dé viét cac ménh dé:
Binh phuong ctia mdi s6 nguyén déu 16n hon chinh né ;
Moi s6 nguyén t6 déu 1a s6 1¢ ;
C6 sb hiru ti ma binh phuong cia nd bang 5 ;
. C6 sb thuc ma sd ddi bang véi s6 nghich dao ciia no.

Bai 5. Cho ménh d& P = “AABC can tai A” va Q = “AABC c6 B=C".

Hay lap cac ménh déP = Q,Q = PvaP < Q.
Bai 6. Cho ménh dé chura bién P(x) “ x = x*” véi x 13 s6 nguyén. Xac dinh tinh dung sai cua cac
ménh dé sau :

a. P (1) b.P[_?lj

c. EIXEZ,P(X) d. VXGR,P(X)

a0 o

Bai 2. TAP HQP

1. Cac khai niém

» Tap hop la mét khai niém co ban cua toan hoc, khong dinh nghia.
Gia st da cho tap hop A. Dé chi a 1a mot phan tir ciia tip hop A, ta viét: ac A (doc 1a a thudc A).
Dé chi a khong phai 1a mot phan tir ctia tap hop A, ta viét: a & A (doc 1a a khong thude A).

» Cach xac dinh tap hop

Tap hop thudng duoc biéu dién dudi dang: Liét ké phan tir hay chi ra tinh chit dit trung.

Vi du: Tap hop A dugc biéu dién bang hai cach

= , Tap hop A duoc goi la tap hop con clia tip B néu moi phan tir ctia tip A déu 14 phan tir
cua tap hop B.

ACB@(Vx,xeA:xeB)

= Tap hop biang nhau

A=B< AcBvaBcA

= Tap rong
Tép hop rong, ki hiéu: @ la tap hop khong chira phan tir nao.
< Chu y: Tap hop rong 1a con cuia moi tap hop.
Moi tap hop déu la con cia chinh né.
Vi du 1: Liét ké cac phan tir ctia tip A= {x eR| x*+1= 0}
Phuong trinh: x> +1=0 v0 nghiém nén tap nghiém cua phuong trinh 1a:S = &
|
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2. Mt s6 tap con ciia tip hop sé thue R
Nguoi ta thuong stir dung céc tap con cua tip so thuc sau day (a va b 1a céc so thuc, a <b)

Tén goi va ki hiéu Biéu dién trén truc sé
Tap s6 thuc (—o0; +0) R 0 "
Poan [a; b] {(xeR|asx<b} 4 } >
a b
Khoang (a; b) {(xeR|a<x<b} | ’%”m”a( b)%%%;
. . . R A
Nura khoang [a; b) {(xeR|a<x<b} 3 h
. A A\W777777770777"%
Ntura khoang (a; b] {xe R|a<x<b} a | s
- » S A\ 0777 777)
Ntra khoang (—0; a] {xeR|x<a} g
A >
” 2 . D) 71 »>
Ntura khoang [a; +0) {(xeR|x>a} i
N UL L
2 - R V77777777777
Khoang (—o0; a) {(xeR|x<a} ‘ j
LLLLL A s
Khoang (a; +0) {xeR|x>a} | \ .

Ki hi¢u: —o doc la am vo6 cuc; +wo doc la duong vo cuc
Vi du 2: Phan biét cac ki hiéu: {1;2};(1;2);[1;2].

{1;2} 1 tap hop roi chi chira hai phan tir 1a 1 va 2.

(1;2) 1a mot khoang chira v6 s6 phan tir 1a nhitng s6 16n hon 1 va bé hon 2.

[1;2] 1a mdt doan chira v6 s6 phan tir gdm 1; 2 va tat ca nhitng s6 16n hon hogc bang 1 va bé hon
hodc bang 2.

Vay: [1;2] \(1;2) = {1;2}

Vi du 3: Dung cac ki hiéu doan, khoang, ntra khoang dé viét cc tap hop sau ddy:

a. {xeR|—2<x<3}; b. {xeR|leS10};
c. {xeR|5<x£\/§}; d. {xeR|z<x<4;
€. {xeR|x<%}; g. {xeR|x2%}.

3. Cacvidu

Vi du 4: Hay liét ké phan tir ciia tap hop A = {x ez (2x-1)(x’ -3x—4)=o}
Giai

2x—1=0 i

5 & 2
X =3x-4=0

Ta c6 phuong trinh: (2x—1)(x2 —3x—4): 0 <:>[
x=—-1lux=4

Vi xeZ nén A={—l;4}.
Vi du 5: Tim tt cd céc tap con clia tap A = {a;b;c}

|
TO TOAN — KHOA KHOA HOC CO BAN 4



AF Ly TU TRONG
Giai
Céc tap con cua A la:
@:{a};{b};{c}
{a;b};{a;c};{b;c};A

’ BAI TAP
Bai 1. Vict cac tap hop sau dudi dang liét ké phan tu:

A= {XEN| ( )(x —5x+4) O} B= {xe@| (2x—\/§) 3x2—2x)=0}

C= {er| 3x* +2x? —SX:O} D= {xeR| (2x—l)<x2+x+1):0}
E={xeN| 2X—1S7} F={er| |x|<3}
Bai 2. Vié

Viét cac tap hop sau dudi dang chi ra tinh chit dit trung cho cac phan tir:
a. Tap hop 4={1;2;3;6;9;18} ;

b. Tap hop B cac nghiém cua bat phuong trinh 2x+1>0;
c. Tap hop C cac nghi¢m cua phuong 2x-y >6.

Bai 2. Cho céc tap hop:
A={xeR| x2—2x+5:0} B={xeN| 3—X>O}

C= {xe@| x2—2=0}
a. Tap ndo 1a tap rong?

b. Tim quan h¢ tép con, bang nhau gilra cac tap hop trén?
Bai 3. Tim tit ca cac tp hop con ctia mdi tip hop sau:

A= {-10;1} B = {T;0;A;N} C={xeR| x'-5x*+4=0}

D= {X€Z| OSXS3}

Bai 4. Haly viét tat ca cac tap con clia tap hop B={0;1;2} .

Bai 5. Dung cac ki hiéu doan, khoang, nira khoang, viét cac tap hop sau ddy:
a. {xeR|—27z’<x£27z};

{xeR||x|£\/§};
C {xeR|x<0};
d. {xeR|l—3x£0}.

Bai 3. CAC PHEP TOAN TREN TAP HQP
1. Phép hop

Tap hop C gdm cac phan tir thudc A hodc B duoc goi 1a hop ciia A va B (phan gach chéo trong
hinh).

AuB={x| xeAhayxeB}

2. Phép giao

Tap hop C gdm cac phan tir vira thudc A, vira thudc B duoc goi 1a giao ciia A va B (phan gach
chéo trong hinh).
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AmB={x| xeAVéxeB}

3. Phép hiéu i i
Tap hop C gdm cac phan tir thude A nhung khong thudc B goi 1a hiéu cua A va B (phan gach chéo
trong hinh).

A\B={x| XEAVE‘!X%B}

4. Phin bu
Khi Bc A thi A\ B goi 1a phan bu cua B trong A, ki hi¢u: C,B (phan gach chéo trong hinh).

5. Cacvidu
Vidu 1: Cho tap hop A = {-1;3;-5;7;-9;11;—13;15} va B = {0;3;6;9;12;15;17} .
Xac dinh: AnB,AUB,A\B,B\A.
Giai
ANB={3;15};
AUB={-1;3;-5,7;-9;11;-13;15;0,6;9;12;17 };
A\B={-1;-57;-9;11;-13}; B\A={0;6;9;12;17}.
Vi du 2: Viét tap hop A dudi dang khoang, doan: A = {x € R| 4-3x > 10}
Giai
Taco: 4-3x210 -3x>26 < x<-2.
Vi xeR nén B = (—oo;—2].
Vi du 3: Cho tap hop:
A=[-2;1); B=(0;3]
a. Biéu dién A; B trén truc sb
b. Xacdinh: AnB;AUB;A\B;B\ 4.
o Giai
a. Bicéu dién A, B trén truc so

2 1

B

0 3
b. AnB=(0;1)

AUB=[-23]

|
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A\B=[-2:0]
B\A=[13]
Vidu 4: Cho A = [-1;3) va B =(-x;1).
Xac dinh: AnB, AUB, A\B, B\A, C:B
Giai

—00 -1 3 +00
A il
B - VA

—00
AmBz[—l;l); AuB=(—oo;3); A\B=[1;3)
B\Az(—oo;—l); CRB=[1;+OO).
Vi du 5: Xac dinh cac tap hop sau day:
a. (L,3)u[-22] c. (—oo31)N[0; 7]
b. {%;3)\(1&00) d. Cp[-1;+)
BAI TAP
Bail.Cho D 2{0;1;2;3;4;5}; E ={O;2;4;6} ; F= {0;3;6;9;12}

a. Xéacdinh PNEEVEFAD.

b. Xacdinh E\F;D\E; F\D;

c. Xacdinh (DUF)\E; (ENnF)uD; (E\D)NF.
Bai 2. Xac dinh AnB; AUB; A\B; B\ A VOi:
a. A= (-53) va B=(-7;0)
b. A=[1;5] vaB = (4,5;+x)
c.A= {xeR| —1<x£5} va B= {xeR| X>2}

d. A={xeR| 2x-1<0} va B= {xeR| -2<x<3}
Bai 3.

a. Xaéc dinh cac tap hop C,A va C;B voi

A={X€R| X2—4X—5=0}; B= {xeR| 4—5x20}
b. Xéc dinh cac tap hop: E ={x e R| 2x* =5x+2#0};
F={xeR| XS4V:‘1X2—4X+3¢0}.

Bai 4. Xac dinh céc tp hop sau day

a. (—0;0)U[-7;7] c. (—oo;\/z)ﬁ[lﬁoo)

b. [-3,52]n(-2:3,5) d. (0132 )\[1;+20)
Bai 5. Trong SO 4’15 hoc sinh cua 16p 10A c6 15 ban dugc x€p loai hoc sjnh giéi, 20 ban dugc xEp
loai hanh kiém t6t, trong d6 c¢6 10 ban vira hoc luc gidi, yfrc} co haqh kiém tot. Hoi:

a. L&ép 10A co6 bao nhiéu ban dugc khen thudng, biét rang muon dugc khen thudng ban dé

phai ¢6 hoc lyc gidi hodc c6 hanh kiém t6t?
b. L&p 10A c6 bao nhiéu ban chua dugc xép loai hoc luc gidi va chua ¢ hanh kiém tot?
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ON TAP CHUONG I
Bai 1. Cac cdu sau ddy, cAu ndo 1a ménh dé, va ménh dé d6 dang hay sai:
a. O day 14 noi nao? b. Phuong trinh x>+ x — 1 = 0 v6 nghiém
c.x+3=5 d. 16 khong 1a s6 nguyén t6

Bai 2. Néu ménh dé phu dinh cua cac ménh dé sau:
a. “Phuong trinh x? —x — 4 = 0 v6 nghiém”
b. “61a sb nguyén t6”
c. “VneN;n?—11asd1e”
Bai 3. Xac dinh tinh dung sai cia ménh dé A, B va tim phu dinh cua no:
A=%“ Vxe Rix*>x* B =* 3 xe N: x chia hét cho x +1”
Bai 4. Phat biéu ménh d& P = Q va xét tinh diing sai ctia n6 va phat biéu ménh dé dao:
a. P: “ABCD la hinh chit nhat” va Q: “AC va BD cit nhau tai trung diém mdi dudng”
b. P:“3>5"vaQ:“7>10”
c. P:“Tam giac ABC la tam gidc vudng can tai A” va Q: “Goc B =459~
Bai 5. Cho cac ménh dé:

« 1
A="3xeQ;x* <-2x+3" B="vxeN ;x>-—"
X
C="3xeZ;n’ +1:3" D="VxeR;x*-3x+5=0"
E="VxeN,x’ >x" F="3dxeZ,x¢N"

a. Hay xét tinh dung sai cia mdi ménh dé
b. Lap ménh dé phu dinh cua né.
Bai 6. Cho 2 ménh dé: P = “Tt gidc ABCD 14 hinh thoi” va Q = “Tir gidc ABCD c6 hai duong
chéo vudng goc va cit nhau tai trung diém mdi duong”.
a. Lap ménh dé kéo theo “P=Q". Chung té ménh dé nay la mot dinh li;
b. Phat biéu dinh li d6 theo cach dung thuat ngir “diéu kién can”, “diéu kién du”;
c. Phat biéu dinh 1i dao ctia dinh i trén.
Bai 7. Xac dinh cac tdip hop AnB, AUB, A\B, B\A

a) A:{er| (X2—3X)(2X2—3X+1)=0} va B={xeN| x§3va‘1x<10};

b) Az{xeN*| 9—2x20} va B={xe@| (X—\/g)(x—3)(2x—1)=0};

c) A=[—3;2) va B={xeR| x>—1};

d) A={xe]R| |X|S1} va B={X€]R| 0Sx<3}.
Bai 8. Xac dinh phan bu cta cac tap hop sau trong tip R:

a) A={XER| 4—x2=0}; b) B={XGR| 2x—3£0};

c*) C={xe]R| |x|>3}; d*) D={XGR| 2x2—3x—5¢0}.
Bai 9. Hay viét tat c4 c4c tap hop con clia cia tap hop 4 ={a,b,c}

Bai 10: Cho hai tap hop
A={xeR|1—2xSO}
B={xeR|x—2<0}
a. Biéu dién A va B trén truc s6
b. Tim 4nB;AUB;A\B;B\ 4
Bai11. Cho A = [x;x+1]; B= [2;5]
a. TimxdéAcB; b.TimxdéBcA; c. Timxdé AnB=0
]
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Chuong II. BAT PHUONG TRINH VA HE BAT PHUONG TRiNH BAC NHAT HAI AN
Muc tiéu: i
Sau khi hoc xong chuwong nay, nguoi hoc co the:

— Nhdn biét dwoc bdt phwong trinh va hé bat phwong trinh bdc nhat hai dn.
— Biéu dién dwoc mién nghiém ciia bat phirong trinh trén mat phang toa d.

— Biéu dién duoc mién nghiém cua hé bat phuwong trinh bdc nhat hai an trén mat phcfng toa do.

~ BAI 1. BAT PHUONG TRINH BAC NHAT HAI AN
1. Khai niém bat phuong trinh bac nhat hai an

Bédt phuwong trinh bdc nhét hai én x,y 13 bat phuong trinh c6 mét trong céc dang

ax+by+c<0;ax+by+c>0,ax+by+c<0;ax+by+c=0,

trong d6 a, b, ¢ 1a nhitng s6 cho trwdc; a, b khéng dong thoi bang 0 va x, v 1a cac an.

Vi du 1: Tim bat phuong trinh bac nhét hai an trong cac bat phuong trinh sau day:
a)x —5y+2<0; b)9x? + 8y — 7 = 0;
c)3x—2>0; d)4y +11 <0.

Giai

Céc bat phuong trinh a), ¢), d) 1a cic bat phuong trinh bac nhit hai 4n.

Bét phuong trinh b) khong 14 bat phurong trinh bac nhat hai an vi ¢6 chira x2.

2. Nghi¢m ciia bit phwong trinh bac nhit hai 4an

Xét bt phwong trinh ax + by + ¢ < 0.
Mai cap s6 (x,;y,) thoa min ax, + by, + ¢ < 0 duoc goi 1a mot nghiém cua bat

phuong trinh da cho.
Vi du 2: Cap s6 nao sau day la nghi¢m cua bat phuong trinh 20x + 50y — 700 < 0?
a) (5; 6); b) (9;11).
Giai

a) Vi 20.5 + 50.6 — 700 = —300 < 0 nén (5; 6) 1a nghiém cua bit phuong trinh 20x + 50y —
700 < 0.

b) Vi 20.9 + 50.11 — 700 = 30 > 0 nén (9; 11) khong phai 1a nghiém ciia bat phuong trinh
20x + 50y — 700 < 0.

3. Biéu dién mién nghiém ciia bt phwong trinh bic nhit hai 4n

Trong mit phang toa d6 Oxy, tip hop cac diém (x,;y,) sao cho ax, + by, + ¢ < 0
dugc goi 1a mién nghiém cia bat phuong trinh ax + by + ¢ < 0.

Vi du 3: Biéu dién mién nghiém cua cic bat phuong trinh sau:
a)x —2y—1>0; byx+y—-1<0.
Giai

a) V& duong thang A:x — 2y — 1 = 0 di qua
hai diém A(1; 0) va B (0; - %)

Xét gbe toa dd 0(0; 0). Tathdy O & A va > S
Do d6, mién nghiém cua bat phuong trinh la s
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ntra mat phéqg khong ké bd A, khong chira gbe
toa do O (mi€n khong gach chéo trén hinh).

b)Vé duong thang A:x +y — 1 = 0 di qua
hai diém A(1;0) va B(0; 1).

Xét gbe toa dd 0(0; 0). Tathdy O € A va
0+0-1<0.

Do d6, mién nghiém cua bat phuong trinh 1a
ntra mat ph'fmg ké ca bo A, chaa géc toa do O
(mién khong gach chéo trén hinh).

BAI TAP
Bai 1. Cho bat phuong trinh bac nhat hai an x — 2y + 6 > 0.
a) (0; 0) c6 phai 1a mot nghiém cua bit phuong trinh d3 cho khong?
b) Chi ra ba cap sd (x; y) 12 nghiém cuia bat phuong trinh d3 cho.
c) Biéu dién mién nghiém cua bat phuong trinh di cho trén mit phang Oxy.
Bai 2. Biéu dién mién nghiém cia cac bt phwong trinh sau trén mit phiang toa do Oxy:
a)—x+y+2>0; b)2x+y—-2<0
c)y+2=0; d—x+2<0.
Bai 3. Biéu dién mién nghiém cua cac bt phwong trinh sau trén mit phiang toa do Oxy:
a)—x+2+2(y—2)<2(1 —x); b)3(x —1) +4(y —2) < 5x—3.
Bai 4. Ban Clic mu6n pha hai loai nuéc cam. pé pha mot lit nudc cam loai | can 30g bot cam, con
mot lit nude cam loai II can 20g bot cam. Goi x va y 1an luot 1a sb 1it nuée cam loai I va Il pha ché
dugc. Biét rang Cuc chi ¢6 thé dung khong qua 100g bot cam. Hiy lap cac bat phuong trinh mé ta
s6 lit nude cam loai I va I ma ban Cuc ¢6 thé pha ché duoc va biéu dién mién nghiém clia céc bat
phuong trinh d6 trén cing mot mit phang toa d6 Oxy.

BAI 2. HE BAT PHUONG TRINH BAC NHAT HAI AN
1.  Khaini¢m hé bat phwong trinh bac nhét hai 4n
H¢ bit phwong trinh bdc nhdt hai dn 13 hé gdm hai hay nhiéu bat phuong trinh bac nhat hai 4n
x,y. Mbi nghiém chung cua tit ca cac bat phuong trinh d6 duoc goi 1a mot nghiém cia hé bat
phuong trinh da cho.
Trén mat phang toa d6 Oxy, tap hop cac diém (x,; yo) c6 toa d6 1a nghiém cua hé bat phuong trinh
béc nhét hai an dugc goi 1a mién nghiém ciia hé bat phuong trinh do.

Vi du 1: Tim hé bt phuong trinh bac nhét hai 4n trong cac hé sau:

){3x+y—1<0 b){5x+y—9=0_
2x—y+2=20 4x -7y +3 =0
x+y—3<0
y—1<0. —2x+y+3=0
){x+220’ d) x=0 '
y=0
Giai

Céc hé a), ¢), d) 1a cac hé bat phuong trinh bac nhat hai an.

H¢ b) khong phai la hé bt phuong trinh bac nhat hai 4n vi hé nay chi gom cac phuong trinh.

2. Biéu dlen mién nghiém ciia hé bat phwong trinh bic nhat hai an

Dé biéu dién mién nghiém cia hé bat phuong trinh bac nhét hai an trén mit phang toa d6 Oxy, ta

thuc hién nhu sau:
s ee——
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- Trén cung mat phang toa do, biéu dlen mién nghiém cua mdi bat phuong trinh cua hé.
- Phan giao cua cac mién nghiém i mién nghiém cta hé bat phwong trinh.
Vi du 2: Biéu dién mién nghiém cua hé bat phuong trinh:

3x+y<6 Y
x+y<4 % ‘
x=0 &
y=0 /
Giai

Biéu dién tirng mién nghiém ctia mdi bat phuong trinh

trén mat phang Oxy. ‘
Mién khong gach chéo (mién tir giac OABC, bao gom /

ca cac canh) trong hinh bén la phan giao cua cac mién

nghiém va cling la phan biéu dién mién nghiém cua hé W
bat phuong trinh di cho. ;

=

- /
3. Tim gi4 tri 16n nhit hodc gia tri nhé nhit cia biéu thirc F = ax + by trén mt mién
da giac

Hé bat phuong trinh gitip ta mé ta duoc nhéu bai toan thyc té dé tim ra cach giai quyét tdi uu.
Chung thudng duge dua vé bai toan tim gia tri 1on nhat (GTLN) hodc gia tri nho nhat (GTNN)
ctia biéu thirc F = ax + by trén mot mién da giac.

Nguoi ta chimg minh duge F dat gi tri 16n nhat hodc nho nhét tai mot trong cac dinh cia da giac.

S ) BAI TAP
Bai 1. Biéu dién mi€n nghi¢m cua moi hé bat phuong trinh sau:
x+y—3=0 x—2y<0
a) x=0 ; b){x + 3y > —2;
y=0 y—x<3
x=>1 x+y<8
x<4 2x+3y <18
) x+y—-5<0’ d) x>0
y=0 y=0

Bai 2. Ban Lan thu xép duoc khong qua 10 gio dé 1am hai loai dén trung thu ting cho céc tré em
khuyét tat. Loai dén hinh con cé can 2 gid dé 1am xong 1 cai, con loai dén 6ng sao chi can 1 gio dé
lam xong 1 cai. Goi x, y 1an luot 1a s6 dén hinh con c4 va dén 6ng sao ban Lan s& lam. Hay lap hé
bat phuong trinh mo ta diéu kién cta x, y va biéu dién mién nghiém ctia hé bat phuong tinh do.

ON TAP CHUONG II
Bai 1. Biéu dién mién nghiém ctia mdi bat phuwong trinh sau trén mit phang toa d6 Oxy:
a)—2x+y—1<0; b) —x + 2y > 0;
c)x —5y <2 d)-3x+y+2=<0;

e)3(x—1)+4(y 2) <5x—3.
Bai 2. Biéu dién mién nghiém cta hé bat phuong trinh sau trén mit phang toa d6 Oxy:

3x—y<0
>{§+§yig’ b){2x+y+21><00’){x_2y+5<0
y y 5x + 2y +10 > 0

Bai 3. Mot cong ty du dinh san xuét hai loai san pham A va B. Cac san pham nay dugc ché tao tur
ba loai nguyén liéu I, II va IIL So kilogam dy trit tirng loai nguyén li¢u va so kildogam tirng loai
nguyén liéu can dung dé san xuit ra 1 kg san pham duoc cho trong bang sau:

- - - - -
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Loai Sé kilogam | S0 Kilogam nguyén
nguyén nguyén li¢u du li¢u can dung san
glilé}; gy it *u G xuat 1 kg san phadm
i A B
I 8 2 1
11 24 4 4
111 8 1 2

Cong ty d6 nén san xuat bao nhiéu san pham moi loai dé tién 14i thu vé 16n nhat? Biét ring, mdi
kilogam san pham loai A 1ai 30 tri¢u dong, moi kildgam san pham loai B 1ai 50 tri¢u dong.

Chuwong ITI. HAM SO VA PO THI
Muc tiéu )
Sau khi hoc xong chwong nay, nguoi hoc co thé:

— Nhdn biét dwoc nhitng mé hinh thuc té (dang bdang, biéu do, cong thirc) dan dén khai
niém ham so.
— M6 ta dwoc cdc khai niém co ban vé ham so.: dinh nghza ham so tdp xac dinh, tdp gid tri cua
ham s6; ham s6 dong bién, ham sé nghich bién, do thi cia ham so.

— M6 td dwoc cdc déic trung hinh hoc cia do thi ham sé dong bién, ham sé nghich bién.

— Van dung dwoc kién thirc dd hoc vao giai quyet mét sotinh huong ndy sinh tir thuc tién, gan voi
kién thirc ham sé [(vi du: xdy dung ham s6 bac nhdt trén nhitng khodng khdc nhau dé tinh sé tién y
(phdi tra) theo s6 phit goi x doi véi mét g6i cude dién thoai,...).

— Thiét ldp dwoc bang gia tri cua ham 56 bdc hai.
— V& dwoc do thi ham sé bdc hai.

— Nhén biét dugc cdc tinh chdt co ban cia Parabol (la do thi ham s6 bdc hai) nhw dinh, truc doi
xung.

— Nhdn biét va gidi thich dwoc cdc tinh chdt ciia ham sé bdc hai théng qua do thi.

— Vén dung duoc kién thirc vé ham sé6 bdc hai va do thi vao gidi quyét mot. s tinh huéng ndy sinh

tir thuwce tién quen thudc véi nguoi hoc (vi du: xdc dinh dj cao cua cau, cong c6 hinh dang
Parabola,...)

— Gidi thich dwoc dinh li vé déu ciia tam thire bdc hai tir viéc quan sat dé thi ciia ham va cé thé sir
dung dinh i nay dé xét dau tam thirc bdc hai.

— Gidi dwoe bat phirong trinh béc hai.

— Vdn dung dwoc bt phiwong trinh bdc hai mét an vao gidi quyét mét sé tinh hudng ndy sinh tiv
thuee tien (vi du: xdc dinh chiéu cao toi da dé xe co thé qua ham co hinh dang Parabola,...).

— Gidi dwoc phwong trinh chira can thirc co dang:

\/a.\'z +bx+c = \/dr: +ex+ [ \/a.\': +bhx+c=dx+e.

] Bai 1. HAM SO VA PO THI
1. Ham so. Tap xac dinh va tap gia tri cia ham so

MG dau: Cho dai lugng y biéu dién theo x bang cong thiuc y=x>.

Tinh gid triy khi x =-1, x =0, x =3

-
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Tinh gia trix khi y=1,y=4
Nhén xét: Vi moi gia tri x ta chi tinh dwgc 1 gid tri y duy nhat .

Pinh nghia ham so.
Néu v6i mdi gia tri x thudc D, ta chi xac dinh dugc mot va chi mot gia tri y twong ing thudc tap
hop s6 thyc R thi ta c6 mot ham s6 y=f(x)
e Tap hop cac gia tri x goi 1a tap xac dinh ham s6. Ki hiéu: D
e Tap hop tat ca gia tri y goi 14 tip gi4 tri ham sd. Ki hiéu : T
o Chuy:

JIX) xéc dinh < f(x)20 ; % xéac dinh < f(x) =0
X

Vidu 1: Xétham sd y = f(x) = x> —2x +3.
Tinh gia tri ham sdtai x=-2,x=-1,x=0, x =1
HD: £(-2)=(-2)" -2.(=2)+3=11
f(=1), £(0), £(1)
Vi du 2: Tim tap xac dinh ciia cac ham s sau
a)yzm
HD: y xac dinho x+1>0< x> -1
Viay TXD D=[-1;+»)

3x
b =
)y 2x —1

HD: y xac dinh<:>2x—1¢0<:>x¢%

Vay TXD D= R\{%}

x-5 V3x+6

C = — d =
)y V-2x+14 )y x—4
2. Db thi
Trong mit phang (Oxy), tap hop cac diém (x,;f(x,)) Vo1 X0 € D, goi la d6 thi ciia ham
y = f(x).

3. Ham s6 ddng bién, him s6 nghich bién
V61 ham s0 y = f(x) xéac dinh trén khodng (a;b), ta noi:

e Ham s6 ddng bién trén (a;b) néu: VXx,,X, € (a;b),x, < x, = f(x,) < f(x,)

e Ham s nghich bién trén (a;b) néu: VX,,X, € (a;b),x, < x, = f(x,) > f(x,)

Vi du 3: Xét tinh dong bién, nghich bién cua cac ham sb sau trén tip xac dinh
a) f(x)=2x-1
HD:D=R
VX, <X, & 2x, <2x, < 2x,-1<2x, -1 f(x,) <f(x,).
Viy f(x) ddng bién trén R.
b) f(x)=-3x +2 (HS lam)

|
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BAI TAP
Bai 1. Tim tap xac dinh cac ham so6:
1 1 x+3 x-1
a) y=—x-3; b) y=—x7; C)y= + ;
)y 2 )y 4 )y x—1 x+3
3 2x+3 X+5 x+3
d) y=—>"°> . e) y=—2to . _ N :
)y x?—3x+2 )y x* —x+1 By 9-x* x’-4x
Bai 2. Tim tap xac dinh cac ham so:
2x-5 -1
a) y=~3x-5; b) y=\| " ¢) y=——;
-3 5—-4x
-1 x* -2
d) y=+5-x++5+x; e) y="2 ; y=——
)y )y x=2 D (X+2Wx+1

Bai 3. Cho ham s6 y = f(x) = —2x + 6
a) Tinh f(0),f [%) ,df@-1

b) Tim x dé f(x) =0, f(x) = 3.
Bai 4. Cho ham s0 y=f(x)=x>-3x+2
a) Tinh £(2), f(a-5)
b) Timxdé f(x)=0; f(x)=-2; f(x)=12.
Bai 5. Xét tinh déng bién, nghich bién cua cac ham sb sau trén tap xac dinh
a) y="f(x)=5x
b) y=f(x)=-7x-2

] Bai 2. HAM SO BAC HAI
1. Ham s0 béc hai

Pinh nghia: Ham sb bac hai theo bién x 1a ham s6 cho boi cong thirc co dang:
y=f(x)=ax’+bx+c vdia, b, ¢ la cac so thuc vdia = 0.

Vi du 1: Ham s6 nao sau day la ham s6 bac hai ? Néu phai xac dinh hé s6 a, b, c.

a) y=f(x)=2x"+x b) y=f(x)=x’+x+1
c) y=f(x)= x+l d) y=f(x)=-3x>-1
x+2

2. D6 thi ham s6 bac hai

Céch v& dd thi ham s6 bac hai y = f(x) = ax> + bx + ¢ (a # 0)
Buoc 1: TXD D=R
Bude 2: Xéc dinh toa d dinh I(i’;ﬂj
2a 4a
Buée 3: Truc d6i xtmg (d): x = ;—b
a
Buoc 4: Lap bang gia tri )
Buoc 5: V& Parabol ¢6 dinh I, c6 truc doi xtng (d)

Vi du 2: V& @6 thi ham s6 y =f(x) = x> —4x+3
Budce 1: Tap xac dinh D= R

Buée 2: Dinh 1 ¢6 toa do : x1 = ;—bz%=z;y1=(m)2—4.(m)+3=22 42 +3=-1.
a .
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Vay dinh I(2; -1).
Budc 3: Truc doi xung (d): x =2 y
Budce 4: Bang gia tri

x ] o] 1] 2713
y | 30| -1]o0]3

2 \X
Budc 5: V& d6 thi ofl \[/® ¢ -
: |
Vidu3: Vé dd thi cac ham sb bac hai
a) y=f(x)=-x>+4x-3 b) y=f(x)=x>+2x+2
3. Sw bién thién ciia ham s6 bac hai
Sy bién thién ctia ham s6 bac hai y = f(x) = ax> + bx +c(a # 0)
a>0 a<0
Ham sb6 nghich bién trén khoang Ham sd ddng bién trén khoang
[—oo;;—:j va dong bién trén khoang [—oo;;—aj va nghich bién trén khoang
) )
—;+00 ——;+00
2a 2a
Bang bién thién: Bang bién thién:
X -0 b + o0 X - b +
2a 2a
y=ax’+bx+c |+ o0 + o0 y=ax’+bx+c A
(a>0) (a<0) / 4a \
A
- ) \

Vi du 4: Lap bang bién thién va tim cac khoang ddng bién, nghich bién & vi du 2 va 3

,  BAITAP ,

Bai 1. Ham s0 nao sau day 1a ham so bac hai ? Néu phai xac dinh hé s6 a, b, c.
a) y=f(x)=9x>+5x+4 b) y=1f(x)=3x"+2x+1
¢) y=f(x)=—4(x+2) +22x* +1)+5 d) y=1(x)=5x>+/x +2
Bai 2. V& db thi cua cac ham sd sau

a) y=—%x2; b) y=x'-2;

C) y=—x"+4x; d) y=x*-2x+2.

1
d) y=(-0)* Q) y=—3(x=2)

Bai 3. a) Khao sat va v& do thi (P):y = x> —2x;
b) Dung d6 thi (P) bién luan theo m sé nghiém phuong trinh x> - 2x = m.

|
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Bai 3. DAU CUA TAM THUC BAC HAI

1. Tam thirc bac hai
DPinh nghia. Tam thirc bac hai d6i véi x 1a bi€u thirc dang: ax’ +bx +c, trong d6 a, b, ¢ 1a nhitng

sO thuc cho trudc véia # 0.
¥

A 2 x .‘
@ DA thi ciia ham sO y = f{x) = —x* + x + 3 dugc bicu dién INBREN. X, SRR
71
trong Hinh 1.
a) Biéu thirc f(x) la da thirc bac may?
b) Xac dinh dau cua f(2).

“y

2. DAu ciia tam thirc bic hai
Cho f(x)=ax’+bx+c (a#0)
* A <0 thi f(x) cung ddu v6i hé s6 a, Vxe R

% A=0 thi f(x) cing déu véi hé sb a, vx = -2
a

* A>0 thi f(x) c6 hai nghiém x, va x, (x, <x,). Khi d6 f(x) trai d4u v&i hé s a
Vx € (x,,X,) va f(x) cung ddu v6ihé sb a,vx e (—o0,X,) U (X,,+0)
a>0
A<O0
a<o0
A<O

*f(x):aX2+bx+c>O,‘v’X<:>{
*f(X)ZaX2+bX+C<O,VX<:>{

2 M
V&i A= b? —4acva A= (g) — ac lan lugt 1a bi¢t thure va biét thure thu gon cua f(x)

Vidu1l: f(x)=2x>-3x+5>0,Vx via=2>0,A=9-40=-31<0
Vidu2: f(x)=x"-6x+9>0, Vx#3 via=1>0,A"=0

Vi du 3: Xét dau f(x)=x>—7x+10

x=2

a:1>0,f(x):0<:>{

Bang xét dau:

X —o0 2 5 +00
f(x) + 0 -0 +
Vidu 4: Timm dé f(x)=x>-2x-m+5>0, Vx
a=1>0
f(x)>0, Vx & &S m<4
A'=1+m-5<0
Vidu 5: Tim m dé f(x)=—x’+2mx-7m+6<0, Vx
a=-1<0
f(x)<0, Vx < 5 & 1<m<6
A'=m"-7Tm+6<0

|
TO TOAN — KHOA KHOA HOC CO BAN 16



iy TU TRONG
’ BAI TAP
Bai 1. X¢ét dau cac tam thirc bac hai sau
a/ 2x* —x+5 b/ x> —4x+4
¢/ x>=7x+10 ¢/ 1-2)x* =2x+1++/2
Bai 2.Tim céc gia tri m dé mdi biéu thirc sau luén duong
a/2x>—x+m-5 b/ (m—-2)x*—2mx+m-9
c/(m’+2)x* -2(m+1)x+1 d/ x*-2mx+6m-5
Bai 3.Tim céc gia tri m dé mdi biéu thirc sau luén am
a/-5x> —x+m+2 b/ (m-1)x’-2(m-3)x+m-5
¢o/m’x* —2(m+1)x +7 d/ =X’ +2(m-5)x-16

Bai 4. Cho f(x)=+x*-2mx +7m—6 . Tim m dé ham sb x4c dinh v6i moi x.

|
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Bai 4. GIAI BAT PHUONG TRINH BAC HAI MOT AN

Lo1 nhuan (/) thu dugc trong mét ngay tir viéc kinh
doanh mét loal gao cia cira hang phu thude vao
gia ban (x) cua mot kilogam loai gao do theo cong
thitc 7 = —3x* + 200x — 2 325, véi I va x duoc tinh
bing nghin dong. Gia trj x nhr thé nao thi cira hang
co lai tir loai gao do6?

.

o Hinh 1
QB& phueong trinh bdc hai mt dn x 1a bat phrong trinh ¢o mét trong cac dang
a’+bx+c<0, a’ +bx+c¢<0, a’+bx+¢20, ax’ + bx+c >0,
vola#0.
Nghiém ciia bat phuong trinh bac hai I cac gia tn ciia bién x ma khi thay vao bat phurong
trinh ta duoc bat dang thiic dung.
Vidu1
Cac bat phuong trinh nao sau day 1a bat phuong trinh bac hai mét an? Néu la bat phuong
trinh bac hai mét an, x = 1 va x= 2 ¢6 1a nghiém ciia bat phwong trinh 6 hay khong?
a)x*+x-320, b) 3’ +x*-1<0.
Giai
a) x* +x—3 >0 la mot bat phuong trinh bac har mét an.
Vi 12+ 1 =3 =-] <0 nénx= 1 khong phai la nghiém ctia bat phwong trinh trén.
Vi 2*+2—-3=3> 0nénx=2la mot nghiém ciia bat phwong trinh trén.
b) 3x* + x* — 1 < 0 khong phai la mot bat phwong trinh bac hai mét an.
Q Cac bat phuong trinh nao sau dy la bat phwong trinh bac hai mét an? Néu la bat phuong
1 tinh bac hai mdt 4n, x = 2 ¢6 la nghiém ciia bat phwong trinh d6 hay khong?
a) X' +x-6<0; b)x+2>0; c)—6x" —Tx+ 5> 0.
.:@:.

*  Gidi bét phurong trinh bdc hai 4 tim tip hop cac nghidm ciia bat phuong trinh do.

Ta ¢6 thé giai bat phuong trinh bac hai bing cich xét dau ciia tam thire bac hai twong img.
Vi du 2: Giai bat phuong trinh: 2x>—3x+1>0
Giai
= 1/2 1

Cho2x*-3x+1=0<
xX=

[\)|>—A f—

|
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2x2—3x+1>0<:>S=(

DU(I;M)

ALy TU TRONG

_CD‘_
2 —
Vi du 3: Giai bat phuong trinh: f(x)= w >0
X —5x+6
Béang x¢ét dau:
X 1
—o0 -2 - 2 3 +00
2
2x% +3x -2 + 0 - 0 + + | n
X’ =5x+6 + ‘ + ‘ + 0 - 0 -
f(x) + 0 - o+ | - |+

Viy tdp nghiém cua bat phuwong trinh da cho 1a (—o0;2]u (%;2) U(3;400).

Vi du 4. Vi nhitng gia tri ndo cua m thi da thire f(x)=(2-m)x* -2x+1 lubén duong v6i moi x?
Giai

Vo6i m=2 thi f(x)=-2x+1>0<x <% (khong thoa yéu cau bai toan)

= mc<l

.- a=2-m>0 m<?2
Vo1t m=2, f(x)>0, VX@{ {

A':m—l<0<:>
Vay véi m <1 thi da thirc f(x) luén duong vé1 moi x.

Vi du 5.Véi moi x;y.Chirng minh rang: x> + 5y — 4xy + 2x —6y +3 > 0 (*)

Giai

(*)<:>f(x)=x2+2(1—2y)x+5y2—6y+3>0

Ta cé: A'=(1-2y) —(Sy’ —6y+3)=—(y—-1)"~1<0 ma h¢ s6 a=1>0= f(x)>0,Vx,y

m<1

2 —
Vi du 6.Giai bét phuong trinh 2x 10X *+27 _,

x*=7x+10
Giai
2 —
Bat phuong trinh da cho tuong duong voi w— 2<0
x —=7x+10
Ta cé 2—2x—+7 <0
X —7)}+10
Bang xét dau:
X —0 2 7 5 +00
2
-2x+7 + | + 0 - | -
x> =7x+10 + 0 - | - 0 +
f(x) + H - 0 + [ _

Viy tap nghiém cua bt phuong trinh da cho 13 S = (2;%} U(5;+0).
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BAI TAP
Bai 1. Gidi cac bat phuong trinh sau
a/-5x>+x+12<0 b/16x* +40x +25<0
c/3x*—4x+4>0 d/x*-x-6<0
Bai 2. Gidi cac bat phuong trinh sau
2_ _ 2
a/X2 9x+14> b/ 22x +7x+7£_
X°=5x+4 x"—3x-10
C/(2x+1)(x2+x—30)20 d/x*-3x*<0
Bai 3. Tim cac gia tri cia mdé mdi phwong trinh sau c6 nghiém
a/(m—S)x2—4mx+m—2=0 b/(m+1)x2+2(m—1)x+2m—3=0
Bai 4. Giai cac hé bat phuong trinh
2x>+9x+7>0 4x* —5x—6<0
a/ R b/ R
X" +x—-6<0 —4x°+12x-5<0
—2x*—5x+4<0 2x°+x-6>0
c/ , d/q -,
—-x"-3x+10=>0 3x"-10x+3>0

Bai 5. Tim c4c gi4 tri cia mdé phuong trinh sau ¢6 nghiém: x*+(m-2)x-2m+3=0
Bai 6. Chiing minh rang cac phuong trinh sau v6 nghiém véi moi m:
a/x*—2(m+1)x+2m’+m+3=0 b/(m2 +1)x2 +2(m+2)x+6=0

|
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Bai 5. PHUONG TRINH QUY VE PHUONG TRINH BAC HAL
Tir khoa: Phuang trinh bac hai; Phuong trinh chia can thic.

@ Trong hinh bén, cic tam gidc vudng dugc xép véi Lt el
nhau dé tao thanh mét duéng tuong tu duong xodn %8 [

6¢.V6i x bang bao nhiéu thi 0‘:%0(?

Giai phuong trinh
vr —1=%Jx’ 1

1. Phuong trinh dang vax?+ bx+¢ = Vdx? + ex +f

Lai giai cho phurong trinh /~2x% — 2x+11 = ¥/=x* + 3 nhur sau ding hay sai?

V-2x*-2x+11 =of-x*43

2¢ -2+ 11=-2+3 (binh phitong cd hai vé d&é lm mdt déu can)
¥+2x-8=0 (chuyén vé, rit gon)

x=2hodc x=-4. (gidi phiromg trinh béc hai)

Vay phuong trinh dé cho ¢6 hai nghiémn la 2 va -4.

W % e - X

be giai phuong trinh Jax* +bx+c = Jdt’ +ex+ f, talam nhu sau:
Burde 1: Binhplurong hai vé ciia phuong trinh dé duge phuong tiinh ax + by + ¢ = dv* + ex+
Bude 2: Gial phuong trinh nhan duge ¢ Buoc 1.
Birée 3: Thit lai cac gia tn x tim dugce ¢ Buoce 2 ¢6 thoa méan phuong trinh da cho hay
khong va két luan nghiém.

Vidu1

Giai phuong trinh V23 - 6x-8 =y —5x-2.

Giai
Binh phwong hai vé ctia phuong trinh da cho, ta dugc:

22 —6x—-8=x-5x-2

r-x—-6=0
x=-2hodcx=3.
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------------

Thay lan luot cac gia tri trén vao phurong trinh dé cho, ta thay chi ¢6 x = —2 thoa man.
Vay nghiém cuia phuwong trinh da cho la x=-2.

Q Giai phwong trinh v/31x* - 58x+1 = Y10x* ~11x-19 .

2. Phuong trinh dang Vax? +bx+c =dx +e
ﬂ% Loi1 giai cho phuong trinh v-x* +x+1 = x nhursau dung hay sai?

ﬁ

V-3 +x+1=

o ol 4L et ]l = S bk vhiioiie ca i aul B i wade 2L, L)
. ® LI ‘ 'U'l"l‘l RIUT 6 £ TR YT T Qi e it Lo
2% +x+1=0 (chuyén vé, rit gon)

x=1hodacx= —% . (gidi phwrong trinh béc hai)

Viy phuong trinh d& cho c6 hai nghiémla 1 vé—%.

Pé giai phuong trinh Jaod +bxte =dc+ e, ta lam nhu sau:

Birde 1: Binh phurong hai vé ciia phurong trinh dé duge phrong trinh ax® + bx + ¢ = (dx + e)*.

Birde 2: Gial phurong trinh nhdn duoc & Bude 1.
Birée 3: Thit lai cae gia tn x tim duge 6 Bude 2 ¢6 thoa man phwong trinh da cho hay

khong va két luan nghiém.

Vidu2
Giai phuong trinh 3x* + 5x~13 = x+1.
Giai
Binh phuong hai vé ctia phuong trinh d cho, ta dwoc:
3+ 5x—-13=(x+1)?
3¢+ 5x-13=x*+2x+1
2x*+3x-14=0

.\'=—; hodac x=2.
2

Thay lan lwot cac gia tni trén vao phwong trinh da cho, ta thay chi ¢ x = 2 thoa mén.
Vay nghiém cua phuong trinh da cho la x = 2.

gzciz’u' phuong trinh v3x* + 27x— 41 = 2x +3.
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BAI TAP

1. Giai cac phuong trinh sau:
a) V11x* —14x—12 =f38* + 4x -7 ; b) Vo +x-42 =2x-30 ;

¢) W —x-1=4/x*+2x+5; d) Wr+x-1-Y7x* +2x-5=0.

2. Giai cac phuong trinh sau:

a) ¥vx' +3x+1=3; b)Jx:—.t-—4=x+2;
¢) 2+412-2x =x; d)42x2—3x—l =-5.

3. Cho tam giac ABC vudng tai A ¢6 AB ngan hon AC 1a 2 em.
a) Biéu dién d6 dai canh huyén BC theo 4B.
b) Biét chu vi ctia tam giac 4BC la 24 cm. Tim do dai ba canh ctia tam giac do.

4. Mot con tau bién M réi cang O va chuyén dong M
thing theo phuong tao véi bd bién mot goe
60°. Trén bo bién co hai dai quan sat 4 va B
niam vé hai phia so vé1 cang O va lan ot cach
cang O khoang cach 1 km va 2 kin (Hinh 2).
a) Dt dd dai cia MO la x km. Biéu dién
khoang cach tir tau dén 4 va tir tau dén B
theo x. Hinh 2

b) Tim x dé khoang cach tir tau dén B bang % khoang cach tir tau dén 4.

¢) Tim x dé khoang cach tir tau dén B nhé hon khoang cach tir tau dén O diing 500 m.
L y: Lam tron ket qua dén hang phan tram.
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ON TAP CHUONG III
1. Xét dau cia cac tam thire bic hai sau: 5. Mot tam giac vuong ¢6 mot canh goc vuong
a) f(x) =6x* + 4lx + 44: ngan hon canh huyén 8 cm. Tinh d¢ dai cua

canh huyén, biét chu vi tam giac bing 30 cm.

6. Mot qua bong duge ban thing lén tir 6 cao
2 m vai toe do ban daula 30 mvs. Khoang cach

b) g(x) = B +x-1;
¢) (x) =9x*+ 12x + 4.

2. Giai cac bat phuong trinh sau: ctia bong so véi mat dit sau 7 gidy duoc cho bdi
a) 7% —19x —6 2 0; ham 56
b) 6" + 11x > 10, h(f) =491+ 301+ 2
)3 —dx+T7>x+ 2+ 1; véi h(f) tinh bing don vi mét. Hoi qua bong
d)x* —10x+25<0. nam & d cao trén 40 m trong thoi gian bao

g ) . . 2 ) ) -~ 9 . N A - A - A ..
3. Dua vao do thi ctia ham so0 bac har dugce 1au? Lam tron ket qua den hang phan mudi.

cho, hiy giai cac bat phuong trinh sau: 7. Mot chu ca heo nhay 1én khoi mat nude.
D6 cao i (mét) cua ca heo so vol mat nudce
sau 7 giay duoc cho béi ham so

\ ‘1 / h(t) = —4,9¢* + 9,61,
3 - 3 >
2

a)x -05¢-5<0

% Tinh khoang thoi gian ca heo ¢ trén khong.

8. Loi nhuan mot thang p(x) cua mot
quan an phu thuge vao gia trung binh

f(x)=x"-05x -5
| x cia cac moén an theo cong thic

b) 2’ +x-1>0 p(x) = -30x" + 2100x ~ 15000, véi don vi
—"T tinh bang nghin dong. Néu muon loi nhuan
0 - < khong dudi 15 triéu dong mét thang thi gia

ban trung binh cua cac mon an can nam trong
khoang nao?

f)=-2+x~1 9. Qu¥ dao ciia mét qua béng duoc mé ta bang
ham s6
4. Giai cac phuong trinh sau: y=f(x)=-0,03"+04x + 1.5

a) ¥x* —7x =y-9x* -8x+3; vol y (tinh bang mét) la d6 cao clia qua
b) V¥ + x+8 —J¥ +4x+1=0; bong so voi mit dat khi do dich chuyén theo

- phuong ngang ciia bong la x (tinh bang mét).

0) ¥4x"+x-l=x+1; Pé qua bong ¢o thé ném duge qua ludi cao

d JZ.\" ~10x-29 =/x-8. 2 m, nguol ném phai dimg cach luol bao xa?

Lam tron két qua dén hang phan muoi.

10. Cho ham s6 y = f(x) = 5x - 1

a) Tinh £(0), f(l),f(_?zj,

b) Timx dé f(x)=-11,f(x)=4
11. Tim tap xac dinh cua cac ham so:

a) y=4x’—1 b) y=—2

2x +1

|
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c) y=% d) y=vx+2+/5-x
)y 2x—1 oy Vx—1+44-x
Pox-2 (x—-2)(x-3)
12. Ham s nao sau day la ham sb bac hai ? Néu phai xac dinh h¢ sb a, b, c.
a) y=-3x+5; b) y=
c) y=x"—4x+5; d) y=—x*—x+3.

13. V& d0 thi cta cac ham sb sau
a) y=x"+4x+3
C) y=x"—4x+5

ALy TU TRONG

b) y=—x*—4x+5
d) y=—x"-2x-1

14. Cho ham s6 y=x>—6x+5
a) Khao sat sy bién thién va vé& do thi ham sb
b) Tim m d€ phuong trinh x*-6x +5=m c6 2 nghi¢ém phéan biét.

CHUONG 1V. PAI SO TO HQP
Muc tiéu: Sau khi hoc xong chwong nay, nguoi hoc co thé:

— Van dung duoc quy tic cong va quy tic nhin trong mot s6 tinh huéng don gian (vi du: dém s6
khd nang xudt hién mdt sap/ngiva khi tung mét sé dong xu,...).

— Tinh dwoc sé cac hodn vi, chinh hop, t6 hop don gidn.
— Tinh dwoc s6 cdc hodn vi, chinh hop, t6 hop bang may tinh cam tay.
— Nhdn biét nhi thirc Newton (a + b)";

— Khai trién dwoc nhi thite Newton (a + b)", véi s6 mii n =4, bang cdch van dung 16 hop. — Khai
triéen duwoc nhi thirc Newton (a + b)" voi so mii n = 5 bang cdach van dung to hop

Bai 1. QUY TAC CONG VA QUY TAC NHAN.
1. Quy tic cong
Mot cong viéc hoan thanh b1 mdt trong hai hanh dong, néu hanh dong nay c6 m cdch thuc hién,
hanh dong kia c6 n cdch thue hién khong trung véi bat ki cach ndo ciia hanh dong thir nhat thi
cong viéc d6 c6 m + n cdch thuc hién.

Vi du 1: Mot bai toan néu giai bang phuong phap dai so c6 ba cach giai, giai bang phuong phap
hinh hoc ¢6 hai cach giai. Dé giai duoc bai toan d6 c6 miy cach giai?

Giai
Chon mot cach gidi bai toan c6: 3 +2 = 5 (céach giai)

Vi du 2: Mot 16p hoc c6 18 sinh vién gidi toan, 20 sinh vién gidi anh van, trong d6 c6 10 sinh
vién gidi ca toan va anh van. Hoi ¢ may cach chon mot sinh vién gioi toan hoac anh van?

Giai
Chon sinh vién gioi toan: 18 (cach)
Chon sinh vién gidi anh van: 20 -10 = 10 (cach) (Vi co6 10 sinh vién da dugc chon)
Theo quy tic cong: 18 +10 =28 (cach)
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2. Quy tic nhén
Mot cong viéc duge hoan thanh béi hai hanh dong lién tiép. Néu c¢6 m cdach thuc hién hanh dong
thir nhat va ung voi mdi cach d6 ¢é n cdch thuc hién hanh dong thir hai thi co m.n cdch hoan
thanh cong viéc do.

Vidu 3: Dé di tir A dén C ta bat budc phai qua diém B. C6 2 duong khac nhau dé di tir A d¢én B
va ¢6 3 duong khac nhau dé di tir B dén C.
Hoi c6 bao nhiéu cach di tir A dén C?
Giai
Pi tir A d@én B ¢6 2 céach chon.
bi tir B dén C ¢6 3 cach chon.
Theo quy tic nhan: 2.3= 6 cach khac nhau dé di tir A dén C.

T s

Vj du 4: Cho tap hop A = {O;’l ;2:3:4;5}. Co thé lap duoc bao nhiéu s6 tu nhién chin co ba chit
s0 khac nhau, lay tir cac chir so trong tap A?

Giai

X =abc 1a b ty nhién chin ¢ ba chit sé khac nhau duoc léy tr A
Truong hop I: ¢ = 0nén c c6 1 cach chon
az0nénacd 5 cach chon
b#a,c nénb cod 4 cach chon
Theo qui tic nhan: 4.5 =20 s6 X (c6 chit s6 tAn cung ¢ = 0)
Truwong hop 2: ¢ =2 hay ¢=4 nén c c6 2 cach chon
a #0, c:nén a co 4 cach chon
b #a, c: nénb co 4 cach chon
Theo qui tic nhan: 2.4.4 =32 s6 X (c6 chit s6 tAn cung 1a c= 2 hay c= 4)
Viy tong hai trudng hop ta duge 52 sé X can tim.
BAI TAP
Bai 1: Tu cac chirso 1, 2, 3, 4, 5, c6 the 1ap dugc bao nhiéu s6 tu nhién gom:
a) Hai chir s ;
b) Ba chir s6 khac nhau. i
Bai 2: Tur cac chirso 0, 1, 2, 3, 4, 5, ¢6 thé 1ap dugc bao nhiéu so ty nhién gom:
a) Hai chir so;
b) Ba chit so6 khac nhau;
¢) SO ty nhién do la s6 chan c¢6 3 chur s6 khac nhau.
Bai 3: Tircacchirso 0,1, 2, 3,4, 5, 6.
a) Co thé 1ap dugc bao nhiéu so tu nhién lé‘ gom 4 chir s khac nhau;
b) C6 thé 1ap dugc bao nhiéu so6 tu nhién gom 4 chit s6 khac nhau va so ty nhién do6 chia hét cho 5;
c¢) Co thé 1ap dugc bao nhiéu so tu nhi€n gom 3 chit s06 khac nhau va so tu nhién do 16n 2000.
]
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Bai 02: HOAN VI - CHINH HQP - TO HQP

1. Hoan vi
+ Phép toan giai thra: n!=1.2.3...
|Quy uoc: 0! = 1‘

Pinh nghia: Cho tap A gom n phan tir. Mdi két qua cta sy sap xép n phan tir cua tap A dugc goi
14 hodn vi ciia n phan tir. S6 hoan vi cua n phan tir duoc ki hiéu la: P,

Cong thtrc tinh: P =A’=n!
Vi du 1: Mot ban ¢6 5 hoc sinh. Hoi c6 may cach xép chd ngdi?

Giai
Moi cach xép cho cua 5 hoc sinh & mot ban la mét hoan vi cia 5 phan tir.
Do @6, so cach sap xép la: P, = 5! =120.

Vidu 2: Tu cac chi s6 1, 3, 4. Hoi thanh 1ap dugc bao nhiéu s6 tu nhién c6 3 chit s6 khac nhau?
Giai

Mbi sf} tu nhién dugc thanh 1ap 1a mot hodn vi cua cac chir sb6 1,2, 3.

Vay s0 tu nhién duoc thanh lap la 3! =1.2.3 = 6.

2. Chinh hop
Dinh nghia: Chinh hop chép k cuan phan tir (k < n) 1a mot bo (nhom) cé thir tw gdm k phan tir

khac nhau duoc 1dy tir n phan tt di cho.

S6 chinh hop chap k ctia n phan tir ki hiéu 1a: A~

!
Cong thuc tinh: |A*=—"
(n—k)!

Vi du 3: Cho 4 chix s6 1,2, 3, 4. Co6 bao nhiéu cach 1ap mot sb ¢6 3 chit s6 khac nhau tir cac chit
SO trén?

=n(n-1)..,.n—k+1)

Giai
M&i sb duge thanh 1ap ¢ 3 chit s6 khac nhau tir 4 chit s6 trén 1 mot chinh hop chap 3 cua 4 phan
tur.
Do d6, sb cac chit s6 dugc thanh 1ap 1a: A% =24.
Vi du 4: C6 bao nhiéu cach sap xép 4 nguoi vao mot cai ban cd 6 chd ngdi?

Giai
Ta théy se“ip 4 ngu(‘)’i vao ban ¢6 6 chd ngdi chinh 1a léy 4 vi tri trong 6 Vi tri Ve‘1 c6 ké thir tu. Vay
mdi cach sip xép 1a mot chinh hop chap 4 cua 6 phan tir nén sb cach sip xép chinh 1a A} = 360
cach khac nhau.
3. Té6 hop

Pinh nghia: T6 hop chap kcoan phan tir (k< n) 13 mot nhom khong phan biét thir tu, gdbm k phan
tor khac nhau chon tir n phan tir da cho.

S t6 hop chap k ciia n phan tir ki hidu 1a C*

Céng thirc tinh: CF=— " 1 =D..(n=k+1)
T (n—k)k! X

Vi du 5: Mdi dé thi gdm c6 5 cau hoi dugc 1ay trong 50 cau hoi cho trude. Hoi co thé 1ap duoc bao

nhiéu dé thi khac nhau?
|
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Giai
50!

S dé thi co thé lap duoc a: C3, = ———— =2118760
(50— 5)1.5!

Vi du 6: Mot tap vé x6 s6 c¢6 50 t& vé sd, trong d6 cd 9 to vé s6 trung thudng. Mot nguoi 14y ngiu
nhién ra 5 to vé s0. Hoi ¢6 bao nhiéu kha nang trong 5 to vé s6 do:

a) C6 5 t& vé s6 déu trang thudng?
b) C6 2 t& vé sd tring thudng?
¢) Khong c6 to vé s6 nao trang thudng?
Giai
a) S6 kha ning trong 5 to vé s lay ra ca 5 to vé s6 déu trung thuong 1a C 3= 126.

b) S6 kha ning c6 2 to vé sd trung thuong: C2C?3, = 383760.
¢) Khong co to vé sb nao trang thuéng: C 3, =749398.

, BAI TAP
Bai 1: Tim n biét
a)A2 =12 b) A2-A! =3
P
¢) CH-C =2 A2, d)—2 =20
4 P,

Bai 2: C6 4 nam va 4 nit, ¢6 bao nhiéu cach sip xép thanh mot hang:
a) Tuy y;
b) Nam, nir xen k& vé1 nhau;
¢) N trude nam sau.
Bai 3: Tur cac chir sd 1, 2, 3, 4, 5, 6. Lap s6 tu nhién gdm 6 chir s6 khac nhau:
a) Hoi c6 bao nhiéu sd;
a) Bao nhiéu s6 chin va bao nhiéu s 1é.
Bai 4: C6 bay bong hoa mau khac nhau va 3 cai binh khac nhau. Hoi c¢6 bao nhiéu cach cim ba
bong hoa vao ba binh (Mdi binh chi cam mdi hoa)
Bai 5: C6 bao nhiéu cach méc ndi tiép 4 bong dén duogc chon tir 6 bong dén khac nhau?
Bai 6: Trong mit phiang, cho 6 diém phan biét sao cho khong c6 3 diém thing hang:
a) Hoi 1ap dugc bao nhiéu doan thang tir cac diém d6?
b) Hoi 1ap dugc bao nhiéu véc to ma diém dau va diém cudi tir 6 diém do?
¢) Hoi lap dugc bao nhidu tam gidc ma cac dinh ctia tam giac 13 tir 6 diém d6?

Bai 03: NHI THUC NIU-TON

1. Cong thirc nhi thirc Niu —Ton

(a+b)" =Cja"+Cla"'b+Cla" b’ +..CIb" = > Cka"*b*  (a, b la céc s8 thuyc; n 1a s6 ty nhién)

k=0

@ Ch y: a) Trong khai trién nhi thire Niu-Ton sO cac hang tirlan +1;
b) Cac hang tur c6 s mil ciia a giam dan tir n d&én 0, sé mii cta b ting dan tir 0 dén n,
nhung tong s6 mil ciaavab lubn luén bang n;
¢) Céac hé sb ctia mdi cap hang tir cach déu hai hang tir dau va cudi thi bang nhau;
d) S6 hang thir (k+1) trong khai trién 1a: T_,, = C*a" *b* .
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2. Tam giac Pascal: (xem thém)

3. Bai tip ap dung

Bai 1: Khai trién biéu thirc (x+ y)6
Giai

Theo cong thuc:

(x+ y)6 =Cx’ +Cix’y +Cix'y’ + Clx’y’ + Cix?y* + Cixy” + Cly®
=x’+6x y+15x*y" +20x’y’ +15x%y* + 6xy° + y°
Bai 2: Tim h¢ s6 cta sb hang chira x* trong khai trién: (3x -2)’
Giai
S6 hang téng quat cua khai trién 1a: T,,, = C* (3x)" (-2) = C5(3)" (-2)" x™*
Vi s6 hang cin tim chira x> nén: 5-k=3 < k=2
Vay hé s6 can tim 1a: C23°(-2)" =1080.

BAI TAP

Bai 1: Khai trién cac biéu thure sau:

a) (x+3)’ b) (x-y)’
c) (2x +3y)5 d) (X—%j

Bai 2: Hay tim:
a) S6 hang tht 6 trong khai trién: (3 — x)'°

15
b) Tim hé s6 ciia s6 hang thir 4 trong khai trién: (\/; +lj

Bai 3: Hay tim

a) S6 hang chira x” trong khai trién: (1-x)”

2

14 /4 . « R 2 °
b) Tim hé s6 cta s6 hang chtra x? trong khai trién: (3){ ——j
X

: o 4y
¢) Tim s0 hang chira x ? trong khai trién: (xz — —j
X
Bai 4: Tim s6 hang khong chtra x trong mdi khai trién:
|
TO TOAN -~ KHOA KHOA HQC CO BAN 29



ALy TU TRONG

)( 2 ] )( 3 13) )( 3 12)
X X X
)( 3 2) )( lj ( 13)

X X X

ON TAP CHUONG 1V.

Bai 1: Tircac chits6 0, 1,2, 3,4, 5.

a) C6 thé 1ap duoc bao nhiéu sé ty nhién 16 gém 3 chit s6 khac nhau;

b) C6 thé 1ap dugc bao nhiéu sd ty nhién gdm 3 chir s6 khac nhau va s ty nhién
d6 chia hét cho 5.

Bai 2: Tircac chitsb 1,2,3,4,5;6;7; 8

a) C6 thé 1ap duoc bao nhiéu sé ty nhién gdm 3 chir s6 khac nhau;

b) C6 thé 1ap dugc bao nhiéu sd ty nhién gdm 4 chir s6 khac nhau;

¢) C6 thé 1ap duoc bao nhiéu sd ty nhién chin gdm 4 chir sd;

d) C6 thé 1ap dugc bao nhiéu s6 tu nhién 1¢ gdm 3 chit s6 khac nhau;

Bai 3: Hay tim:
a) SO hang thu 6 trong khai trién: (3 — x)!°

15
b) Tim hé s6 ciia s6 hang thir 4 trong khai trién: (\/; + lj
X

CHUONG V: HE THUC LUQGNG TRONG TAM GIAC. VECTO
Muc tiéu: Sau khi hoc xong chwong nay, nguoi hoc co the:

— Nhdn biét dwoc gid tri hrong gidc ciia mot gée tir 0°dén 180°

— Tinh dwoc gid tri heong gidc (ding hodc gan ding) ciia mét géc tie 0° dén 180° bang mdy tinh
cam tay.

— Gidi thich duoc hé thuc lién hé gitra gia tri lwong gidc cua cac goc phu nhau, bu nhau.

— Nhén biét dwoc cac hé thirc lwong co ban trong tam gide: dinh Ii ¢ésin, dinh i sin, cong thirc tinh
dién tich tam giac.

— Giai thich duoc cdc hé thirc luwong co ban trong tam giac: dinh li cosin, dinh li sin, cong thirc
tinh dién tich tam gidc.

— M6 ta dwoc cach giai tam gidc va van dung dwoc vao viéc giai mot $6 badi todn cé ndi dung thuc
tién (vi du: xac dinh khoang cach gitta hai dia diém khi gap vdt can, xdc dinh chiéu cao cua vt khi
khong thé do truc tiép,...).

— Nhdn biét dwoc khdi niém vecto, vecto bc%ng nhau, vecto-khong.

— Biéu thi dwoc mét sé dai luwong trong thuc tién bcing vecto.

— Thuc hién duoc cdac phép toan trén vecto (to;ng va hiéu hai vecto, tich cia mét sé véi vecto, tich
V6 huéng ciia hai vecto) va mé ta dwge nhitng tinh chat hinh hoc (ba diém thang hang, trung diém

ciia doan thang, trong tam cia tam gidc,...) bang vecto.
-
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— Str dung duoc vecto va cac phép toan trén vecto dé giai thich mot so hién twong co lién quan
den Vat li va Hoa hoc (vi du: nhitng van dé lién quan deén luc, den chuyén dong,...). — Van dung
dworc kién thirc vé vecto dé giai mot so bai todn hinh hoc va mot so bai toan lién quan den thyc tién

(Vi du: xdc dinh lyc tac dung lén vit,...).

Bai 1. GIA TRI LUQNG GIAC CUA MOT GOC BAT KY TU 0° PEN 180°
1.Gia tri lwgng giac

Véi mdi goc o (0° < o < 180°), ta xac dinh duoc mot diém M duy nhét trén nira dudng tron don
vi sao cho MOx = a.. Goi (Xo, Yo) 12 toa d6 diém M, ta co :
e Tung dd y, cua diém M Ia sin cua goc a. Ki hi€u: sina = yo. Ya
e Hoanh do x, ctia diém M 1a cdsin ctia goc a.. Ki hiéu: coso = xoMXoYo) v
U7
e Tiso Yo (X0 # 0) la tang cua gbéc a.. Ki hi¢u: tana =Y
X, X0
1 S
, £ X v A . A _ X, X, O X
o TisdO — (yo#0)Ilacotang cua goc o . Ki hi€u: cota =—2 °
o Yo
Céc s sina, cosa, tana, coto duge goi 13 cac gid tri lwong gidc ciia cung a.
Vidu 1: Tim céac gid tri lugng gidc ciia goc 45°.
e Lay diém M trén nira dudng trin don vi sao cho: xOM = 45°.
e Khi d6 toa d6 cua diém M ﬁ Q B
S 272 v, M(¥2 2
G G N
e Vay: sind5° = —2, cos45° = —2, tan45° =1, cot45° =1 45°H | .
2 2 o) X, X
2.Quan hé giwa cac gia tri lwgng giac cia hai goc bu nhau
2.1. Hai géc phu nhau
sin(90° — a) = cosa cos(90° — a) =sina FAY
MF
tan(90°— o) = cota cot(90° — a) = tana
I
|
0 X

Véimoigécathod 0° < a<180° ta lubn co:
sin(180° — a) = sina cos(180° - a)) =—cosa

tan(180° — a) =—tana cot(180° — a) = —cota
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e T

2.2. Hai géc bu nhau
Vi du 2: Tinh gia tri luong giac cua goe 135°.

sin135° = sin(180° — 135°) = sin45° =

ot

3

cos135° = —cos(180° — 135°) = —cos45° = —g;

tan135° = — tan(180° — 135°) = —tan45° = —1;
cot135° =—cot(180° — 135°) = —cot45° = -1

4. Gia tri lwong gidc ciia mot sé goc dic biét

0° | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°
GT luong giac 1 2 NE) NE) ) 1 0
§ino 0 = = | = 1 N2 N2
2 2 2 2 2 2
G IR
CcosoL 1 - = — 0 B el B
2 2 2 2 2 2
- -1 0
tanou 0 ? | NG) [ B —g
-1 -3
cotol [l | V3 1 W3 0 | _ V3 N
3 3
Vi du 3: Tim cac gia tri lugng gidc cua goc: a) 60° ; b) 150°
Giai
a) sin60° = %; c0s60° = %; tan60° = /3 ; cot60° = ?
b)sinls0°= +;  cosl50°= —g; tan150° = —g; cot150° = -3

Vidu 4: Tinh
A= sin150°+ tan135° + cot45°

B =2c0s30° - 3tan150° + cot135°
Giai

A= sinl50°+ tan135° + cotd5°= %-1+1 - %

TO TOAN — KHOA KHOA HOC CO BAN 32



._l’r._v TU TRONG

B =2c0s30° - 3tan150° + cot135° = 2. ?-3. ( —?)Jr(-l) = 231

4. Sir dung may tinh cAm tay dé tinh gia tri lwong giac mot goc

C6 nhiéu loai méy tinh cam tay cd thé giiip tinh nhanh chéng gia tri lugng gidc cua mét goc.
Chang han, ta co6 thé thue hién trén mét loai méy tinh cim tay nhu sau:

Sau khi mo may, r'm_rién tiép céc phim [SaFT) MENY) dé 1:Input/Output
man hinh hién lén bang lua chon. 2:Angle Unit
An phim (2) dé vao ché dd cai dit don vi do goc. S ;Eﬁ:gg;efoggggol
-
Katiks bt 48 xéc dinh/d  do goc 1a “d5™. 1:Degree
iep phim (1] dé xac dinh don vi do goc la “do 2:Radian
3:Gradian

An cac phim (3] dé vio ché dé tinh toan. - ¥
| 32 Ao/ PREIFIE) Jﬁ
a) Tinh cac gia tri luong giac clia goc z ! |l I d: I B Jd

Vidu3 1:Calculate
Str dung méy tinh cm tay, tinh sin125°34'28".
Gidi
Dé tinh sin125°34'28", ta 4n lién tiép cac phim sau day: Sin &852329 080 5
tn DEEEE08EHRIEEEOE |
va duoc két qua sinl25°34'28" = 0,.8133603236, voi 0. 8133603236

hién thi trén man hinh nhu hinh bén.
Pé tinh cosa. tana ta ciing lam nhu trén, chi thay phim bang phim [cog), [tan).

Truong hop mudn tinh cota, ta tinh

e

b) Xéac dinh sé do chia goc khi biét gia tri luong giac clia goc d6

Vidu 4

Str dung may tinh cam tay, tim « (0° < « < 180°) biét coso. = —-0,2341.

Gidi

Dé tim o khi biét cosc = ~0,2341, ta 4n lién tiép cac phim sau day:

FEHOOHRZAEEADDEE cosi(~0.2341)

va duoc két qua a = 103°32'19", véi hién thi trén man

hinh nhwr hinh bén. _ 103°32' 18. 88"
Pé tim « khi biét sinc, tana ta cing lam tuong tu nhu trén, chi thay phim [£08) bang cac phim
(sin). (tan).

Pé tim o khi biét cota, ta tinh tana =

trurde ro1 tinh a sau.

coto

BAI TAP
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V3

Bai 1. Cho sin30° = %, c0s60° = - tan45° = 1. St dung mdi lién hé giira cac gia tri lugng giac

cua hai goc bu nhau, phu nhau tinh gia tri cua E = 2c0s30° + sin150° + tan135°
Bai 2. Chtirng minh rang :
a. Sin20° =sin160°
b. Co0s50° =-cos130°
Bai 3. Tim goc o (0° < o < 180°) trong mdi trudng hop
a. coso= %, b. sino. =0, c.tana =1, d. cotanga khong xac dinh
Bai 4. Cho AABC. Chimg minh rang:
a) sinA =sin(B + C)
b) cosA=—cos(B+C)

Bai 5. Chtirng minh rang:
a. sin’o. + cos’a = 1 b. tana.cotoe =1 (0° < a <180°, a# 90°)
1
c. 1+ tan’a = ——(a#90°) d. 1+ cot’a=—— (0° < a <180°)
cos’a sin’a

Bai 6. Cho cosa= % Tinh gié tri cua biéu thire: E = 2sin’o + 5cos2a

Bai 7. Cho tana = 2. Tinh cac biéu thirc:

Ao 2sina+3cosa B 2cos’a. + 3sin o.coso
sino- 7coso. 3sin‘o+2

Bai 8. Tinh
A =sin?10° + sin?20° + sin?30° +...+ sin?80°
B =cos10° + c0s20° + cos30° +...+ cos180°
C =co0s315° +sin330° + sin250° — cos150°
Bai 9. Rt gon céc biéu thirc sau

a/cos (§+ x)+cos(2n—x)+ cos(3m+x)
b/ tan1°.tan 2°.tan 3°...... tan 89°

Bai 10. Cho sina =§, > <a.<x. Tinh:
a/ cos(%+a) b/ cos(m + o)

¢/ tan(mt — o) d/ cot(% -a)

Bai 2. PINH Li COSIN VA PINH Li SIN

Cac ki hiéu trong AABC
e Do dai: BC=a, AC=b, AB=c.
e h,, hy, he: d6 dai duong cao tng voi A, B, C
® m,, mp, me: d0 dai trung tuyén tng véi A, B, C
e p= %M : nura chu vi AABC.
e S: Dié¢n tich AABC.
e R, r: ban kinh duong tron ngoai tiép, noi tiép AABC. B
1. Dinh li cosin trong tam giac
- -]
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Céau hoi thao luan: Cho tam gidc ABC khong phai la tam gidc vuong c6 4B =c¢,AC=b,BC=a

. Chtrng minh ring; @ =b"+c’ —2bc.cos 4
1.1. Dinh li coésin
Trong tam gidc ABC v61 BC =a, AC =b, AB =c ta co:
a’ =b*>+c* —2bc.cos A
b* =a* +c* —2ac.cos B
¢ =a’+b*—2ab.cosC
Vidu 1: Cho AABC c6 A = 60°, b =8cm, ¢ = 5cm. Tinh a,
Giai
a’ =b%+ ¢? — 2bc.cosA = 64 + 25 — 2.8.5.c0s60° = 49 => a = 7(cm)
1.2. H¢ qua

2 2_ 2 2 2_ 2 2 2_ 2
cosd= e —a cosBo LD cosC L tb -
2bc 2ac 2ab
Vi du 2: Cho AABC ¢c6 A =45°,b=2, ¢ =+/2. Tinh a va s do goc B
o a2=b2+c2—2bc.cosA=4+2-222 .cosd5°=2=a=2
2 2_ 2 _ ~
e cosB=A TC b 2274, 5 _gp A
2ac 2.2.\/5
[o] _
c=\/§ 45 b=2

2. Dinh li sin trong tam giac
Cau hoi thio ludn: Cho tam gidc A4BC khong phai 1a tam gidc vudng co
BC =a,AC =b, AB =c va R 1a ban kinh cua dudng tron ngoai ti€p tam giac d6. Chung minh

a

réng: 2R = oy

2.1. Pinh li cosin
Trong tam giac ABC v6i BC =a, AC =b,AB =c ta co:
a b c

—=——=—7—"=2R
sind sinB sinC
2.2. Héqua
a=2R.sin 4 b=2R.sinB c=2R.sinC
sin 4=~ sinBzi sinC=-—
2R 2R

Vi du 3: Cho AABC ¢6 A = 60°, a= 7cm. Tinh ban kinh duong tron ngoai tiép R ctia AABC.

Giai

3 _JpoRr=_2 -7 _ 1B
sinA 2sinA  2.sin60° /3 3 (cm)

3. Cac cong thirc tinh dién tich tam giac
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Cho tam gidc 4BC nhu hinh 10. cong thuc tinh di¢n tich S cua tam gidc 4BC

1. S= la.ha = lb.hb = lc.hc
2 2 2 : |
1 . 1 . 1 .
2. S= —ab.sinC = —b.c.sinA = —a.c.sinB
2 2 2
3. =2 b
4R c h,
4. S=pr
5. S= \/p(p —a)(p — b)(p — ¢) (cong thirc Hé-rong) -

. . . | T =y
Vidu 4: Cho AABCcoa=7,b=8,c=5.Tinh S, h,, R, ‘--(;——’
1, A. :

Hinh 10

e S=p(p-a)p-b)p-o)

Tac():p=a+z+c=7+§+5=10:>s= 10.3.2.5=1043
. :la_ha:hazz_szz.loﬁzzoﬁ
2 a 7 7
__abc abc  7.8.5 7 I3
e S=—"21 R=—=_—__—"""" =___ =
4R 48 4.1043 B 3
. S=p.r:>r=§=M=\/§
p 10
° SzlbcsmA:smA—é—ﬂ—f A = 60°
2 be 8.5

4. Bai tap ap dung
Bai tap 1. Cho AABC c6 AB=6, AC =10, A = 120°.
a. Tinh d¢ dai duong cao AH cua AABC.
b. Tinh do dai doan phan giac trong AD cua AABC.
c. Goilla diém nam trong AABC. Goi E, F, K lan luot 14 hinh chiéu vudng gbc cua I trén AB,
AC, BC. Tinh IE. AB + IF. AC +IK. BC
Giai
a. Tinh d¢ dai duong cao AH cua AABC
Ta co: S—%ah =h, _25

Trong AABC ta c6 : a*> = b2 + ¢? — 2ab.cosA = 10? +6%—2.10.6 cos120°
=100+36+60=196 = a=14 A

Mit khac: S = %.10.6.Sin120° =153

Vay: ha— 215V3 _ 153 ¢
14 7

b. Tinh d dai doan phan giac trong AD cua AABC &

Ta c6: Saasc = Saasp + Saapc &

@lAB.AC.sinA = lAB.AD.siné + lAD.AC.siné
2 2 2 2 2
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& AB. AC sinA = AD . sin% _(AB +AC)

AB.AC.sinA _ 6.10.sin120° 60 15

< AD= n -2 B
sinz.(ABJrAC) sin60° . (6 +10) 16 4

c. Tinh: IE. AB +1IF. AC +IK. BC A
SaaBc = SaiaB+ Saiac + Saisc

@%AB.AC.sinA = %IE.AB + %AC.IF + %IK.BC

czlyf¥=%aE.AB-kAc.1F+IK.BC)

< IE. AB +1IF. AC + IK. BC = 303

K

Bai tap 2. Tinh cac canh va cac goc chua biét cua tam giac ABC trong Hinh 4

(64
B Hinh4

Bai tap 3. Tinh cac canh va cic goc chua biét clia tam giac MNP trong Hinh 8
“‘1

112°
22

N P
Hinh8
Bai 4. Tinh dién tich mot canh buém hinh tam giac. Biét canh budm d6 ¢ chiéu dai mot canh 1a
3,2 m va hai gbc ké canh d6 c6 so do 1a 48° va 105° (Hinh 12).

Hinh 12

TO TOAN — KHOA KHOA HOC CO BAN 37



1. Tinh d6 dai canh x trong cac tam giac sau:

X

Gy | s

1237

lad | =

b)
Hinh 13

2. Tinh d6 dai canh ¢ trong tam gidc ABC & Hinh 14.
B

105°

C 12 A
Hinh 14

3. Cho tam giac ABC, biét canh a = 152, E =79°, F =61°. Tinh céc goc, cic canh con lai va
bén kinh dudng tron ngoai tiép cua tam gidc do.

|
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Mbt cong vién cé dang hinh tam gidc véi cic kich thude nhu Hinh 15. Tinh sb do céc goc
cua tam giac do.

B 800 m C
Hinh 15

Tinh dién tich mot 14 cd hinh tam giac can co do dai canh bén
la 90 cm va goc o dinh la 35"

Cho tam giac ABC co AB =6, AC=8 va A =60°
a) Tinh dién tich tam gidc ABC.
b) Goi / la tim dudng tron ngoai tiép tam gidc ABC. Tinh dién tich tam giac IBC.

Hinh 16

Cho tam giac ABC co trong tim & va do dai ba canh A8, BC, CA lan lrot 1a 15, 18, 27.

a) Tinh dién tich va ban kinh duéng tron noi tiép tam gidc ABC.

b) Tinh dién tich tam gidc GBC.

Cho h, la dudmg cao vé tir dinh 4, R la ban kinh duong tron ngoai tiép tam giac ABC.
Chimg minh hé thire: i, = 2ZRsinBsinC.

Cho tam giac ABC co goc B nhon, AD va CE la har duong cao.

a) Chingmmink 22050 SDRE
Spi  BA.BC

b) Biét ring S, =95, vd DE = 2y/2 . Tinh cosB va ban kinh dudmg tron ngoai tiép tam
giac ABC.

Cho tir gidc 16i ABCD c6 céc dudng chéo AC = x, BD = y va gbc giita AC va BD bing a.
Goi S la dién tich cua ti giac ABCD.

a) Chimg minh §= %_xj*sincx.

b) Néu két qua trong truong hop AC L BD.

Bai 3. GIAI TAM GIAC VA UNG DUNG THUC TE

1.Giai tam giac

Giai tam giac 13 tim s do cac canh va cic goc con lai cua tam giac khi ta biét dugc cac yéu to
du dé xac dinh tam giac do.

: Giai tam giac ABC biét A =45°,b=2,c=2

Giai

o a’?=b2+c2-2bc.cosA=4+2-222.cos45°=2=a=2
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a’+c¢’-b' 2+2-4
2ac 2.2.\2
o C=180°—(B+A)=180°—(90°+45°) =45 -2

e cosB= 0= B=90° A

) B G
Vi du 2: Giai AABC biét a= 243,b=2V2,c= /6 -2 a
Giai
2 2_ 2 _ _ _ ~
. cosp Drei-a’ 848 V12 -12 . 4-43 I N
2bc 2.2 (Vo -+2) 4.2(\3-1) 2
a+ci-b> 12+8-4J3-8 12— 43 NP
e cosB= = = =—=>B=45
2ac 2.203 (Vo -V2) 4.B(Ve-2) 2
e C=180°—(A+B)=180°—(120°+ 45°) = 15°
Vi du 3: Giai ABC biét A = 120°, B = 45°, 2 = 5,3
e C=180°—(A+B)=180°—(120°+45° =15°
.a = ‘b =>b= 'a .sinB = .5\/3 .sin45°=ﬂ.—2=5\/§
sinA  sinB sinA sin120° ﬁ 2
2
.C = .b 3C=§£.sin15°=ﬂ.sin15°=10.sin15°z2.59
sinC  sinB sin45° Q
2

2. Ap dung gii tam giac vao thue té

Ap dung 1. Hai chiéc tau thuyén cing xuét phat tir mot vi tri 4, di thang theo hai hudng tao véi
nhau géc 60°. Tau B chay voéi tbe dd 20 hai li mot gio. Tau C chay voi toe do 15 hai
li mot gio. Sau hai gio, hai tau cach nhau bao nhiéu hai 1i? Két qua gan nhét véi sé nao
sau day?

- ‘ -
B
] A. 61 hai li. B. 36 hai li. C. 21 haili. D. 18 hai li.

Ap dung 2. D€ do khoang cach tir mot diém A trén bo séng dén goc cdy C trén cu lao gitta
song, nguoi ta chon mot diém B cung ¢ trén bo véi A sao cho tir A va B ¢6 thé nhin
thay diém C. Ta do dugc khoang cach 4B =40m, CAB = 45°,C/’B71 =70°.Vay sau khi do
dac va tinh toan khoang cach AC gin nhat véi gia tri nao sau day?
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A. 53m. B. 30m. C.41,5m. D. 41m.
Ap dung 3. Tuvitri 4 nguoi ta quan sat mot cay cao (hinh v&). Biét AH =4 m, HB =4m,

BAC =45°. Chiéu cao ciia cdy gan nhit v6i gia tri nao sau day?

f |
]

A.17,5m. B.17m. C.16,5m. D.16m.
Ap dung 4. Giasa CD= h 1a chiéu cao ciia thap trong d6 C 1a chan thap. Chon hai diém 4, B
trén mat dat sao cho ba diém 4,B va C thang hang. Ta do dugc 4B = 24 m,

CAD =63°, CBD =48°. Chiéu cao & cia thap gan voi gia tri ndo sau day?

A.18m. B. 18,5m. C. 60m. D. 60,5m.

Ap dung 5. Trén néc mét toa nha cdé mot cot Ang-ten cao 5m . T vi tri quan sat 4 cao 7m so
v6i mit dat, co thé nhin thiy dinh B va chan C cua cot ang-ten dudi goc 50° va 40° so
v6i phuong nam ngang. Chiéu cao cua tda nha gﬁn nhit v6i gia tri ndo sau day?

i
Lo AT

(OO
A. 12m. B. 19m. C. 24m. D. 29m.

BAI TAP
Dang 1. Giai tam giac
Cau 1. Giai tam gidc ABC, biét
a) ¢ =14, 4=60° B = 40°.

|
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b) b=4,5, 4=30°,C =75°.

Cau 2. Giai tam gidc ABC, biét
a) ¢ =35, A=40° C=120°.
b)a=137,5, B=83°, C =57°.

Cau 3. Giaitam gidc ABC,biét a=6,3; b=6,3; C =54°.

Cau 4. Giai tam giac 4BC  biét b=32; c=45, 4=87".

Ciau 5. Giai tam giac 4BC biét a=7; b=23, C=130°

Ciu 6. Giai tam giac 4BC  biét b=14; c=10,; 4=145°.

Cau 7. Giaitam giac ABC,biet a=14; b=18; ¢ =20.

Cau 8. Giaitam giac ABC,bi€t a=6; b=5; c=7.

Cau 9. Giaitam giac ABC,biét a=6; b=7,3; c=4,8.

Céu 10. Giai tam gidc 4BC  biét B=60°; C=45°; BC=a.

Dang 2. Ap dung vao bai toan thue tién

Caul. Tuhaivitri 4 va B ciia m{t toa nha, nguoi ta quan sat dinh C ctuia ngon nui. Biét rang
dd cao 4B =70m , phuong nhin 4C tao véi phuong nam ngang mot géoc 30°, phuong
nhin BC tao v&i phuwong nim

Cau 2. gang mot goc 15°30" (nhu hinh v&). Tinh d§ cao CH cua ngon nti so vdi mat dat.

C

o=

=2

el=i=]= == =)=

elwjv)w vl 2le) =

=2
=
-l -

@ A H

Ciau 3. Cac goc nhin dén dinh ndi so v6i muc nude bién dugc do tir hai dén tin hiéu A va B trén
bién duoc thé hién trén hinh v&. Néu cac dén tin hiéu cach nhau 1536 m thi ngon nui cao
bao nhiéu (tinh gan dung sau dau phay hai chir s6)?

]

Cau 4. Mot nguoi quan sat dung cach mot cai thap 15m, nhin thiy dinh thap mot goc 45° va nhin
dudi chan thap mot goc 15° so v6i phuong nam ngang nhu trong hinh v&. Tinh chiéu cao
h cua thap.
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15m
Céiu 5. Hai chiéc tau thuy cung xudt phat tir mot vi tri A, di thang theo hai huéng tao véi nhau
gbéc 60°. Tau B chay vdi toc d§ 20 hai li mot gio. Tau Cchay voi toc d§ 15 hai li mot
gi0. Sau hai gio, hai tau cach nhau bao nhiéu hai 1i?

Ciu 6. Vinh Van Phong — tinh Khanh Hoa nbi tiéng vi c6 con dudng di bd xuyén bién ndi tir
Hon Qua dén dao Diép Son. Mot du khach muén chéo thuyén kayak tir vi tri C trén Hon
Qua dén vi tri B trén Bé thay vi di bd xuyén qua con dudng qua vi tri 4 réi méi dén vi
tri B. Néu nguoi d6 chéo thuyén véi van toc khong ddi la 4 km/h thi s& mat bao nhiéu
thoi gian biét 4B =0,4 km, 4C =0,6 km va goc gitta 4B va AC 1a 60°?

Cau 7. Trong mot 1an di khao sat cac dao thude quén dao Truong Sa cua Viét Nam, cac nha khoa
hoc phat hién c6 mdt ddo c6 dang hinh tron, tdim cia ddo nay bi che bdi mdt bai da nho
ma cac nha khoa hoc khong thé t6i duge. Cac nha khoa hoc mubn do ban kinh cta déo
nay, biét rﬁng cac nha khoa hoc chi c6 dung cu la thude théng dai. Néu cach dé cac nha
khoa hoc tinh dugc ban kinh dao?

Cau 8. Gia sir chung ta can do chiéu cao 4B ctia mot toa thap voi B 1a chan thap va 4 1a dinh
thap. Vi khong thé dén chan thap dwgc nén tir hai diém Cva D c6 khoang cach CD =30m
sao cho ba diém B,C,D thang hang ngudi ta do cac goc BCA =43° va g(’)cED\A =67°.
Hay tinh chiéu cao AB cua toa thap

Cau9. Trong tam gidc vudng AHC ta ¢ AH = AC.cos HAC ~6,30.c0s35°~ 5,16 (km).

Tu hai vitri 4, B nguoi ta quan sat mot cai cdy (hinh ve). Lay C la diém gbc cay, D la diém

ngon cdy. 4,B cung thang hang véi diém H thudc chidu cao CD ciia cdy. Ngudi ta do duoc

AB=10m, HC =1,7m , a =63°,  =48°. Tinh chiéu cao cua cay do.

|
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Cau 10. Mot nguodi quan sat dinh ctia mdt ngon nlii nhan tao tir hai vi tri khac nhau cia toa nha.
Lan dau tién nguoi d6 quan sat dinh nui tir tang trét véi phuong nhin tao v6i phuong nam
ngang 35° va lan thir hai ngudi ndy quan sat tai san thugng cia cung toa nha d6 véi
phuong nam ngang 15° (nhu hinh v&). Tinh chiéu cao ngon niii biét rang toa nha cao
60(m).

BAI 4: KHAI NIEM VECTO
1. Pinh nghia vecto
Vecto 1a mot doan thang c¢6 hudng, nghia 1a da chi ra diém dau va diém cubi.
- Vecto c6 diém dau 4, diém cudi B duoc ki hidu 1a 4B, doc 14 vecto 4B

A
- Puong thing di qua hai diém 4 va B goi 1a gia cia vecto AB .
- B§ dai cta doan thang 4B goi 1a d§ dai cia vecto 4B va dugc ki hi€u la | 4B |. Nhu vay ta co6:
| AB|= AB.
Chii y: Mot vecto khi khong can chi rd diém dau va diém cubi c6 thé viét1a a,b,%, 7,

|
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A
Vidy I ‘ , 7 ,
Cho tam gidc déu ABC c6 canh bang 2. Goi H 1a trung diém cua doan thang BC.

A

2

B H &

Tim diém dau, diém cubi, gia va d¢ dai cua cac vecto: CA, AH,BH.

Gidi

Vecto CA ¢6 diém dau 1a €, diém cudi la 4 va cé gia 1a dudng thang AC .
Vecto AH c6 diém dau 13 4, diém cudi la H va c6 gia 1a duong thang AH .
Vecto BH c¢6 diém dau 1a B, diém cudi la H va c6 gia 1a duong thang BH .
Ta c6: CA=2,BH =1,AH =\ AC* ~CH* =J4-1=13.

Suyra |CA|=2,|BH |=1,| AH |=/3 .

2. Hai vecto cung phwong, cung huéng

Hai vecto dugc goi 1a cung phuong néu gia ciia ching song song hodc trung nhau.
Vidu 2

Tim céac cdp vecto cung phuong trong Hinh

) B | ¢ D

N [N

(@ R

Gidi

Trong Hinh 4B va CD cung phuong vi c6 gia tring nhau; PO va RS cung phuong vi c6 gia

song song.

Chii y: Trong Hinh , hai vecto 4B va CD cung phuong va c6 cung hudng di tir trai sang phai. Ta

néi 4B va CD 1a hai vecto cung hudng. Hai vecto PO va RS cung phuong nhung c6 hudng

nguoc nhau. Ta néi hai vecto PO va RS 1a hai vecto ngugce huéng. Nhdn xét: Hai vecto cling

phuong chi c¢6 thé cting hudng hodc nguoc hudng.

-
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Vidu 3
Tim céac cdp luc ngugc hudng trong so cac luc tdc dong vao may bay trong Hinh .

I —~

Gidi

Quan sat Hinh , ta théy lyc nang 7 nguoc huéng véi trong luc P; luc can ¢ nguoc hudng voi luc
ddy d .

Nhin xét: Ba diém phan biét 4, B,C thiang hang khi va chi khi hai vecto 4B va AC cing
phuong.

That vay, ta thdy néu ba diém 4, B,C thing hang thi hai vecto 4B va AC c6 gia tring nhau nén
chung cung phuong. Nguoc lai, néu hai vecto 4B va AC cung phuong thi hai dudng thing AB
va AC phai song song hodc tring nhau, hon nita hai duong thang nay lai c6 chung diém 4 nén
chung phai tring nhau. Vay ba diém 4, B,C thiang hang.

3. Vecto bang nhau — Vecto ddi nhau

Hai vecto @ va b duoc goi 1a bang nhau néu chung cung hudng va c6 cung d6 dai, ki hiéu a =5

Hai vecto a va b dugc goi la doi nhau néu chung nguoc hudng va cé cung do dai, ki hi¢u

@ =-b .Khi do, vecto b duoc goi 1a vecto dbi ctia vecto a.

Chu y:

a) Cho vecto @ va diém 0O, ta ludn tim dugc mot diém A4 duy nhét sao cho 04 = a . Khi d6 d6
dai cia vecto a la do dai doan 04, ki hi€ula |a|.

b) Cho doan thing MN , ta ludn c6 NM =—MN .
Vidu 4 . ’
a) Tim trong Hinh hai cap vecto bang nhau va hai cap vecto doi nhau.

D (i
b) Cho diém O 14 trung diém cta doan thang 4B . Tim hai vecto d6i nhau.
Gidi
a) Trong Hinh, ta ¢c6: AB=DC,DA=CB, AD =—-CB,DA=—AD.
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b) Tacé O4A=-0B

4. Vecto-khong
Ta biét réng mdi vecto hoan toan duoc xac dinh khi biét diém dau va diém cudi ciia nd. Vi mot
diém A bat ki, ta quy udc c6 mot vecto dic biét ma diém dau va diém cudi déula 4.
Vecto d6 duoc ki hidu 1a 44 va goi 13 vecto-khong (c6 gach ndi giira hai t).
Vecto ¢6 diém dau va diém cudi trung nhau goi 13 vecto-khéng, ki hiéu1a 0.
Chu y:
- Quy udc vecto-khong co d6 dai bang 0 .
- Vecto-khong luon cung phuong, cung huo’ng vG1 moi vecto.
- Moi vecto-khong déu bang nhau: 0= 44 = BB =CC =... voi moi diém 4, B,C,.
- Vecto d6i cua vecto-khong 1a chinh né.
Vidu 5
Cho doan thang EF c6 do déi bang 2 va nhan M 13 trung diém.

a) Tim vecto-khong trong s cac vecto: EF,EE,EM,MM,FF .
b) Dung ki hiéu 0 dé biéu dién cac vecto-khong do.
Gidi
a) Ta c6 cac vecto EE, MM ,FF c6 diém dau va diém cudi tring nhau nén ching 13 vecto-khong.
b) Ta viét 0= EE = FF = MM . ‘
BAI TAP
Cau 1. Hiy tinh sb cac véc-to (khac 0 ) ma cac diém dau va diém cudi duoc ldy tir cac diém
phan biét da cho trong cac truong hop sau day:
a) Hai diém. b) Ba diém. c) Bén diém.
Cau2. Véc-to ddi clia véc-to 0 1a véc-to nao? Véc-to dbi cua veéc-to —a 1a véc-to nao?
Cau 3. Chotam gidc ABC.Goi M, N, P lan luot la trung diém cua BC, CA, AB.
a) Xz’u; dinh cac Yéc-to khéc véc-to - khong, cung phuong véi MN c6 diém diu va diém
cuoi lay trong diém da cho.
b) Xac dinh cac véc-to khac véc-to - khong, cung hudng voi AB ¢6 diém diu va diém
cuoi lay trong diém da cho.
¢) V& cac véc-to bang véc-to NP ma c6 diém diu 4 , B. i
Cau4. Cho tam gidc ABC c6 trong tam G. Goi I 1a trung diém cta BC . Dyng diém B’ sao
cho B'B = AG.
a) Chirg minh rang BI=1IC.
b) Goi J 1a trung diém ctia BB’. Chimg minh ring BJ = IG. , 7
Cau 5. Cho tam giac ABC c6 H latryc tim va O la tim duong tron ngoai ti€p. Goi B’ la diém
d6i xtmg voi B qua O. Chimg minh rang AH = B'C’, AB' = HC . 7
Cau 6. Cho tam giac ABC c6 trung tuyén AM . Trén canh AC lay hai diém E va F sao cho
AE =EF =FC; BE cit AM tai N. Chl:rng minh NA va W 13 hai vec-to ddi nhau.
Cau 7. Cho tir gidc ABCD.Goi M, N, P, Q lan lugt 1a trung diém cua AB, BC, CD, DA.
Chtrng minh rang @ = NP

|
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Cau 8. Cho hinh binh hanh ABCD . Trén cac doan théng DC , AB theo thir tu léy cac diém M
, N sao cho DM = BN . Goi P la giao diém cia AM , DB va Q la giao diém cia CN
, DB . Chtrng minh rang AM = NC va BE:@

Ciu 9. Cho hinh binh hanh ABCD . Goi E va F lan luot 13 trung diém cta hai canh 4B va CD
.Noi1 AF va CE, hai dudong nay cat duong chéo BD lan lugt tai M va N.Chung minh
DM =MN = NB .

Cau 10. Cho hinh binh hanh ABCD va ABEF v&i A,D,F khong thang hang. Dung cac vecto
EH va FG bang vecto AD . Ching minh t&r gisc CDGH 13 hinh binh hanh.

BAI 5: TONG VA HIEU CUA HAI VECTO
1. Tong cua hai vecto

Cho hai vecto @ va b . T mot diém A tuy y, 14y hai diém B,C sao cho 4B =a,BC =b . Khi d6
AC duogc goi 1 tong cia hai vectd @,6 va dugc ki hiéula a+b
Vay a+b = AB+BC = AC .

Phép toéan tim tong cua hai vecto con dugc goi la phép cong vecto.
Tir dinh nghia tong ctia hai vecto, ta suy ra quy tic cong vecto sau day:
Quy tic ba diém
Véiba diém M,N,P, tacd: MN + NP =MP.
M

N

Chii y: Khi cong hai vecto theo quy tic ba diém, diém cudi cua vecto thir nhat phai 1a diém dau
cua vecto tha hai.

Vidu 1

Cho céc diém E,F,G,H,K . Thuc hién cac phép cong vecto:

EF + FH;FK + KG;EH + HE

Giai

Ap dung quy t: tic ba diém, ta co:

EF + FH = EH FK +KG = FG EH +HE =EE =0

Quy tic hinh binh hanh

Néu 04BC 14 hinh binh hanh thi ta c6 04+ 0C = 0B .

|
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O A
('1
| B
Vi dy 2
Tim tong cla hai vecto @ va b trong Hinh.
B 7 C
/ /
— Vi /
af .

i >

Tacod: G=AB,b=AD,suyra a+b=AB+ AD .

Theo quy tic hinh binh hanh, ta c6 4B+ AD = AC .

Vay a+b = AC .

Chu y: Dé ap dung quy tic hinh binh hanh, ta cAn dua bai toan tim téng hai vecto vé bai toan tim
téng cua hai vecto c6 chung diém dau.

2. Tinh chit ciia phép cong cap vecto

Phép cOng vecto co cac tinh chat sau:

- Tinh chét giao hoan: G+b=b+a;

- Tinh chét két hop: (G+b)+¢=ad+(b+7);

- V&i moi vecto @, taluon cé: G+0=0+d=a.

Chu y: Tu tinh chat két hop, ta co thé xac dinh duoc téng ctia ba vecto @,b,¢, kihiéula a+b+¢

=y

VOi G+b+é=(a+b)+¢.

Vidu 3

Cho tr gidc ABCD . Thuc hién cac phép cdng vecto sau:

a) (AB+CA)+BC,

b) AB+CD+BC+DA.

Gidi

Ap dung tinh chit glao hoan va két hop cua phep cong vecto, ta co:
a) (AB+CA)+BC=(CA+AB)+BC =CB+BC =CC =0.

b) AB+CD+BC+DA=AB+BC+CD+DA=AA=0.
Chii y: Cho vecto tuy y d = AB.

a
A
Tacd d+(-d)= AB+BA=AA=0.
T 5ng hai vecto doi nhau luén bdng vecto-khong: a+(—a)=0.

|
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3. Hi€u cia hai vecto
Cho hai vecto G va b . Hiéu ctia hai vectd a va b 1a vecto a+(—b) vakihiéu a—b .

Phép toan tim hi¢u cua hai vecto con dugc goi la phép trie vecto.

Vidu 4

Cho cac diém M, N, P,Q. Thyc hién cc phép trir vecto sau: MN — PN; PM —PQ .
Gidi

Ta co:

MN — PN = MN + NP = MPPM — PQ = PM + QP = QP+ PM = OM

Chu y:

Cho ba diém 0, 4, B, ta c6: OB—OA = AB.

4, Tinh chit vecto gﬁa trungqiiémq doan thing va trong tim tfm giac
Diém M la trung diém cua doan thang 4B khi va chi khi M4+ MB=0.
Diém G 1a trong tim ciia tam gidc 4BC khi va chi khi GA+GB+GC =0.
Vidu 5 ‘ i q
Cho tu gidc ABCD c¢6 1,J lan lugt 1a trung diém cia 4B,CD va O la trung diém cua 1J .
Chirng minh O4+OB+0OC+0D =0.
Gidi . v
Do 1,J,0 lan lugt 1a trung di€ém cua 4B,CD va IJ nén:
IA+1B=0;JC+JD=0,0l +0J =0
Ta c6: OA+OB+OC +OD = (OI + 14) + (OI + IB) + (OJ + JC) + (OJ + JD)
= (Ol +0J)+(IA+1B)+(OI + OJ )+ (JC + JD) = 0
BAI TAP
Cau 1. Cho hai véc-to a va b sao cho a+b=0.
a) Dung OA = Zl, OB=h. Chung minh rang O 1a trung diém cua A4B.
b) Dung aza,E=B.Ch&ngminhr§ng B=0. ?
Cau 2. Cho hinh binh hanh ABCD . Hai di€ém M va N lan luot 1a trung diém ctia BC va AD.
Xac dinh téng clia hai véc-to NC va VC, AM va CTX AD va W, AM vi AN .
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Cau 3. Chotam gidc ABC. Céc diémM, N va P lan luot la trung diém cua 4B, AC va BC.

Xac dinh higu AM — AN ; MN - NC; MN - PN ; BP—CP.
Cau4. Chung minh rang diém 7 1a trung diém ctia doan thing AB < IA=1B.
Cau 5. Cho tam giac ABC. Cac diémM , N va P lan luot 1a trung diém cua 4B, AC va BC.

_—  — —— @ — @ — @ —

Cau 6. Goi O 1a tam cua tam giac déu ABC .Chimg minh rang QA +0B+0C=0,

Cau7. Cho tam giac ABC. Goi M, N, P lan luot 1a trung diem cua BC, CA, AB. Ching
minh rang
a) BM +CN + AP =0.

_— —— s @ — —  —

Cau 8. Cho hinh binh hanh 4BCD tdm O, M 1a mot diém bat ki trong mit phang. Chimg minh
rang
a) BA+DA+AC=0.

e _ —  — —

b) OA+OB+0OC+0D =0.
c) MA+MC =MB+MD.
Cau 9. Cho hinh binh hanh ABCD. Goi O 1a mét diém bat ki trén dudng chéo AC. Qua O ké
cac dudng thang song song v6i cac canh cia hinh binh hanh. Cac dudng thing nay cit
AB va DC lan luottai M va N, cit AD va BC lan lugt tai £ va F . Chung minh
a) OA+O0C = 0B + 0D .
b) BD = ME + FN
Cau 10. Cho nam diém 4,B.C,D.E. Chiing minh rﬁng
a) AB+CD+EA=CB+ED.
b) AC+CD-EC = AE - DB + CB.

BAI 6: TICH CUA MOT SO VOI MOT VECTO
1. Tich ctia mét s véi mot vecto' va cac tinh chit
Cho s6 k khac 0 va vecto @ khac 0. Tich ctia s6 & véi vecto a@ la mot vecto, ki hiéu 1 #a .
Vecto ka cung hudéng voi a néu k>0 , nguoc hudéng voi a néu k<0 vacod do dai bﬁng lk|.|a]l.
Ta quy u6c 0 =0 va k0=0.
Nguoi ta con goi tich cia mot s6 véi mot vecto 1a tich ciia mét vecto' véi mot 6.
Vidu 1
Cho tam gidc ABC c6 M,N lan luot la trung diém cac canh A
AB, AC (Hinh).

M N
. . X — 1= =
Tim trong hinh cac vecto bang: 2MN ;_EAB; —2CN

Gidi 3 B
Ta co: 2W=%;—%E=W:W;—2@:E.

Vi hai vecto @ va b bat ki, véi moi s6 thue 4 va k, ta co:

B BTy (oo — i, ) — ()

1.d = a; (~1)-d=—d
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Vidu 2

Thuc hi¢én cac phép toan vecto sau:

a) 5(ii +v)

b) (x+2)d;

c) —3(4e);

d) ¢-2¢.

Gidi

a) 5(u+v)=>5u+5v

C) —3(4¢) = (-3.4)e =125 ;

b) (x+2)a=xda+2a,

d) 6-26=(1-2)¢=(-1)é =—¢.

Vi du 3. Cho doan thing AB va mot diém M tuy y. Chtng minh 7 13 trung diém cta doan thang
AB khi va chi khi MA+MB=2MI .

Gidi

Taco

MA+MB =2MI < MI +1A+MI + 1B = 2MI <> 2MI +IA+IB = 2MI < IA+ 1B =0
Suy ra / 1a trung diém cua doan thing A4B.

2. Diéu kién dé hai vecto cing phwong

Hai vecto @ va b(b khac 0) cung phwong khi va chi khi ¢ s6 k sao cho G =#kb .
Nhan xét:

Ba diém phan biét 4, B,C thang hang khi va chi khi c6 s6 k khac 0 & 4B =kAC.

Al AB BC|c

—y

u

Ly

N
o

Vidu 4

Cho tam gidc ABC c6 trung tuyén AM . Goi I 1a trung diém cua AM va K 1a diém trén canh
AC sao cho AKzéAC.

a) Tinh BI theo BA,BC.

b) Tinh BK theo BA,BC.

¢) Chirng minh ba diém B,,K thang hang.

Gidi

8 M c

2) E=Q+E=ﬁ+%m=ﬂ+%(m—ﬂ)=%ﬂ+%ﬁ 1)
b) ﬁ:ﬁ+ﬁ=ﬂ+%%:ﬂ+%(%—ﬂ)=§ﬂ+%ﬁr(2)

¢) Tacb: (1) = 4BI =284+ BC, (2) = 3BK = 284+ BCnén BY:%EI’{. 3)
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Tir (3) ta suy ra ba diém B,7,K thing hang.

Chii y: Cho hai vecto @ va b khong cing phuong. Véi mdi vecto ¢ ludn ton tai duy nhat cip sd
thuc (m;n) sao cho ¢ =ma+nb .

BAI TAP
Cau 1. Goillatrung diém cua doan 4B . Chirmg minh vé6i diém O bitky ta co OI = %(5;1 + 55)

Cau 2. Chodoan 4B vadiém 7 saocho 274+31B=0.
a) Tim s k ma 4/ =kAB
. . . 4z . = 22— 33—
b) Chirng minh v&i moi di€ém M thi c6 MI = EMA +§MB .
Ciu 3. Cho tam gidc ABC c6 truc tim H, trong tim G va dudn tron ngoai tiép O. Chimg minh
rang
a) HA+HB+HC =2HO
b) OA+0B+0C =0H
C) G—I‘f + ZG_O. = 6 .
Cau 4. Cho tam giac ABC.Goi H la diém ddi xing v6i B qua G véi G 1a trong tAm tam giac
ABC . Ching minh rang
a) AH =2 AC—-1 4B va CH =-L4B-14c .
3 3 3 3

b) MH =%A—C—§ﬂ3 , voi M 14 trung diém cua BC.
Cau 5. Cho tam gidc ABC c¢ trong tdm G. Ching minh

a) V&i moi diém M thi MA+ MB+ MC =3MG .

b) Néu MA+MB+MC =0 thi M la trong tdm G .

BAI 7: TICH VO HUONG CUA HAI VECTO
1. Goc giira hai vecto
Cho hai vecto @ va b déu khac 0. Tir mot di€m O bétkita vé 04=a,0B =b .
Goc AOB v6i sb do tir 0° dén 180° duoc goi 1 géc gifva hai vecto a va b .
Ta ki hi¢u goc gitra hai vecto @ va b 1a (@,b), Néu (d,b) =90° thi tandirang @ va b vudng goc
voinhau, ki hiéula a L b .

Chu y:

- Tir dinh nghia ta c6 (a,b) = (b,a).

- Goc giita hai vecto cuing huéng va khac 0 ludn bang 0°.

- Goc giira hai vecto nguoc hudng va khac 0 ludn bing 180°.

|
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- Trong trudng hop c6 it nhat mot trong hai vecto @ hodc b 13 vecto 0 thi ta quy udc sb do goc
gifra hai vecto d6 1a tuy y (tir 0° dén 180° ).

(:“f b E {f
. > = - e
(@,b)=0° (&, d)=180°
Vidu 1 7
Cho hinh vuéng ABCD c6 tam [ 1a giao diém cua hai duong chéo. Tim céc gbc:
a) (1B, 4B) 4 5
b) (1B, AI)
¢) (B, DB)
d) (14,1C)
Gidi
D C

a) Ta cé: DI =IB,DC = AB, suy ra (IB, AB) = (DI, DC) =IDC =45°.

b) Tacéd: IC = Al , suy ra (IB, Al)=(IB,IC) — BIC =90°.

¢) Do hai vecto 1B, DB cung huéng nén ta cé (IB, DB)=0°.

d) Do hai vecto 4, /C nguoc hudng nén ta co (I4,1C) =180°.

2. Tich v6 hwéng cuia hai vecto

Cho hai vecto @ va b déu khac 0

Tich vé hwéng cia a va b 1a mot sd, ki hidu 1a a-b , duoc xac dinh boi cong thirc:
a-b=d|-|b|-cos(a,b).

Chu y:

a) Trudng hop it nhat mot trong hai vecto @ va b bang 0, ta quy uéc d-b =0.

b) Véihai vecto @ va b ,tacé G Lb<a-b=0.

¢) Khi @ =5 thitich vo huéng a-b duogc ki hidu 1a a* va dugc goi la binh phuong vo hudng cia
vecto a.

Tacd a* =|d|-|d|-cos0 =a[ . Vay binh phuong vo hudng ctia mot vecto ludn bang binh phuong
do dai cua vecto do.

Vidu 2

Cho tam gidc déu ABC c6 canh bing 4 va c6 duong cao AH . Tinh céc tich vo hudng:
a) AB-AC

b) 4B-BC

¢) AH -BC .

Gidi

a) AB-AC =| AB|-| AC| -cos(E,E)=4-4-cos6oo=16%=8

b) ZE-EE#ZEHEE‘|~cos(21§,§5)=4-4-cos120°=16-[—%)=—8;

¢) AH-BC =| AH |-| BC|-cos(4H,BC)=| AH |-| BC |-c0s90° =0
Chii y: Trong Vat li, tich vo hudng cia F va d biéu dién cong Asinh bsi luc F khi thuc hién
d6 dich chuyén d . Ta co cong thirc: A=F-d .

|
TO TOAN — KHOA KHOA HOC CO BAN 54



ALy TU TRONG

3. Tinh chét ciia tich v huéng

Véi ba vecto d,b,¢ bat ki va moi sb &, ta co:

i-b=>b-a; a-(b+é)=a-b+a-¢, (ki)-b=k(a@-b)y=a-(kb).

Vidu3

Ap dung céc tinh chit cta tich vo hudéng, ching minh rang: (G+5)* =a>+2a-b+b>.
Gidi

Tacod: (G+b) =(Ga+b)-(G+b)=a-a+a-b+b-a+b-b
—G*+a-b+a-b+b*=a’+2a-b+b’.

Vay (G+b)* =a*+2a-b+b>.

Nhdn xét: Chung minh tuong tu, ta cling co

(G-byY =a*-2a-b+b* (i+b)-(a—-b)=a*-b>.
Vidu4

Cho tam gidc 4BC . Tinh canh 4B theo hai canh con lai va goc C.

Gidi

Taco AB*=AB =(CB-CAyY =CB +CA —2CB-CA=CB*+CA>~2CB-CA-cosC
hay ¢’ =a”+b*—2bccosC.

BAI TAP
Cau 1. Cho tam gidc ABC déu canh «, tim O. Hay tinh:
a). AB.AC
b). 4B.BC

o). (08 +0C)(4B - 4¢)
d).(4B+24C)(4B-3BC)
Cau 2. Cho hinh vudéng ABCD canh a,tam O. Hay tinh:

b). ON.AB; NA.AB vé6i N la diém trén canh BC.
¢). MAMB + MC.MD véi M nam trén duong tron noi tiép hinh vudng.
Cau 3. Cho hinh thang ABCD c6 day 16n BC =3a, ddy nhd 4D = a, dudng cao 4B =2a

a). Tinh AB.CD; BC.BD; AC.BD

b). Goi I 1a trung diém ciia CD. Hay tinh goc gitra Al va BD.
Cau 4. Cho tam gidc 4BC déu canh a, dudong cao AH . Tinh:

a). AB.AC; BA.AH .
b). (CB-CA)(2C4-34H)
Cau 5. Cho hinh thoi 4BCD tdm O canh bang 7 , gbc BAC =60°. Tinh:
AB.AC; AB.OA; AC.BD; AB.OB
BAI TAP CUOI CHUONG V

Cau 1. Cho ti gidc ABCD . Goi M N, P, O lan luot 1a trung diém cia 4B, BC, CD, DA.

Chung minh rang MO 0=

Cau 2. Cho hinh binh hanh ABCD . Trén cac doan théng DC , AB theo thir tu léy cac diém M
, N sao cho DM = BN . Goi P la giao diém cia AM , DB va Q la giao diém cia CN

, DB . Chiing minh rang AM = NC va ﬁ=QT§

|
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Cau 4.

Cau 5.

Cau 8.
Cau 9.

Cau 10.
Cau 11.

Cau 12.

Cau 13.

Cau 14.

Cau 15.

Cau 16.

Cau 17.

ALy TU TRONG

Cho hinh binh hanh 4BCD . Goi E va F lan luot I trung diém cta hai canh 4B va CD
.Noi1 AF va CE, hai dudong nay cat duong chéo BD lan lugt tai M va N.Chung minh
DI = MN = NB |

Cho hinh binh hanh ABCD va ABEF v&i A,D,F khong thang hang. Dung cac vecto
EH va FG bang vecto AD . Chung minh t& gidc CDGH 1a hinh binh hanh.

Cho hai véc- to a va b sao cho a+b=0.

a) Dung 04 = a, OB=h. Chtng minh rang O 1a trung diém cua A4B.

b) Dung @':5, AB=b. Chtng minh ring B=0.

Cho hinh binh hanh ABCD . Hai diém M va N lan luot 1a trung di€ém cia BC va AD.
Xac dinh téng cua hai Véc-tg NC va VC, W va @, AD yé Td, AM va AN .
Cho tam gidc ABC. Cac diétmM , N va P lan luot 1a trung di€ém cia 4B, AC va BC.
Xac dinh hiéu W—W; W—W; W—P_N; BP—CP.

Chtng minh rang diém 7 14 trung diém cua doan thing AB @ﬁ =1B.

Cho tam gidc ABC. Céac diémM , N va P lan luot Ia trung di€ém cia 4B, AC va BC.

_—  — —— @ — @ — @ —

Chung minh rang véi diém O bat ki ta c6 OA+ OB +0OC =OM +ON +OP .

Goi O 1a tam cua tam giac déu ABC .Chimg minh rang OA+0B+0C = 0

Cho tam giac ABC. Goi M, N, P lan luot la trung diém cua BC, CA, AB. Chung
minh rang

a) BM +CN+AP=0.

_ —— — @ — —  —

¢) OA+ OB +0C = OM +ON +OP véi O 1a diém bt ki.

Cho tam gidc ABC c6 truc tim H, trong tim G va duon tron ngoai tiép O. Chirng minh
rang

a) HA+ HB+HC =2HO .

b) O4+0B+0C = OH

¢) GH +2G0 =0

Cho tam gidc ABC c6 trong tam G. Chirng minh

a) V6i moi diém M thi MA+ MB + MC =3MG .

b) Néu MA + MB + MC =0 thi M 14 trong tdm G .

Cho ttr gidc ABCD. Goi I,J lan luot 1a trung diém cia 4B va ¢D,0 la trung diém cua
IJ . Chirng minh rang

a) AC+BD=21J .

b) OA+O0B+0C+0D =0.

) MA+MB +MC + MD = 4MO v&i M 1a diém bat ky.

Cho hinh vuéng ABCD canh a,tdm O. Hay tinh:

b). ON.AB; NA.AB v6i N la diém trén canh BC.

¢). MAMB +MC.MD v&i M nam trén dudng tron ndi tiép hinh vudng.

Cho hinh thang 4BCD c¢6 ddy 16n BC =3a, ddy nhd AD =a, dudng cao 4B =2a
a). Tinh E.CT); ﬁlﬁ); AC.BD

b). Goi / la trung dié‘m cua CD. Hay tinh goc gitta Al va BD.

Cho tam gidc 4BC d€u canh a, dudong cao AH . Tinh:

|
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a). AB.AC; BAAH .
b). (CB—-CA)(2C4-34H)
Cau 18. Cho tam giac 4BC . Chung minh rang:
a). ZE.ZEE%(ABZ +A4C* - BC?)

b). BC*> = AB*> + AC* —2AB.AC.cos A
Cau 19. Cho tam gidc ABC déucanh a.Goi M,N 1a cic diém sao cho 3BM =2BC, 5AN = 4A4C

a). Tinh AB.AC; BC.AC
b). Chiing minh 4M vudng goc voi BN .

Cau 20. Cho tam gidc ABC c6 goc A nhon. Vé bén ngoai tam giac 4BC céac tam giac vuong can
dinh 4 1a ABD va ACE .Goi M trung diém cia doan BC . Chimg minh rang AM vudng
gbc voi DE .

CHUONG VI: PHUONG PHAP TQOA PQ TRONG MAT PHANG

Muc tiéu: Sau khi hoc xong chwong nay, nguoi hoc cé thé:

— Nhdn biét dwoc toa dé ciia vecto véi mot hé truc toa do cho trude.

— Tim duwoc toa dé cia mét vecto, do dai ciia mét vecto khi biét toa dé diém dau va diém cudi cia
no.

— Sir dung dwoc biéu thirc toa do ciia cde phép todn vecto trong tinh todn.

— Van dung duwoc phuwong phdp tog do vao bai toan giai tam gidc.

— Van dung duoc kién thirc vé tog do cua vecto dé giai mot so bai toan lién quan dén thuc tién (vi
du: vi tri cua vt trén mat phang tog do, ...).

— Nhén biét dwoc phirong trinh tong qudt va phirong trinh tham s6 ciia dwong thang trong mdt
phang toa ds.

— Thiét Igp dwoc phwong trinh cia dwong thiang trong mdt phang khi biét: mét diém va mot vecto
phdp tuyén; biét mot diém va mot vecto chi phwong; biét hai diém.

— Nhén biét dwoce hai dwong thang cdt nhau, song song, tring nhau, vuéng goéc véi nhau bang
phwong phap toa do.

— Tinh dwoc goc giita hai dwong thang dira vao cong thic tinh.

— Tinh dwoc khodng cdch tir mét diém dén mét dwong thang bang phwong phdp toa ds.

— Gidi thich dwoc moi lién hé giita do thi ham sé bdc nhdt va dwong thang trong mdt phang toa
do.

— Vién dung dwoc kién thire vé phirong trinh dwong thang dé giai mét sé bai todn c6 lién quan dén
thuee tién.

|
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— Thiét ldp dwoc phuwong trinh dwong tron khi biét toa d tam va ban kinh; biét toa do ba diém ma
duwong tron di qua; xdc dinh dwoc tdm va ban kinh dwong tron khi biét phirong trinh ciia dwong
tron.

— Thiét ldp dwoc phwong trinh tiép tuyén ciia dwong tron khi biét toa d¢ ciia tiép diém.

— Vién dung dwoc kién thire vé phwrong trinh dweong tron dé gidai mot sé bai todn lién quan dén thuc
tién (vi du: bai todn vé chuyén déng tron trong Vat Ii,...).

— Nhdn biét dwoc ba dwong conic bang hinh hoc.
— Nhdn biét dwoc phwong trinh chinh tdc ciia ba dwong conic trong mdt phang toa do.

— Gidi quyét dwge mét so van dé thiee tién gdn véi ba dwong conic (vi du: gidi thich mét so hién
tuwong trong Quang hoc,...).

BAI 1: TQA PQ CUA VECTO
I. TOA PQ CUA VECTO POI VOI MOT HE TRUC TQA PO
1. Truc toa do
¢ Truc toa d6 (hay goi tat 1a truc) 1a mot dudong thfmg trén d6 di xac dinh mot diém O goi la
diém géc va mot vecto don vi i.
e Diém O goi 1a gbc toa do.
* Hudng cua vecto don vi la hudng cua truc.
* Ta ki higu truc 6 1a (0;i).

o i m
—>

e Cho M la mot diém tly ¥ trén truc (O;;). Khi @6 c6 duy nhat mot s6 & sao cho OM = x, i.

* Ta goi ) x, do la toa do cua diém M d6i véi truc da cho.

e Cho hai diém 4 va B trén truc (O,';). Khi d6 c6 duy nhét s6 a sao cho 4B =ai. Tagoisd a la
do6 dai dai s6 cua vecto AB d6i voi truc da cho va ki hiéu a = 4B.

(£ Nhan xét.

e Néu 4B ciung hudng v6i i thi AB=AB, connéu 4B nguoc hudng v6i i thi AB =— AB.

e Néu hai diém 4 va B trén truc (O;;). cotoa do lan luot1a @ va b thi AB=b-a.

2. H¢ toa do

Dinh nghia. Hé truc toa do (O?]) gdm hai truc (O;f) va (O]) vudng goc véi nhau.

e Diém géc O chung cua hai truc goi la géc toa do. Truc (0;?) duoc goi la truc hoanh va ki
hiéu 1a Ox, truc (0]) duoc goi l1a truc tung va ki hiéu 1a oy. Cac vecto 7 va ; la cac vecto don

vi trén oxva oy va

7‘ = m =1. H¢ truc toa do (O; 7]) con duogc ki hiéu 1a Oxy.
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* Mit phéng ma trén d6 da cho mot hé truc toa do Oxy con duogc goi 1a mat phéng toa do
Oxy . Hay goi tit 1a mit phiang Oxy.

3. Toa dd vecto

e Trong mit phiang Oxy cho mot vecto i tiy y. V& OA=1u va goi 4, 4, lan luot 14 hinh
chiéu ciia vudng goc ctia 4 1én Ox va Oy. Tacd OA =04, +04, va cip sb duy nhat (x;y) dé
OA =xi,04,=yj. Nhu vy i=xi +y}.

* Cap s6 (x;) duy nhét d6 duoc goi la toa dJ cua vecto # ddi véi
hé toa dd oxy va viét i =(x; y)hodc ii(x;y). S6 thir nhat x goi la i

hoanh d9, s6 thir hai y goi la tung d6 cua vecto u. Nhu vay 4 A

ﬁz(x,‘y)@ﬁzxf+yj _A a

@Nhén xét. Tu dinh nghia toa dJ cua vecto, ta théy hai vecto .
bang nhau khi va chi khi chung c6 hoanh d¢ bang nhau va tung d6 bang nhau.

Néu it =(x:y) va i/ =(x';y') thi a:i’d{x:x,.
y=y

Nhu vay, mdi vecto dugc hoan toan xac dinh khi biét toa do ctia no.

4. Toa d) ciia mot diém

¢ Trong mat phéng toa d0 Oxy cho mét diém M tuy y. Toa do cua vecto OM dbi véi hé
truc Oxy dugc goi la toa do cua diém M ddi voi hé truc do.

* Nhu vay, cdp s6 (x; ) la toa d6 cia diém M khi va chi khi OM =(x,y). Khi d6 ta viét
M =(x;y)hodc M(x,y). S x duogc goi 1a hoanh d6, con sé y duoc goi 1a tung do cua diém M.

Hoanh d¢ cua di€ém M con dugce ki hiéu l1a x,,, tung d ctia diém M con dugce ki hi¢u la y,,.

M=(x;y)=OM=xi+yj | vado dai cia OM la \o‘ﬂ\z,/xuyz

M| M (x;5)
|
|
1
|
A l
J 1
o7 M,

o Chu y rang, néu MM, 1 Ox, MM, 1 Oy thi x=0OM,, y=0M,.

IL. BIEU THUC TQA PO CUA PHEP TOAN VECTO

|
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Cho u = (x;y) ;v = (x";p") va s6 thuc k. Khiddtacod:
1. ;i;:(xix’;yiy’)
2. ka = (kx;ky)
3. uy=xx' + vy

- — X = xl
4 u=vé& { ,

y=y

- - = 2 s o 3aaqs o A x' = kx

5. v cung phuong u (u = 0) khi va chi khi ¢4 s6 £ saocho | |, by
y =

III. AP DUNG CUA TQA PQ VECTO

1. Lién hé giira toa do ciia diém va toa do ciia vecto trong mdt phang

Cho A(x,;y.), B(xp;yy) thi AB = (x5 —x,;595 — ya)

2. Toa dp trung diem cua doan thang

3. Cho doan thang 4B c¢6 A(x,;y,),B(x,;¥,). Ta dé dang chimg minh dugc toa do trung diém
I(x,;y,) clia doan thang 4B la

_ X4t X _Yat Vs

1 5 Vi 5

4. Toa dp trong tdm ciia tam gidc
Cho tam gidc 4BC ¢b A(x,,y,). B(x;: ;). C(xc, yc). Khi d6 toa do cua trong tam

G (x4, v )cua tam gidc 4BC dugc tinh theo cong thirc

X _ Xt XX _VatYet e
G~ 3 s Vo = 3 .

5. Ung dung biéu thirc toa dj ciia cdc phép todn vecto
Trén mdt phang toa d0 Oxy, cho hai vecto a=(a;a,), b=(b;b,) va hai diem
A(x;5v,).B(x5;y;).Ta co:
a. ZZJ_B<:>ZZ.B=O<:>a1b1+a2b2 =0

b. a,b cing phuong < ab, —a,b, =0
=\la +a;

d. AB:‘E‘:\/(xB—xA)z—l—(yB—yA)z

c. |

ab +a,b
e. cos(a;b L1272

)= ab _
G| e+ o5

(a=(a;a,) va b=(b;b,) déukhéc 0)
BAI TAP
Cau 1: Trén truc (O;f) cho cac diém 4, B, C lan lugt cotoa dd 1; —2; 3.
Tinh d¢ dai dai s cua cac vecto 4B ; BC . Tir d6 suy ra hai vecto 4B ; BC nguoc hudng?
Céau 2: Trong mat phing toa dd Oxy,cho =27, b=-37, c=3i -4 .

a) Tim toa do cla cac vecto @, b, ¢, m=3d—2b.
b) Phan tich vecto ¢ theo hai vecto a, b .
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Céiu 3: Trong mat phing toa dd Oxy, cho A(2;1), B(-1;-2), C(-3;2).
a) Tim toa d0 trung diém cua doan thang AC .

b) Chirng minh ba diém 4, B, C tao thanh mot tam giac.
c¢) Tim toa do trong tam tam giac 4BC .

Céiu 4: Trong mit phing toa dd Oxy, cho A(2;1), B(-1;-2), C(-3;2).
a) Tim toa d6 diém E sao cho C 1a trung diém cua doan thing EB.
b) Xac dinh toa dd diém D sao cho tir giac ABCD la hinh binh hanh.

Cau 5: Trong mit phang oxy, cho cac diém A(1;3) , B(4;0) . Tim toa d¢ diém M thoa
34M + AB=0?

BAI 2: PUONG THANG TRONG MAT PHANG TQA PQ
I. PHUONG TRiNH PUONG THANG
1. Véc to ch1 phwo’ng va vecto phap tuyén ciia dwong thiang

a. Vecto u = 0 dugc goi 1a vecto chi phwong (VTCP) cua duong thing
A néu gia clia n6 song song hoic tring véi A.
74
(&' Nhan xét:
 Néu u 12 mét vtep cua duong thang d thi ku , (k=0) cling la mot véc

to chi phuong cua d .
* Mot duong thang xac dinh khi biét mot vtcp va mot diém ma né di qua.
b. Vecto n = 0 goi 1a vecto phap tuyén (VTPT) ciia A néu gid ctia né vudng goc voi A
74
(&' Nhan xét:
* Néu n 12 mot vtpt cua dudng thang 4 thi kn , (k#0) cling la mét vtpt

cuad A} / A
* Néu n 1a mot VTPT caa duong thang 4 va u 1a mot VTCP cua duong _ b

thng @ thi nu =0 - S T
* Mot duong théng xéac dinh khi biét moét VTPT va mo diém no di qua.
LIEN HE GIUA VICP VA VIPT
& Tur nhin xét “Néu n 1a mot VTPT cia duong thang ¢ va u lamot A/
VTCP ctia duong thang 4 thi nu =0 ta rat ra dugc: néu n = (4;B) ' v s /
la mot VIPT ciia duong thing d thi mot VTCP ciia d 1a u = (B;-A) 4 S

(hodc u=(-B; 4)). N M

& Tir nhan xét “Néu 7 1a moét VTPT cua duong thing ¢ va u 1a mot —— A .
VTCP ciia duong thang 4 thi nu =0 ta rat ra duge: néu u = (a;b) 1a y E -
mot VTCP cua duong thing 4 thi mot VIPT cua d 13 n= (-ba)
(hodc n = (b;—a)).

(4 Hai nhdn xét trén giup ich rit nhiéu trong viéc chuyén dbi qua lai giira cac dang phuwong trinh
duong thang. Tu PTTQ ta c6 thé chuyén sang PTTS va nguoc lai.
2. Phuwong trinh tham so ctia dudng thang

Hinh 1
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* Cho dudng thang A di qua diém A(x,;7,) va ¢6 vecto chi phuong u(a;b). Khi do diém
M (x;y)thudc duong thang A khi va chi khi ton tai sé thuc ¢ sao cho 4M = tu, hay
x=Xx,+at
B (2)
y=y,+bt

* Hé (2) duoc goi 1a phuong trinh tham sb ctia dudong thang A (t 13 tham sd).
* Puong thang 4 di qua diém M (xy:%,) vaco vtep u =(a;b) thi co phuong trinh tham s6 1a

xX=x,+tat
y=y,+bt|

( Méi diem M bat ky thuéc duong thing (d) twong itng voi duy nhdt mot s6 thuc teR va

nguoc lai).
Nhin xét: A € A & Az, + at;y, + bt),t € R
- M 7t 1A A . ) X = x() +at 7. 2 2 A
* Trong mat phang vdi hé toa d§ Oxy , moi phuong trinh dang voi a” +b”> #0 déu
Y=Yt

1a phwong trinh ctia dudng thang d c6 mot vtep 1a u = (a;b).
3. Phwong trinh tong quat (PTTQ) ciia du’(rng thang
Trong mit phing toa d9, moi dudng thiang déu c6 phuong trinh tong quat dang ax+by+c =0,

v6i a va b khong dong thoi bang 0. Nguoc lai, mdi phuong trinh dang ax+by+c¢=0, v6i a va b
khong dong thoi bang 0, déu 1a phuong trinh ciia mot dudng thang, nhan n(a;b)1a mot vecto phap
myén.
a. Duongthing d di quadiém M (x,;,) vac6 VTPT n=(A;B) thi c6 phuong trinh tong quéat
la

A(x—x,))+B(y—y,)=0

b. Nguoc lai, trong mat phéng voi hé toa d0 Oxy moi phuong trinh dang
Ax+By+C = O(A2 +B # O) déu 1a phuong trinh tdng quét ciia dudng thing d c6 VIPT n = (A;B)

¢. Mot s truong hop dic biét cia PTTQ Ax+ By +C = O(A2 +B’ % 0).
“ Néu 4=0 phuong trinh try thinh By+C=0< y= —% duong thang song song vdi truc

hoanh Ox va cit truc tung Oy tai diém M (0;—%}.

& Néu B =0 phuong trinh tré thanh Ax+C=0< x = —% duong thang song song vai truc tung

Oy va cét truc hoanh Ox tai M(—%;Oj.

@ Néu C =0 phuong trinh tr& thinh Ax+ By =0 dudng thiang di qua gbc toa do 0(0;0).
& Puodng thang c6 dang y =ax+b, (trong d6 a dugc goi 1a hé sé goc cia dudng thang ) co
VTPT 1 n = (a;-1). Nguoc lai dudng thang c6 VTPT 7 =(4;B) thi c6 hé sé goc 1a —%.

@ Puong thang d di qua diém A4(a;0) va B(0;b) c6 phuong trinh 14 £+%=1.
a
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4. Phwong trinh chinh tic ciia dwong thing
Duong thang d di qua diém M (x,;¥,) va ¢6 vtep u=(a;b) v6i a#0,b#0 cd phuong trinh

chinh tic 1a:

I i R G ()
a b

IL VI TRi TUONG POI GIUA HAI PUONG THANG q
* Trong mat phiang v61 hé toa do0 Oxy, cho hai duong thang d :ax+by+c¢ =0 va
d,:a,x+b,y+c,=0.
e Néu 7 va > cing phuong thi A; va A, song song hoic tring nhau. Ldy mot diém P tuy ¥
trén A;.
« NEeu P € Ay thi A = Ao
&  NeuP & Ay thi Ay // Aa.
* Néu 1) va 72 khong cung phuong thi A; va A, cat nhau tai mot diém M(xo; yo) vdi (xo; yo) 1a
nghiém cua hé phuong trinh:
{alx +b,y+c, =0
ax +b,y+c, =0
(EChuy1:
e Néun;.n>=0thin; L7, suyrald; LA,.
* D¢ xét hai vecto 71 (a1; bi) va 2 (az; b2) cung phuong hay khong cung phuong, ta xét biéu
thirc ajb; — asba:
& Neéu aibi — azb2 = 0 thi hai vecto cung phuong.
& Neu aib; — abs # 0 thi hai vecto khong cung phuong. q
(& Chu y 2: Trong mit phang v6i hé toa dd Oxy, cho hai duong thing d,:qx+by+c, =0 va
d,:a,x+b,y+c,=0.
« P& xét vi tri twong ddi ciia hai duong thang niy ta xét s6 nghiém cia hé phuong trinh
ax+by+c, =0
{ EERTTETE 0.1y
a,x+b,y+c,=0
& Néu h¢ (1.1) ¢6 duy nhat 1 nghiém ta néi hai dudng thang trén cdt nhau toa do giao diém
chinh la nghiém cta hé phuong trinh noi trén.
& Néu hé (1.1) vo nghiém ta néi hai dudng thiang néi trén song song véi nhau.
& Néu hé (1.1) nghiém ding véi moi x e R thi hai duong thang trén tring nhau.

& Tuy nhién dé thu4n tién cho viéc xét nhanh vi tri twrong ddi cua hai dudng thiang ta cha ¥
nhan xét sau
* Nhin xét. Néu a,b,c, # 0 taco

@.ﬂ;tﬂ@dlmdz:{l}
a, b,

® 4-b.4oqa,
a, b, ¢

© 4_b_4y=a,
a, b, ¢

IIL. GOC GIUA HAI PUONG THANG 7
* Trong mat phang vo1 hé toa d0 Oxy, cho hai duong thing A :ax+by+c, =0 va
Ay ia,x+b,y+c,=0.
I —————————————.
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«Khdi niém géc giiwa hai dwong thing

& Hai dudng thiang A va A, cit nhau tao thanh bdn goc.

& Néu A khong vudng goc véi A thi goc nhon trong bon goc do duoc goi 1a goc giira hai

duong thang A; va Aa.

& Néu A; vudng goc voi Az thi ta noi goc gitra Ay va Az bang 90°.

* Ta quy udc: Néu A; va A, song song hoic trung nhau thi goc giita A; va Az bang 0°. Nhu
vy goc a giita hai duong thang ludn thoa mén: 0° < a < 90°.

* Goc giita hai duong thang A; va A, dugce ki hidu 1 ( AT, A2 ) hodc (A, As).
* Khi hai dudng thing cit nhau goc giita hai duong thang duoc tinh theo cong thirc:

|a1a2 +b1b2|
‘ a1+bea§+b§

IV. KHOANG CACH TU MOQT DPIEM DEN M()T PUONG THANG
Trong mit phing v6i hé toa dd Oxy, cho dudng thang A:ax+by+c=0 va diem M, (x,;¥,).

‘nl nz

cosA A

Khi d6 khoang cach tir diém M, dén duong thang A dugc tinh theo cong thuc:

|ax0+byo+c|
d(M;A)=————
( ) Na' +b°
BAI TAP

Cau 1: Trong mit phang toa d9, cho n=(2;1),v=(3;2),4(1;3),B(-2;1).

a) Lap phuong trinh tong quat ctia dudng thing A, diqua 4 va co vecto phap tuyén n.
b) Lap phuong trinh tham sb ciia dudng thing A, di qua B va cé vecto chi phuong v.
¢) Lap phuong trinh tham sb ctia dudng thing 4B.

Céau 2: Lép phuong trinh tong quat cua cac truc toa do.

x=1+2¢
y=3+5t
a) Lap phuong trinh tong quat cta A,.

Céiu 3: Cho hai dudng thing A, :{ va A, :2x+3y-5=0.

b) Lap phuong trinh tham s6 coa A,.

Cau 4: Trong mit phang toa do Oxy, cho diém A(O; —2) va dudng thing A: x+y-4=0.
a) Tinh khoang cach tir diém A dén duong thang A.

b) Viét phuong trinh dudng thing a di qua diém M (—1; 0) va song song voi A.

¢) Viét phwong trinh duong thang b di qua diém N (O; 3) va vudng goc voi A.

Ciu 5: Theo Google Maps, sin bay Noi Bai co vi do 1a 21,2° Béc, kinh do 105,8° Déng, sin bay
Da Ning c6 vi d6 1a 16,1° Biac, kinh d6 108,2° Dong. Mot may bay, bay tir Noi Bai dén
san bay Da Néng. Tai thoi diém ¢ gio, tinh tir lac xudt phat, may bay & vi tri ¢ vi do x°
Bic, kinh @6 y°DBong duoc tinh theo cong thirc

|
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x=21,2—£t

40
y=105,8+ 21‘
5
a) Hoi chuyén tir Ha Noi dén Pa Ning mat may gio?

b) Tai thoi diém 1 gio ké tir lac cat canh, may bay da bay qua vi tuyén 17 (17° Bic) chua?

BAI 3: PUONG TRON TRONG MAT PHANG
I. PHUONG TRINH PUONG TRON

1. Dang 1: Phuong trinh duong tron (C) c6 tdm (a;b) ban kinh R
Phuong trinh ¢6 dang : (x—a) +(y—b) = R?
2. Dang 2: Phuong trinh x* + y> —2ax—2by+c¢ =0 v6i a* +b*> —c >0 1a phwong trinh dudng
tron tdm 7 (a;b) ban kinh R =+a’ +b’ —c.
II. PHUONG TRINH TIEP TUYEN CUA PUONG TRON
1. Viet phuwong trinh tiép tuyen (D) véi (C) tai diem M e(C)
* Budc 1: Tim toa do tam / cua (C).
e Budc 2: Tiép tuyén (D) la duong thang di qua M, va c6 VTPT la M1
(a—x)(x=x)+ (b= ) (y=1,)=0

M(x;y)

"‘Iu(-\.n: ,“n)

0 / X

2. Viét phuong trinh tiép tuyén (D) véi (C) tai diém M, ¢(C)
* Budéc 1: Tim toa d tam / va ban kinh R cua (C).

* Budc 2: (D) la dudng thang di qua A, nén c6 dang a(x—x,)+b(y-y,)=0

* Buéc 3: (D) tiép xtc v6i (C) < d(13(D))=R (*). Giai (*) tim duge mbi lién hé giita
a&b.Chon a&b phi hop dé két luan.

3.Viét phwong trinh tiép tuyén (D) véi (C) biét (D) song song véi (D,): Ax+ By +C =0
* Budc 1: Tim toa d tAm / va ban kinh R cua (C).
* Budc 2: (D)l (D,): Ax+ By +C = 0nén phuong trinh ¢6 dang Ax+By+C'=0 (C'#C)

* Buéc 3: (D) tiép xtc v6i (C) < d(I;(D))=R (*). Gidi (*) tim duoc C' so véi dk dé két
luan.

|
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4. Viét phwong trinh tiép tuyén (D) véi (C) biét (D) vudng goc véi (D,): Ax+By+C =0
* Budc 1: Tim toa d0 tam / va ban kinh R cua (C).
* Buéc 2: (D) L (D,): Ax+ By +C = 0nén phuong trinh c6 dang Bx—Ay+C'=0
* Buéc 3: (D) tiép xtc v6i (C) < d (I3(D))=R (*). Giai (*) tim duge C' so voi dk dé két

luan.

5.Chuy: )
e Su twong giao cua dwong thang va dwong tron
Cho dudng thang (D): 4x+ By +C =0 va dudng tron (C): (x—a)2 +(y—b)2 =R’ c6 tim
I(a;b)
o (D)N(C)={M:N} < d(I;(
o (D) (C)={M} & d(1(D)
@

(D)A(C)=@ = d(1(D))> R

D))<R
)=R

e Vi tri twong doi ciia hai dwong tron
Cho duong tron (C,) c6 tam 7, ban kinh R va duong tron (C,) c6 tam /,, ban kinh R, .
Gid st R, >R, . Taco:
& Hai duong tron tip xtc < 1,7, =|R £ R,|
& Hai duong tron cat nhau R —R, <I,1, < R, +R,

(@-Ghi nho 1 ]

O Phwong trinh dwong tron

Q

Cho duong tron (C) c6 tam I(a;b) va ban kinh R. Biém M(z;y) € (C) < IM = R

®

e J@—al +@y—b =R e |(z—a) +(y—b) = R?| *) goi la phuong trinh (C).
(e +y —2ar—-2by+ad’ +0 =R
Tu

sl +y’ —2ax—2by+a’ +0> —R* =0

Pitc=ad"+0 -R <R =a+0 —c=R=+vd +b —c>0.
Khi @6 (C) tré thanh (O): 2° + y* — 2ax — 2by + ¢ = 0 goi la phuong trinh (C') dang 2

«

Q]

QT6m lgi: Dé viét dwoc phuwong trinh dwong tron, ta can tim tam I va ban kinh R.

o Tam I(a;b)

« .
(©): e Bdn kinh: R

= (0):|(z—a) +(y—b) = R*|

6]
&  (C):2" +y* —2ax —2by +c =0 (2) voi

“  Véidiéu kién: R =+a> +b* —c > 0.
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©-Ghi nh¢ 2
Q Viét mét sé dang phwong trinh dwong tron co ban:

(. Viét phwong trinh dwong tron khi biét tam va ban kinh

(©)*1, Ban kinh : R
=(C):|(x—a) +(y—b =R

[- Tam I(a;b)

<
>

M(x; y)
bt
a

o

@. Viét phwong trinh dwong tron co tim va di qua diém A

“ (C

o Tam I(a;b)
|+ Ban kinh: R=TA = (2, — 2,)* + (y, — v,

= (0):(z—a) +(y—b) =R

@. Viét phwong trinh dwong tron cé dwong kinh AB v6i A,B di cho toa dp

xA+xB.yA+yB
2 2
AB _ \/(J;B _xA)Q +(y3 _yA)
2

e« Tam [
& (0):

2

e Ban kinh : R =

= (0): (z —a)? + (y — b)® = R™.

@. Viét phwong trinh dwong tron cé tam va tiép xiic véi dwong thing

e Tam I(a;b)

& (0): ‘A$1+By1+0
e Bén kinh : R = d(I,(A)) =
\/A2 LB

= (0):(z—a) + (y —b)® = R

@. Viét phwong trinh dwong tron di qua ba diém (ngoai tiép tam gidc)

¥ Goi (C):2*+y° —2ax—2by+c=0 (*)
* Trong do tam I(a;b), ban kinh

R=+a*+b —c>0.

 Thay toa d6 ba diém vao (x) va giai hé phuong
trinh va giai tim dugc a, b, c.

e Thé a, b, ¢ vao (x) suy ra phuong trinh dudng tron
(C) can tim.
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BAI TAP
Cau 1: Tim tdm va tinh ban kinh cta duong tron: (x+3)> +(y-3)* =36.
Céiu 2: Haiy cho biét phuong trinh ndo dudi ddy 1a phuong trinh ctia mot duong tron va tim tim,
ban kinh cua duodng tron tuong ung.
a) x>+ +xy+4x-2=0;
b) X’ +y° —2x—4y+5=0;
C) X+ +6x—8y+1=0.

Céu 3: Viét phuong trinh ciia dudng tron trong mdi truong hop sau:
a) Co tdm /(-2;5) vabankinh R=7;

b) Co tam 7(1;-2) va di qua diém A(-2;2);

¢) C6 duong kinh 4B, v6i 4(-1;,-3),B(-3;5);

d) Cé tam 7(1;3) va tiép xtic voi duong thang x+2y+3=0.

Ciu 4: Trong mat phing toa d9, cho tam giac 4ABC, véi A(6;—2) ,B (4; 2), C (5;—5) . Viét phuong

trinh dudng tron ngoai tiép tam giac do.

Ciu 5: Cho duong tron (C) : X +y” +2x—4y+4=0. Viét phuong trinh tiép tuyén d cta (C) tai
diém M(0;2).

Cau 6: Trong cac phuong trinh sau, phuong trinh nao la phuong trinh duong tron? Tim tam va
ban kinh néu cé.

1) X+ +2x-4y+9=0 (1) 2)x*+y —6x+4y+13=0 (2)

3)2x* +2y" —6x-4y-1=0 (3) 4)2x* +y° +2x-3y+9=0 (4)

BAI 4: BA PUONG CONIC TRONG MAT PHANG TOQA PO
I. ELIP o ’

* Cho hai diém c0 dinh va phan biét F,, F,. Dat F,F, =2¢>0. Cho so thuc a 16n hon c. Tap
hop cac diém M sao cho MF, + MF, =2a dugc goi la duong elip . Hai diém F,, F, dugc goi la hai
tiéu diém va F F, = 2¢ dugc goi 1a tidu cu cua elip do.

* Trong mit phing toa do Oxy, elip c6 hai tiéu diém thudc truc hoanh sao cho O la trung

2 2

diém cua doan thang ndi hai tiéu diém d6 thi c6 phuong trinh x_2+ Z_Z =1,v6i a>b>0. (2)
a

Ngugc lai, mdi phuong trinh c6 dang (2) déu 1a phuong trinh cta elip co hai tiéu diém
F (— a’-b* ;0) , Fz( a’-b* ;0) ,tiéu cu 2¢ = 2va® —b* va téng cac khoang cach tir mbi diém thude

elip d6 t6i hai tiéu diém bang 2a.
* Phuong trinh (2) dwgc goi 1a phuong trinh chinh tac cua elip twong tmg.

2 2
(£ Tinh chat va hinh dang cta Elip: Cho elip c6 phuong trinh chinh tic x—2+y—2:1, voi
a b
a>b>0.
74
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« Truc doi xtmg Ox , Oy
« Tam dbi xtmg O .
« Tiéu diém F(—¢0), F(c;0).
« Toa d¢ cac dinh 4 (-a;0), 4,(a;0), B (0;-b), B,(0;b).
« D9 dai truc 16m 2a. Do dai truc bé 2.
¢ Noi tiép trong hinh chitr nhat co s¢ c6 kich thude 1a 2a va 2b.

< Tamsai e= < <1.
a

. \ A a N a
« Hai duong chudn x== va x=-=
e e

« M(x,y)€(E). Khi 46 MF =a+ex: ban kinh qua tiéu diém trai.

MF, =a—ex: ban kinh qua tiéu diém phai.

II. HYPEBOL 7 ’ ’

* Trén mat phang, néu hai thiét bi dat tai cac vi tri £, F, nhan dugc
mot tin hi€u am thglnh cung lac thi vi tri phat ra tin hiéu 9éch déu hai diém
F,F,, vado do, nam trén duong trung tryc cua doan thang FF,.

* Cho hai diém phan biét ¢6 dinh F, F,. Bat EF, =2c. Cho s thuc
duong a nhé hon c . Tép hop cac di€ém M sao cho |MF, - MF,|=2a dugc

Hinh 7.23

goi 1a duong hypebol . Hai diém F, F, duoc goi 1a hai tiéu diém va
FF, =2c duoc goi 1a tiéu cu cua hypebol do.
» Trong mit phang toa d6 Oxy, hypebol cé hai tiéu diém thudc truc hoanh sao cho O 14 trung

2 2

Y

diém ciia doan thang ndi hai tiéu diém d6 thi c6 phuong trinh x—z—b—z =1, voi a,b>0.
a

e Nguoc lai, mdi phuong trinh c6 dang (4) déu 1a phuong trinh cia hypebol ¢6 hai tiéu diém
F(— a’+b’; 0) ( a’+b’; O) tiéu cu 2x =2+/a’ +5> va gia tri tuyét dbi ciia hiéu cac khoang

cach tir mdi diém thudc hypebol dén hai tiéu diém bang 2a.

* Phuong trinh dugc goi 1a phuong trinh chinh tac cua hypebol tuong tng.
I11. PARABOL

* Cho mot diém F cb dinh va mot dudong thang A ¢ dinh khong di qua F . Tap hop cac
diém M cach déu F va A duogc goi 1a duong parabol . Diém F dugc goi la tiéu diém, A duoc
goi 14 dudng chuan, khoang cach tir F dén A duoc goi 1a tham s6 tiéu caa parabol do.

* Xét (P) 1a mot parabol v6i tiéu diém F, duong chuan A. Goi H 1a hinh chiéu vudng goc
cia F trén A. Khi dé, trong hé truc toa dd Oxy vé6i gbc O 1 trung diém cta HF , tia Ox tring voi
tia OF , parabol (P) c6 phuong trinh »* =2 px (5)

* Phuong trinh (5) dugc goi 1a phuong trinh chinh tic ctia parabol (P).

Nguoc lai, mdi phuong trinh dang (5), v6i p>0,1a phuong trinh chinh tic cua parabol co

tiéu diém F(i j va duong chudn A:x= —g .

BAI TAP

2 2

Cau 1: Cho elip c6 phuong trinh ;C—6+ % =1.Tim tiéu diém va tiéu cu cua elip

|
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2 2

Cau 2: Cho hypebol c6 phuong trinh: %—% =1. Tim tiéu diém va tiéu cy cua hypebol.

Céu 3: Cho parabol c6 phuong trinh: y* = 8x. Tim tiéu diém va dudng chudn cta parabol.
Cau 4: Lap phuong trinh chinh ta?:lc cua elip di qua diém A va c6 mot tiéu diém 1a Fa.

Cau 5: Lap phuong trinh chinh tac cua Elip, biét:

a) Elip di qua diém M (2;%) va ¢ mot tiéu diém F (-2;0).

b) Elip nhan £, (5;0) 1a mot tiéu diém va c6 d¢ dai truc nhé bang 46 .
¢) Elip c6 d6 dai truc 16n bang 2+/5 va tiéu cy bang 2.
d) Elip di qua hai diém M (2-v2) va N(-631).

Cau 6: Co0 hai tram phat tin hi¢u vo myén dat tai hai vi tri A, B cach nhau 300 km. Tai cung mot
thoi diém, hai tram cung phat tin hi€u vdi van tbc 292 000 km/s dé mot tau thuy thu va
do d¢ I¢éch thoi gian. Tin hiéu tur 4 dén sém hon tin hiéu tir B 1a 0,0005 s. T thong tin
trén, ta c6 thé xac dinh dugc tau thuy thudc dudng hypebol nao? Viét phuong trinh chinh
tic cua hypebol d6 theo don vi kildmét.

ON TAP CHUONG VI

Céau 1: Trong mat phing toa dd Oxy , cho cac diém M(1;3),N(4;2) .

a) Tinh d0 dai cﬁ‘a cac doan thflng OM , ON, MN .

b) Chirng minh rang tam gidc OMN vudng can.

Cau 2: Trong mit phing toa d Oxy, cho cc vecto a =3i-2/,b=(4;-1)va cac diém
M (-3;6),N(3;-3)

a) Tim m(f)i lién h¢ gitra cac vecto MN va 2a-b.

b) Cac diém O, M, N c6 thang hang hay khong?

¢) Tim diém P(x;y)dé OMNP la mot hinh binh hanh.

Ciu 3: Trong mit phing toa dd Oxy, cho cac diém A(1;3),B(2;4),C(-3;2).

a) Hay chimg minh rang 4,B,C 1a ba dinh ctia mot tam giac.

b) Tim toa d6 trung diém M cua doan thing 4B .

c¢) Tim toa do trong tam G cua tam giac ABC .

d) Tim diém D(x;y) dé 0(0;0)1a trong tdm ctia tam gidc ABD .

Cau4: Su chuyén dong cta mot tau thuy duoc thé hién trén mot mat phéng toa do nhu sau: Tau
khoi hanh tir vi tri 4(1;2) chuyén dong thing déu véi van toc (tinh theo gid) duoc bicu
thi boi vecto v = (3;4). Xac dinh vi tri cua tau (trén mat phing toa d0) tai thoi diém sau
khi khoi hanh 1,5 gio.

Cau 5: Trong mat ph'fmg toa do oxy . Cho diém M (x,' y). Tim toa d6 cia cac diém M, dbi xung
v&1 M qua truc hoanh?

Ciu 6: Trong khong gian 0xy , cho hai diém 4(1;2), B(-23). Tim toa d¢ cla vecto A5 ?

Cau 7: Xét vi tri trong dbi gitta cac cip dudng thing sau:

a) A, :3\/§x+\/§y—\/§: 0vaa, :6x+2y—\/6= 0.

b) d, :x—x/§y+2=0 va d, :\3x-3y+2=0.
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c) m:x—=2y+1=0va m,:3x+y-2=0.
Ciau 8: Tinh goc giita cac cap duong thing sau:
a) A, :\/§x+y—4:0 va Az:x+\/§y+3=0.

142t _3 ,
b) d - T va d, TS (4 sla cac tham s6).
y_3+4t y=1-3s

Ciu 9: Trong mat phing toa do Oxy, cho diém A(O; —2) va dudng thang A: x+y—-4=0.

a) Tinh khoang cach tir diém A dén duong thang A .

b) Viét phuong trinh dudng thing a di qua diém M (—1; O) va song song voi A.

¢) Viét phuong trinh dudng thang b di qua diém N (O; 3) va vuong goc voi A.

Cau 10: Trong mat ph'fmg toa do, cho tam giac ABC cé A(‘I; O), B(3; 2) va C(—2;—1).

a) Tinh d¢ dai duong cao ké tir dinh A cua tam giac ABC.

b) Tinh di¢n tich tam gidc ABC.

Cau 11: Viét phuong trinh dudng tron trong moi truong hop sau:

a) Co tam/(1;-5) va di qua 0(0;0).

b) Nhin 4B 1am duong kinh véi 4(1;1), B(7;5).

¢) bi qua ba diém: M (-2;4), N(5;5), P(6;-2)

Céu 12: Viét phuong trinh duodng tron (C) c6 tdm [ (-1;,2) va tiép xtGc voi duong thing
A:x=-2y+7=0

Ciu3: Cho hai diém *(30) y3 B(0:0),

a) Viét phuong trinh dudng tron ngoai tlep tam giac OAB

b) Viét phuong trinh c’[uong tron ndi tiép tam gidc OAB

Ciu 14: Cho dudng thing A:x—y+1=0 va dudng tron (C):x* +y* —4x+2y-4=0

a) Ching minh diém M (2;1) nim trong dudng tron

b) Xét vi tri twong dbi gitra A va (C)

Cau 15: Trong mit phang Oxy, cho hai duong tron (C):x*+)’-2x-6y-15=0 va
(C'):x2 +y'—6x-2y-3=0

a) Chﬁng minh rang hai dudng tron cat nhau tai hai diém phan biét A, B

b) Viét phuong trinh duong thang di qua A va B

c¢) Viét phuong trinh duong tron di qua ba diém A, B va O

Céu 16: Lap phuong trinh chinh tic cua Elip, biét:

a) Elip di qua diém M (z;gj va c6 mot tidu diém £ (-2;0).

b) Elip nhan £, (5;0) 1a mot tiéu diém va c6 do dai truc nhd bang 46 .
¢) Elip c6 do dai tryc 16n bang 2+/5 va tiéu cy bang 2.
d) Elip di qua hai diém M (22} va N(—/631).

Céu 17: Lép phuong trinh chinh tic cua Elip, biét:

TO TOAN — KHOA KHOA HOC CO BAN 71



ALy TU TRONG

a) Elip c6 tong do dai hai truc bang 8 va tim sai e = L

V2
PR £ T - o s
b) Elip c6 tam sai e = > va hinh chit nhét co so ¢ chu vi bang 20.
¢) Elip c6 tiéu diém F, (=2;0) va hinh chir nhat co s& c6 dién tich bang 1245 .
Céu 18: Khuc cua ctia mot con duong c6 dang hinh parabol, diém dau vao khiic cua 1a A diém

cudi 1a B, khoang cach AB = 400m. Dinh parabol cta khiic cua cach duong thang AB
mot khoang 20 m va cach déu 4,B

74 a).Lap phuong trinh chinh tic cua, v6i 1 don vi do trong mat phang toa do
tuong tng 1 m trén thuc te.
3 b). Lap phuong t;inh chinh tac cua, v6i 1 don vi do trong mat phang toa do

twong tng 1 km trén thuc te.
2 2

Cau 19: Cho hypebol c6 phuong trinh: %—% =1. Tim tiéu diém va tiéu cy cua hypebol.

Cau 20: Cho parabol c6 phuong trinh: y> = 8x. Tim tiéu diém va dudng chuan cta parabol.

CHUONG VII: THONG KE - XAC SUAT
Muc tiéu: Sau khi hoc xong chwong nay, nguoi hoc co thé:

— Hiéu dwoc khai niém sé gan diing, sai so tuyét doi.

— Xdc dinh dwoc sé gd‘n dung cua mot $6 v&i d chinh xdc cho trude.

— Xdc dinh dwoc sai s6 twong déi ciia s6 gan ding.

— Xdc dinh dwoc s6 quy tron cia sé gan diing véi do chinh xdc cho truée.
— Biét sir dung mdy tinh cam tay dé tinh todn véi cac sé gan ding.

— Phat hién dwoc s6 liéu khong chinh xac dva trén mai lién hé toan hoc don gian gitta cdc s6 lieu
da dwoc biéu diéntrong nhiéu vi du.

— Li giai duoc 6 liéu khong chinh xdac dva trén moi lién hé toan hoc don gian gitta cdc 6 liéu da
duwgc biéu digntrong nhiéu vi du.

— Tinh dwoc so ddc trung do xu thé trung tdm cho mau sé liéu khéng ghép nhém: sé trung binh
cong (hay sé trung binh), trung vi (median), tir phan vi (quartiles), mot (mode).

— Tinh dwoc sé6 ddc trung do mire dé phan tan cho mdu so6 liéu khéng ghép nhém: khodng bién
thién, khodng tir phdn vi, phwong sai, @ léch chudan.

— Gidi thich dwoc ¥ nghia va vai tro ciia cdc sé ddc trung néi trén ciia mau sé liéu trong thuec tién.
— Chi ra dwoc nhitng két lugn nho ¥ nghia cia s6 déic trung do xu thé trung tam cho mau sé liéu
khong ghép nhom trueong hop don gian.

— Chi ra dwoc nhitng két ludn nho y nghia ciia sé déc trng do mirc @6 phdn tan cho mau sé liéu
khong ghép nhom trong truong hop don gian.

— Nhdn biét dwoc moi lién hé giita thong ké véi nhitng kién thirc ciia cdc mon hoc trong Chuong

trinh 16p 10 va trong thuee tién.
-
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— Nhdn biet duwoc mot so khai niém vé xac suat co dién: phep thir ngau nhién; khong gian mau;
bién co (bien co la tdp con cua khong gian mau), bien co doi; dinh nghia co dién cua xac suat.

— M0 ta dwoc khéng gian mdu, bién co trong mot sé thi nghiém don gian (vi du: tung dong xu hai
lan, tung xiic xdc mét lan).

— Nhdn biét dwoc nguyén Ii xdc sudt bé.

— M6 ta dwoc khéng gian madu, bién co trong mét so thi nghiém (vi du: tung dong xu ba lan, tung
xiic xdc hai lan).

— Tinh dwoe xdc sudt ciia bién cé trong mot sé bdi todn don gian bang phwong phdp t6 hop (truong
hop xdc sudt phdn bé déu).

— Tinh dwoc xdc sudt trong mot s6 thi nghiém Idp bang cdach sir dung so do hinh cdy (vi du: tung
xiic xdc hai lan, tinh xdc sudt dé tong sé cham xudt hién trong hai lan tung bang 7).

BAI 1: SO GAN DUNG VA SAI SO
1. S6 gin ding
Trong thyc té cudc séng ciing nhu trong khoa hoc ki thuat, 6 nhiéu dai lwong ma ta khong thé
xac dinh dugc gia tri chinh xac. Vi du nhu chiéu cao ctia mot cay dua hay tbc d6 ciia mot chiée
may bay tai thoi diém nao d6. Mdi dung cu hay phuong phap do khac nhau c6 thé sé& cho ra cac
két qua khac nhau. Vi vay két qua thu dugc thuong chi 13 nhiing sé gan ding.
2. Sai s6 tuyét doi va sai sb twong doi
Sai s6 tuyét doi
Néu a 1a s6 gan ding cta sb dung a thi A, =la—a| duoc goi la sai 6 tuyét doi cua sb gan dung

a.

Trén thuc té ta thuong khong biét s6 dung @ nén khong thé tinh duoc chinh xac A, . Thay vao
d6, ta thuong tim cach khong ché sai s6 tuyét d6i A, khong vuot qua mic d >0 cho trudc, tirc 1a
A,=la—-al<dhaya-d<a<a+d.

Khi d6, ta néi a 1a sé gan dung cua sé dung @ v6i dg chinh xdc d va quy udc viét gon 1a
a=azxd.

Vidu 1

An tinh dién tich cta hinh tron ban kinh » =4cm bang cong thire §=3,145-4% = 50,32( cm’ )
Biét rﬁng 3,14 < £ < 3,15, hay udc lugng do chinh xac cua S'.

Gidi

Dién tich diing, ki hiéu 1a S, ctia hinh tron trén thoa min

3,14-4* <§ <3,15-4” hay 50,24 <S <50,4.

Do d6 50,24-50,32< S -8 <50,4-50,32, tic 1a | S —S|<0,08.

Vay két qua cua An c¢6 d6 chinh xac 1a 0,08 . Noi cach khéc, dién tich cua hinh tron 1a
50,32+0,08( cm’).

Sai s6’ twong d(“:)i o ’ ’ ,

Sai so twong doi ciia sO gan ding a, ki hiéu 1a 6, 1a ti sO gitra sai sO tuyét do1 A, va |a|, tic la
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Néu @=a+d thi A, <d.Do o 5, < |i .Néu &, hay |d—| cang nho thi chit luvgng cua phép do
a a

dac hay tinh toan cang cao.
Nguoi ta thuong viét sai s6 twong ddi dudi dang phan tram.
Chang han, trong phép tinh dién tich hinh tron & Vi du 1, sai s tuong ddi khong vuot qua
0.08  0,16%
50,32
3. Sb quy tron
Quy tic lam tron sb
Trong chwong trinh Trung hoc co so, ta di biét quy tac lam tron sé dén mot hang nao do (goi 1a
hang quy tron) nhu sau:
- Néu chir s0 sau hang quy tron nho hon 5 thi ta thay n6 va cac chir s6 bén phai no boi chir s6 0 .
- Néu chir s6 sau hang quy tron 16n hon hoac bang 5 thi ta cling 1am nhu trén nhung cong thém 1

don vi vao chit s6 hang quy tron.
Vidu 2

Hay quy tron s6 a = % =1,3333... dén hang phan trim va udc lugng sai sb twong ddi.
Gidi

Quy tron sd a = g =1,3333... dén hang phan tram, ta dugc s gan dung 1a a=1,33. Do
a <a <1,335 nén sai s6 tuyét d6i 1a A, =a—-al<0,005.

0’0(;5 ~0,4% .

Sai s6 twong d6i 1a §, <

Chu y:

a) Khi thay s dung boi sé quy tron dén mot hang nao d6 thi sai s tuyét ddi cua s6 quy tron
khong vuot qua nira don vi ctia hang quy tron. Ta c6 thé n6i do chinh xac cta sb quy tron bang
nua don vi cua hang quy tron.

b) Khi quy tron s6 dung a dén mot hang nao d6 thi ta néi sd gan ding a nhan dugc la chinh xac
dén hang do Vi du sb gan dung ciia 7 chinh x4c dén hang phan tram 14 3,14 .

Xac dinh s6 quy tron cia so gan ding v6i d§ chinh xac cho trudc

Céc budc xac dinh sé quy tron cia sd gan dang a v6i do chinh xac d cho trude:

Buée 1: Tim hang cua chir s6 khac 0 dau tién bén trai cia d .

Buée 2: Quy tron s6 a & hang gip 10 1an hang tim dugc ¢ Bude 1 .

Vidu 3

a) Cho sb gan dung a =1903 voi d6 chinh xac d =50 . Hiy viét s6 quy tron ctia s6 a.

b) Hay viét sd quy tron cia sé gan ding b biét 5 =0,1891+0,005.

Gidi

a) Hang 16n nhat ctia 6 chinh xac 4 =50 14 hang chuc, nén ta quy tron a dén hang trim. Vay sd
quy tron cua a 1a 1900 .

b) Hang 16n nhét ciia d6 chinh x4c d = 0,005 13 hang phan nghin, nén ta quy tron » dén hang
phan tram. Véy sd quy tron cia b le‘l 0,19 .

Xac dinh so gan dung cua mot $0 voi do chinh xac cho trudéc

Pé tim s6 gan ding a cua sd dung a vo1 do chinh xac d, ta thyc hién cac budc sau:

Buéc 1: Tim hang cua chir s6 khac 0 du tién bén trai cla d .

Buoc 2: Quy tron a dén hang tim dugc & trén.

Vidu 4

|
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_ 12 T S U g oaa 1 .
a) Cho a = == 1,71428571.... Hay x4c dinh s6 gan ding cua a véi do chinh xac d =0,002.

b) Cho b = # =-0,61803398.... Hiy xac dinh sd gan ding ctia 5 voi do chinh xac d =0,0005
Gidi ’ ‘ ‘ )
a) Hang cua chir s6 khac 0 dau tién bén trai ciia 4 =0,002 1a hang phan nghin. Quy tron a dén
hang phan nghin ta dugc sé gan dung ciia @ 1a a=1,714.
b) Hang cuia chit s6 khac 0 d4u tién bén tri ctia d =0,0005 1a hang phan chyc nghin. Quy tron b
dén hang phan chuc nghin ta dugc sb gan ding cia b 1a b=-0,6180.
, ‘ BAI TAP ‘

Caul. Kétqua do chiéu dai cia mot cay cau dugc ghi la 152m+0.2m , diéu do co nghia la gi?
Cau 2. D) dai cua cai cau bén thuy hai (Nghé An) nguoi ta do dugce 1a 996m + 0,5m . Sai sO

tuong dbi toi da trong phep do la bao nhiéu. ) ) )
Cau 3. Hay xdac dinh sai so tuyét doi cta cac sO gan ding a, b bict sai s6 twong doi cua chung.

a) a = 123456, 6§, = 0,2% b) a = 1,24358, 6, = 0,5%

Cau 4. Lam tron cac s6 sau v4i do chinh xac cho trude.
a) a = 2,235 vo1 do chinh xacd = 0,002
b) a = 23748023 v61 dd chinh xacd = 101

Cau 5. a) Hay viét gia tri gan dung cua v/8 chinh xac dén hang phin trim va hang phan nghin
bibt V8 = 2,8284.... Udc luong sai sb tuyét déi trong mdi truong hop.
b) Hay viét gid tri gan dung cua /2015 chinh x4c dén hang chyc va hang trim biét
Y2015" = 25450,71.... Ubc luong sai s6 tuyét ddi trong mdi truong hop.

BAI 2: MO TA VA BIEU DIEN DU LIEU TREN CAC BANG VA BIEU PO
1. Bang s6 liéu
Dua vao céc thong tin da biét va st dung mbi lién hé toan hoc gitra cac s6 liéu, ta co thé phat hién
ra dugc sb liéu khong chinh x4c trong mot sb truong hop.
Vidu 1
Trong 6 thang dau nam, sb san pham ban ra mdi thang cia mot ctra hang déu ting khoang 20%
so voi thang trude do. Biét rang, trong bang dudi ddy, s san pham ban ra ciia mot thang bi nhap
sai. Hay tim thang do.
Théng 1 2 3 4 5 6
S6 san 145 175 211 256 340 371
pham ban
ra
Gidi
Ti 1é phin trim ting thém cta sd san pham ban ra mdi thang dugc tinh & bang dudi day:
Thang 2 3 4 5 6
Tilé phén 20,7% 20,6% 21,3% 32,8% 9,1%
tram tang
thém so voi
thang trudc
Ta thiy ti 1¢ ting cua thang 5 va thang 6 déu khac xa 20% . Do d6 trong bang s liéu di cho, sb
san pham cia thang 5 14 khong chinh xAc.
Vidu 2
|
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Mot doi 20 tho thi cong dugce chia déu vao 5 t6. Trong mot ngdy, mdi ngudi tho 1am duoc 4 hodc
5 san pham. Cu0i ngay, d0i trudng thong ké lai s6 san pham ma moi t6 lam dugc & bang sau:

To 1 2 3 4 5
S6 san 17 19 19 21 20
pham
Doi trudng di thong ké ding chua? Tai sao?
Gidi

M&i t6 ¢6 20:5 =4 nguoi. Trong mot ngdy, mdi ngudi tho lam duoc 4 hodc 5 san pham nén mdi
t6 1am duoc tir 16 dén 20 san pham. Do dé, bang trén ghi T 4 lam duoc 21 san phim 14 khong
chinh xac.
Vay doi truéng thong ké chwa dung.
2. Biéu db
Vi du 3. Lugng dién sinh hoat trong thang 1/2021 cta cac ho gia dinh thudc Khu 4 ( 60 hg),
Khu B (100 ho) va khu C (120 ho) duoc biéu dién & biéu dd bén. Hay cho biét cac phat biéu sau
la dung hay sai:
14000 A
12000

10000
E000
6000
4000
2000

0

Khu A KhuB Khu C

a) Mdi khu déu tiéu thu trén 6000k .

b) Trung binh mdi ho & Khu C st dung s6 dién gip hai 1an mdi ho ¢ Khu A4.

Gidi

Nhin vio biéu do ta thidy mdi khu déu tiéu thu trén 6000k%h nén khang dinh & cau a) 1a dung.
Mic du lugng dién tiéu thy & Khu C gin gip hai 1an luong dién tiéu thu ¢ Khu A nhung sb ho &
Khu C lai gip hai 1dn s6 ho Khu 4. Do d6 khang dinh & céu b) 12 sai.

Vidu4

Binh v& biéu dd biéu thi ti 1¢ s6 luong mdi loai gia cAm trong mot trang trai theo bang thong ké
dudi day:

Loai gia cam S6 con
Ga 120
Ngan 40
Ngbng 40

Vit 10

|
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Ti Ié mai loai gia cam trong trang trai

mGE
= Vit
® Ngan

Mgong

Ban héy cho biét biéu dd Binh v& da chinh xac chwa. Néu chua thi can diéu chinh lai nhu thé nao
cho ding?

Gidi

Theo bang thdng ké thi s6 ngan va ngdng bang nhau nén trén biéu dd quat, hinh quat biéu dién ti
1& ngan va ngdng phai bang nhau. Do d6 biéu d6 Binh v& chua chinh xac.

Néu ¢ phan chu giai, Binh ddi chd "Vit" va "Ngdng" thi s& dugc biéu d6 chinh xac.

BAI TAP
Cau 1. Bang sau thong ké sb 16p va s hoc sinh theo tung khéi & mot trudng Trung hoc phd
thong.
Khéi 10 11 12
S6 16p 9 8 8
Séhoc sinh 396 370 345

Hiéu trudng truong d6 cho biét si s6 mdi 16p trong trudng déu khong vuot qua 45 hoc sinh. Biét
rang trong bang trén c6 mot khéi 16p bi théng ké sai, hiy tim khéi 16p do.

Cau 2. S luong trudng Trung hoc phd thong (THPT) cta cac tinh Gia Lai, Pak Lak va Lam
Pong trong hai nim 2008 va 2018 dugc cho & biéu d6 bén. Hay cho biét cac phat biéu sau 1a
dang hay sai:

" 50 lwg'ng treeng Trung hoco pho thang

15
: I
35

£33

|

GlaLal Eak Lak Lam fang
W NAmM 2008 =W Nam 200K
(Mgudin: Tang cuc Thing ké)
a) S6 luong treomg THPT cua céc tinh nam 2018 dég tang so v4i nam 2008 .
b) O Gia Lai, s0 truong THPT ndam 2018 tang gan gap doi so voi nam 2008 .
Cau 3. Bleu d6 bén thé hién gia tri san pham (don vi: triéu dong) trung binh thu duoc trén mot
hecta dat trong trot va mat nude nudi trong thuy san trén ca nude tir nim 2014 dén nim 2018.
Hay cho biét cac phat bidu sau 1a dung hay sai:

|
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Gid tr] sdn pham thu dwgc trén 1 hecta dat
trong trot v mat nudre nudi trong thuy san
250 A
230
210
150

170
150
130
110
20
AlNIN N
50

Nam 2034 Nam 2015 Nam 2016 Mam 2037 Mam 2018

m D&t trnz trot  m MEt nuire nudi trisng thuy sér

{Ngudn: Tong cuc Thiing ké)
a) Gi4 tri san pham trung binh thu dugc trén mot hecta mat nudce nudi trong thuy san cao hon trén
mot hecta dat trong trot.
b) Gia tri san phém thu dugc trén ca dat tréng trot va mat nudc nuoi tréng thuy san déu c6 xu
huéng ting tir nam 2014 dén nam 2018.
¢) Gid tri san pham trung binh thu dugc trén mot hecta mit nude nudi trong thuy san cao gip
khoang 3 1an trén mot hecta dat tréng trot.

BAI 3: CAC SO PAC TRUNG VA PO XU THE TRUNG TAM CUA MAU SO LIEU
1. S6 trung binh
- Gia st ta co mot mau s6 lidu 13 x,,x,,...,x, .
So trung binh (hay s trung binh cfng) ciia miu sb liéu nay, ki hiéu 13 X, dugc tinh boi cong
thire
X +x,+...+x,

X=
n
- Gia st mau so6 liéu dugc cho duodi dang bang tan so
Gia tri X, X, e X,
Tan so n n, n,

Khi 6, cong thirc tinh sd trung binh trd thanh
X, +1,X, + .+ X,

X =
n
trong d6 n=n+n,+...+n,.Ta goi n 1a co' mau.

, £ F 1A T S A \ S 1a GA A ) X A gea
Chut y: Néu ki hiéu f, =—* la tan s6 twong d6i (hay con goi la tan suat) cua x, trong mau so liéu
n

thi s trung binh con ¢ thé biéu dién 1a: X = fix, + f,x, +...+ f,x,
Vidu 1 ’ ’ i

Mot ctra hang ban xe dap thong ké s6 xe ban duoc hang thang trong nam 2021 & bang sau:
1 2 3 4 5 6 7 8 9 10 11 12

Thang
Soxe| 10 | 8 7 5 8 22 128 [25 |20 10 |9 7
a) Hay tinh s6 xe trung binh ctra hang ban dugc moi thang trong nam 2021 .
b) Hay so sanh hi¢u qua kinh doanh trong quy III ctia ctra hang vi 6 thang dau nam 2021 .
|
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Gidi N
a) SO xe trung binh ctra hang ban dugc moi thang trong ndm 2021 la:
%(10+8+7+5+8+22+28+25+20+10+9+7) =13,25 (xe).
b) SO xe trung binh ban dugc trong 6 thang dau nam la:

%(10+8+7+5+8+22)=10 (xe).

S6 xe trung binh ban duoc trong quy I1I ctia nam la:
l(28+ 25+20) = 7?3 ~24,33(xe).
Nhu vay hiéu qua kinh doanh cua ctra hang trong quy III cao hon trong 6 thang dau nam.
Y nghia cia so trung blnh ) 3 )
S6 trung binh cua mau S~0 liéu duroc dung lam dai dién cho cdc so lieu cua mau. No la mot so do
xu the trung tam cua mau do.
2. Trung vi Va tir phan vi
Sép xép mau sb liéu theo thir ty khong giam, ta duoc:
< X, <...< X,

T rung vi ciia mau, ki hiéu 1a M, 1a gia tri & chinh giita ddy x,,x,,...,x,. Cu thé:
-Néu n=2k+1,keN, thi trung vi cia mau M, =x, ,.

A 3 T X 1
- Néu n =2k, k e N, thi trung vi cia mau M, =E(xk + X, )-

Y nghia ciia trung vi

Trung vi duoc dung dé do xu thé trung tam cia mau so liéu. T rung vi la gid tri nam ¢ chinh giita
clia mau sé lzeu theo nghia: luon co it nhdt 50% so liéu trong mau lom hon hoac bdng trung vi va
it nhat 50% sé liéu trong mau nhé hon hodc bang trung vi. Khi trong mau xudt hién thém mot gid
tri rat I6n hodc rat nhé thi sé trung binh sé bi thay doi dang ké nhung trung vi thi it thay doi.
Vidu 2

Bang sau théng ké sb sach mdi ban hoc sinh TS 1 va Té 2 di doc & thu vién truong trong maot

thang:
T61 | 3 1 2 1 2 2 3 25 1
T62 | 4 5 4 3 3 4 5 4

a) Tinh cac trung vi cuia s6 sach cac ban & T 1 Va} s6 sach cac })an & T6 2 da doc

b) Str dung trung vi, hdy so sanh xem céc ban ¢ t0 nao doc nhiéu sach ¢ thu vién hon.

Giai N N

a) Sap x&p s6 sach moi ban To 1 da doc theo thur tu khong gidm, ta dugc day: 1;1;1;2;2;2;3;3;25.
Vi ¢& miu bang 9 nén trung vi ctia T6 1 14 s6 lidu thir 5 cua ddy trén, tic [a M,=2. Sép xép sd
sach mdi ban T6 2 di doc theo thir tw khong giam, ta duoc day:

3;3;4;4;4;4;5;5.

Vi ¢& mau bang 8 nén trung vi cia T 2 14 trung binh cong cua sb liéu thir 4 va thir 5 cua diy
trén, tirc la M, =%(4+4) =4.

b) Néu so sanh theo trung vi thi cac ban T6 2 doc nhiéu sach & thu vién hon cac ban TH 1 .

Vidu 3

Khi kiém tra ngiu nhién mot s6 cong nhan trong mot xi nghiép, nguoi ta thong ké lai do tudi cua
ho & bang sau:

| Tudi | 25 | 26 | 27 | 29 | 31 | 34 |
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Sécong | 4 9 8 3 1 1
nhan

Tim trung vi va trung binh cong ctia mau so li€u trén.

Gidi

C& mau 14 »n =26. Khi sip xép do tudi cac cong nhan theo thir tur khong giam thi s liéu thir 13 va
14 1an luot 1a 26 va 27 . Vay

M, =%(26+27) =26,5.
S6 trung binh cong ctia mau 14
X :i(25.4+26.9+27.8+29.3+31+34) =27.

Trung vi chia mau thanh hai phan. Trong thyc té nguoi ta cling quan tam dén trung vi cia mdi
phan do. Ba trung vi nay dugc goi la tir phan vi cia mau.
Sép xép mau s liéu theo thur tu khong giam, ta duoc:

X <X, <...SXx,
T W phén vi cia mot mau s6 liéu gém ba gia tri, goi 14 #iF phdn vi {hd’ fthd't, thuw l,tai vc‘{ thd; ba (lan
luot ki hiéu 1a Q,,0,,0, ). Ba gia tri nay chia tap hop dir liéu da sap x€p thanh bon phan déu nhau.
Cu thé: ’ N
- Gid tri tir phan vi tht hai, Q,, chinh la s0 trung vi ciia mau.
- Gia tri tir phan vi thir nhat, 0, 1a trung vi cia nira s6 liéu da sap xép bén trai O, (khong bao
gdm 0, néu n 18).
- Gia tri tir phan vi thir ba, Q,, 13 trung vi ctia ntra s liéu d4 sap xép bén phai O, (khong bao gdm
0, néu n 18).
Y nghia cua tir phan vi o o ) )
Céc diem ti phan vi Q,,0,,0, chia mau so li¢u da xap x€p theo thur ty tir nho dén 16m thanh bon
phan, mdi phan chira khoang 25% téng s6 so liéu da thu thap dugc. o
T® phan vi thir nhat O, con dugc goi 1a tir phan vi dudi va dai dién cho nira mau so liéu phia
duéi. T phan vi thi ba Q; con duge goi 1a tir phan vi trén va dai dién cho nira mau s6 liéu phia
trén.

Qa ';_}: O,
2 2

25% 25% 25% 25%
Vidu4
Tim t& phan vi cua cac mau so li€u sau:
a) 5;13;5,7;10;2;3
b) 2;3;10;13;5;15;5;7
Giai
a) Sap x&p lai mau so liéu theo thur ty khong giam, ta duoc: 2;3;5;5;7;10;13.
-Vicdmaula n=7,1as6 1&, nén gia tri t phan vi thu hai la O, =5.
- TG phan vi tht nhat 1 trung vi ciia mau: 2;3;5. Do dé O, =3
- Ttr phan vi thtr ba 13 trung vi cia mau: 7;10;13. Do d6 Q, =10.
b) Sap xép lai mau s liéu theo thtr ty khong giam, ta duge: 2;3;5;5;7;10;13;15 .

- Vicd mau 1a n =8, 1a s6 chin, nén gia tri t& phan vi thi hai la O, = %(5 +7)=6.

|
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- T® phan vi tha nhét 1a trung vi cua mau: 2;3;5;5. Do do 0 =4

- Tt phan vi tht ba 1a trung vi cua mau: 7;10;13;15. Do d6 0, =115.

Trong vi du trén, khoang céach gitta O, va O, nho hon khoang cach gitta O, va Q,. Ta néi mat do
sO liéu ¢ bén trai O, cao hon & bén phai O, .

3. Mét ~ I 1 y 1 , 7 y ~ ,
Cho mot mau s6 li¢u dudi dang bang tan so. Gia tri c6 tan so 16n nhat dugc goi 1a maor cua mau so
lidu va ki hiéu la M, .

Vidu 5
Sb vu va cham giao thong mdi ngdy tai mot ngd tu duoc ghi lai trong bang tan sb sau:
S6 vu va 0 1 2 3 4
cham
Sb ngay 12 17 6 4 1
Tim mdt ciia mau sd liéu trén.
Gidi

S ngay c¢6 1 vu vachamla 17, 16n hon ) ngay c6 0,2,3,4 vu va cham. Do dé mau s6 liéu trén
cO M, =1.
Y nghia ciia mot
Mot dic trumg cho gid tri xudt hién nhiéu nhat trong mau.
Chii y: Mot mau s liéu co the c6 nhiéu mét. Khi tat cé cac gi tri trong mau sb lidu c6 tan sb
xuat hién bang nhau thi mau s6 liéu d6 khong c6 mét.
BAI TAP
Céiu 1: Diém thi HKI mén toan cua t6 hoc sinh 16p 10C ( quy uée lam tron dén 0,5 diém) liét ké
nhu sau: 2; 5;7,5;8; 5,7, 6,5;9; 4,5; 10.
Tinh diém trung binh caa 10 hoc sinh d6 ( quy tron dén chit thap phan thir nhit)
Cau 2: Cho céc sb liéu théng ké vé san luong ché thu duoc trong 1nam ( kg/sao) cua 20 ho gia
dinh

111 112 112 113 114 114 115 114 115 116
112 113 113 114 115 114 116 117 113 115

Tim s6 tring binh cong va s trung vi

Ciu 3: diém diéu tra vé chit lwong san pham moi ( thang diém 100) nhu sau:

80 65 51 48 45 6l 30 35 84 83 60 58 75

72 68 39 41 54 61 7275 72 61 50 65

Hay tim céac t&r phan vi.

Cau 4: Cho céc s6 lidu thong ké vé san lugng ché thu dugc trong 1ndm ( kg/sao) ciia 20 ho gia
dinh

111 112 112 113 114 114 115 114 115 116
112 113 113 114 115 114 116 117 113 115
Ciu 5: diém diéu tra vé chit lwong san pham moi ( thang diém 100) nhu sau:
80 65 51 48 45 61 30 35 84 83 60 58 75
7268 39 4l 54 61 7275 72 61 50 65
a) Tim s6 trung binh cong va sO trung vi
b) Tim mdt ctia bang sd liu trén.
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Cau 6. Dicu tra tién luong hang thang cia 30 cong nhan cia mot xudng may, ta cd bang phan bo
tan soO sau:
Tien lvong cua 30 cong nhan xwong may

Tién luqng 300 500 700 800 900 1000 | Cong
(nghin dong)
Tén sb 3 5 6 5 6 5 130

Tim mét cua bang phan bd trén. Néu y nghia cua két qua di tim dugc.
Céu 7.Cho biét tinh hinh thu hoach ltia vu mua nim 1980 cta ba hop tac xi & dia phuong V nhu
sau: (1ha= 10000 m*)

Hop tac xa Ning suat laa (ta/ha) Dién tich trong laa (ha)
A 40 150
B 38 130
C 36 120

Hay tinh ning suat la trung binh ciia vu mua nim 1980 trong toan bd ba hop tac xa ké trén.
Cau 8. Tién luong hang thang cua 7 nhan Viép trong mot cong ty du liChrlé.Z 650, 840, 690, 720,
2500, 670, 3000 (don vi: nghin dong). Tim s0 trung vi cua cac so liu thong ké da cho. Néu y
nghia két qua da tim dugc.
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BAI 4: CAC SO PAC TRUNG PO MUC PQ PHAN TAN CUA MAU SO LIEU

1. Khoang bién thién va khoang ti phan vi
Sap xeép mau so li¢u theo thur tu khong gidm, ta duge: x, <x, <...<x,
- Khodng bién thién ciia mot mau sd liéu, ki hiéu 1a R, 13 hiéu gitra gia tri 16n nhat va gia tri nho
nhat cua mau so liéu do, tirc la: R=x, —x, .
- Khodng tir phdn vi, ki hi€u la A, la hiu gitta O, va O, ticla: A, =0, -0,
Vidu 1
Hay tinh khodng bién thién va khoang tr phan vi cia mau so li€u: 10;20;3;1;3;4;7;4;9.
Gidi
Xét mau so liéu da sap xep la: 1;3;3;4:;4;7,9;10;20.
- Khoang bién thién cia mau s6 liéu 1a: R=20-1=19.
-Codmaula n=9 1aso1énén gia tri t phan vi thu hai la: O, =4
- T phén vi tht nhat 1 trung vi ciia mau: 1;3;3;4. Do d6 Q, =3
- Ttr phén vi thtr ba 13 trung vi cia mau: 7;9;10;20. Do d6 Q, =9,5
- Khodng tir phan vi ciia mau 1a: A,=9,5-3=6,5.
Y nghia ciia khoang bién thién va khoang tir phan vi
Khoang bién thién dac trumg cho do phan tan cua toan bo mau so liéu.
Khoang tii phan vi dac trung cho do phdn tan cua mot nira cac s6 liéu, ¢6 gid tri thuéc doan tir
O, dén Q, trong mau.
Khodng tir phin vi khong bi anh huéng boi cdc gid tri rat Iom hodc rdt bé trong mau.
Gia tri ngoai 1€
Khoang tir phan vi dugc dung dé xac dinh cac gid tri ngoai I¢ trong mau do 1a cac gia tri qua nho
hay qué 16n so v&i da s6 cac gia tri ciia mau. Cu thé, phan tr x trong mau la gia tri ngoai 1& néu
x>0, +1,5A, hodc x<Q ~1,5A,.
Trong Vidu 1,0, +1,5A,=9,5+1,5-6,5=19,25 va Q —1,5A, =3-1,5-6,5=-6,75 nén mau c6 mot
gia tri ngoai 1¢ 1a 20 .
Su xuat hién cua cac gia tri ngoai 1¢ lam cho s6 trung binh va pham vi ciia mau thay do61 16n. Do
d6, khi mau c6 gia tri ngoai 1¢, nguoi ta thuong sur dung trung vi va khoang tir phan vi dé do muc
d6 tap trung va mirc 6 phan tan ciia da sd cac phan tir trong mau sb licu.
2. Phuwong sai va d9 1éch chuin
Gid st ta c6 mot mau so licu 1a x,x,,...,x,.
- Phwong sai cia mau s6 liéu nay, ki hiéu la S, dugc tinh bdi cong thire

1 _ _ _
S? =—[(x1 —x)2 +(x, —x)2 +...+(x, —x)z},

n
trong d6 X 1a sb trung binh ctia mu sb liéu.
- Can bac hai cta phuong sai duogc goi 1a dg léch chudn, ki hi¢ula S .
Chu y: C6 thé bién doi cong thirc tinh phuong sai ¢ trén thanh:

1 -
S? =—(x12 +x2 +...+xf)—x2.

n
Trong thong ké, nguoi ta cling quan tAm dén phuong sai hiéu chinh, ki hiéu 1a §*, dugc tinh boi
cong thuec:
- 1 _ _ _
§ =—l[(x1 —x)2 +(x, —x)2 +...+(x, —x)z]

n —_—
Vidu 2
Hai cung thu A,B da ghi lai két qua tirng 1an ban cua minh ¢ bang sau:
|
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Cungtha A| 8 |9|10(7|6|10|6 | 7|98
Cungtha B|10|6 | 8 |[7|9]| 9 |8|T7|8|8

Hay tinh phuong sai va do 1éch chuin ciia mdi miu sb liéu ghi két qua cac 1an bin cua timg cung
thu .

Gidi

S6 trung binh cia két qua cac 1an ban cta cung thu A la:
B+9+10+7+6+10+6+7+9+8):10=8.

S6 trung binh cia két qua cac 1an ban cta cung thu B la:

(10+6+8+7+9+9+8+7+8+8):10=8.
Phuong sai mau sb liéu cua cung thu 4 1a:

S3 :%(82+92+102+72+62+102+62+72+92+82)_82 =2.

Do léch chuan mau s6 lidu ciia cung thit 4 1a: S, = \/E =2 ~1,41.
Phuong sai mau sb liéu cua cung thu B 1a:

2 =%(102+62 +8 749 497 +8 + 77 +87 +87) -8 =1,2.

Do léch chuin mau sb liéu cua cung thu B la: S, = \/E = \/1,_2 ~1,10.
Y nghia ciia phwong sai va dé 1éch chuin
Phuong sai 14 trung binh cong cua céc binh phwong d6 1éch tir mdi gi tri ciia mau s6 lidu dén sb
trung binh.
Phuong sai va do léch chuin dugc dung dé do muc do phén tan cua cac sb liéu trong mau quanh
s6 trung binh. Phuong sai va do 1éch chuan cang 16n thi cac gi tri cia mau cang cach xa nhau (c6
do phan tan 16n).
Gia str mau s6 lidu dugc cho dudi dang bang tan sb:

Gia tri X, X, X,

Téan so6 n n, n,

Khi d6, cong thirc tinh phuong sai trd thanh:
1 _ _ —
S? =—[nl (xl —x)2 +n, (x2 —x)2 o E il (xk —x)z},
n
trong d6 n=mn+n, +...+n,.
C6 thé bién ddi cong thirc tinh phuong sai trén thanh:
2

1
2 2 2 2\ —
S —;(”1)61 +n,x5 +...+nkxk)—x .

Vidu 3
Diéu tra mot s6 hoc sinh vé s cai banh chung ma gia dinh modi ban tiéu thu trong dip Tet Nguyén
dan, két qua dugc ghi lai & bang sau. Hiy tinh sb trung binh va do 1éch chuin ctia mau sb liéu.

S6 cai 6 7 8 9 10 11 15
banh
chung

Sbgia | 5 7 10 8 5 4 1

dinh
Gidi
S6 trung binh ctia mau s6 liéu trén 1a:

|
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f=%(5.6+7.7+10.8+8.9+5.10+4.l1+15)=8,5.

Phuong sai cia mau so li€u trén la:

s> =%(5.62 +7.77+10.8> +8.9% +5.10> +4.112 +152)—8,52 =3,25

Do 1€ch chuan cua mau so liéu la:

S =+/8% =/3.25 ~1,80.

BAI TAP
Ciu 1: Mau s liéu sau day cho biét san luong lua ( dv ta) ciia 5 thira rudng thi nghém c6 cing
dién tich
20 21 22 23 24

a) Tim san lugng trung binh
b) Tim phuong sai va do 1éch chuan.
¢) Tim khoang blen thién, khoang tir phén vi
Cau2: Nguoi ta tién hanh phong van mot sO nguoi vé chat luong cua mot loai san pham moi.
ngudi diéu tra yéu cau cho diém san pham ( thang diém 100) két qua nhu sau:
80 65 51 48 45 61 30 35 84 83 60 58 75
72 68 39 41 54 61 72 75 72 61 58 65
a) Tim phuong sai va d6 1éch chuan. Nhan xét gi vé cac két qua nhan duoc.
b) Tim khoang bién thién, khoang ttr phan vi
c) Tim gi4 tri bt thuong

BAI 5: KHONG GIAN MAU VA BIEN CO
I. PHEP THU NGAU NHIEN VA KHONG GIAN MAU

1. Phép thir ngﬁu nhién

Phép thir ngdu nhién (goi tat 1a phép thir) 1a mot phep thir ma ta khong doan trude duoc két
qua cua no, mac du da blet tap hop tat ca cac két qua co thé co cua phép thi do.

2. Khéng gian miu

Tap hop cac két qua co thé xay ra ciia mot phép thir duge goi 1a khong gian mau cia phép
thir d6 va ky hi¢u la Q.

Vi du: Khi ta tung mot dong xu cd 2 mit, ta hoan toan khong biét trude duoc két qua cua no,
tuy nhién ta lai biét chac chan rang dong xu roi xuéng s& & mot trong 2 trang thai: sap (S) hodc
ngura (N).

Khong gian mau cta phép thirla Q={S; N}

1. BIEN CO

1. Mot bién cb 4 (con goi la sy kién A4 ) lién quan t&i phép thir 7 1a bién c¢b ma viéce Xéy ra
hay khong xay ra ciia n6 con tiy thudc vao két qua cua 7 .

Mbi két qua cta phép thir 7 1am cho bién ¢ 4 xay ra dugc goi 1a mot két qua thuan lgi cho
A.

2. Téap hop céc két qua thuan loi cho 4 duoc ki hiéu boi 4 hodc Q. Dé don gian, ta c6 thé
dung chinh chit 4 dé ki hiéu tap hop cac két qua thuan lgi cho 4.

Khi d6 ta cling no6i bién c¢6 4 dugc mo ta boi tap 4.

3. Bién c6 chic chin 1a bién cb ludn x4y ra khi thyc hién hién phép thir 7. Bién 6 chic
chdn duoc mo ta boi tip Q va duge ky hiéu 1a Q.

4. Bién c6 khong thé 1a bién cb khong bao gio x4y ra khi thyc hién phép thir T . Bién cb
khong thé dugc mo ta boi tap @.
-]
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5. Cac phép toan trén bién cb

» Tap Q\ 4 duoc goi la bién cb dbi cia bién cd 4, ki hiula 4. Gidsir 4 va B 1a hai bién
cb lién quan dén mot phép thir. Ta co:

» Tap AV B dugc goi 1a hop cta cac bién cd 4 va B.

» Tap AN B dugc goi 1a giao ctia cac bién cé 4 va B.

*Néu AnB=2 thitandi 4 va B xung khic.

A A
)
(6). Bang doc ngon ngit bién cb.
Ki hiéu Ngén ngir bién ¢
4eQ 4 labién cb
A=0 A 12 bién c6 khong
A=Q A 12 bién c6 chic chin
C=AUB C labién cd “ 4 hoic B”
C=4NB Clabiéncd“4 va B”
ANB=C A va B xung khic
B=4 4 vi B d6i nhau
BAI TAP

Bai 1. Gieo déng tién ‘hai lan. S6 phﬁn t c1"1~a bién cb dé mat ngura Xuait hién it nhat mot lan.
Bai 2. Gieo 3 déng tien 1a mot phép thfr ngau nhién co khépg gian mau la gi? ’ )
Bai 3. Gieq mot dong Xu can doi va dong Chﬁt lién tiép ba‘lén. Goi 4 1a bien c6 “Co it nhat hai )
mat sap xuat hién lién tiép” va B la bién co “K&t qua ba lan gieo 1a nhu nhau”. Xac dinh bién c6
AUB.
Bai 4. Gieo ngau nhién mot dong tién cin dbi va déng chat 5 1an. Tinh sb phan tir khong gian
mau.
Bai 5: Gieo mot dong tién ba lan:
a) Mo ta khong gian mau
b) Xac dinh cac bién cb
A: “Lan tht hai xuét hién mat sép’ ’
B: “Mit sap xay ra ding mot 1an”
C: “Mit ngira say ra it nhat mot 1an”’
Bai 6: Gieo mot con stc sic hai lan:
a) Mo ta khong gian mau;
b)  Xac dinh cac bién cb:
A: “Lan dau xuat hién mat sau cham”’
B: “Tdng s6 chim cua hai 1an gieo 13 tam”’
C: “Sb chdm hai 1an gieo gidng nhau’’.
Bai 7: Mot hop chira 4 cai thé duoc danh sé 1,2,3,4. Lay ngau nhién hai thé:
a) MBb ta khong gian mau;
b)  Xéc dinh cac bién cb sau:
A: “Tdng cac sb trén hai thé 14 s6 chan’’;
B: “Tich cac sb trén hai thé 1a chin”’.
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BAI 6. XAC SUAT CUA BIEN CO. CAC QUY TAC TiNH XAC SUAT
I. XAC SUAT CUA BIEN CO
* Gia str mot phép thir c6 khong gian mau Q gdm hiru han cac két qua c6 cung kha ning
xay rava 4 1a mot bién cd.
o Xdc sudt ciia bién c6 4 1a mot sd, ki hiéu 1a P(4), dugc xac dinh boi cong thic:

n(4)
P(A4) = :
n(Q)
* Trong d6: n(A) va n(Q) 1an luot ki hiéu sd phan tir ctia tap A va Q.
(& Chii y:
@ 0<P(A<I

@ P(Q)=1, P(@)=0
II. TINH XAC SUAT BANG SO DO HINH CAY ‘
Trong chuong VIII, ching ta da dugc lam quen v6i phuong phap sir dung so' d6 hinh céy dé
liét ké cac két qua cua mot thi nghiém. Ta cling co6 the st dung so d6 hinh cdy dé tinh xéac suat.
(¢ Vidu1: Tung mot ddng xu can dbi va ddng chat 3 1an lién tiép. Tinh
xac suat cua bién cd A: “Trong 3 lan tung co it nhat 2 1an lién ti€p xuat
hién mat sap”.

Loi giai
Ki hiéu S néu tung dugc mit sap, N néu tung dugc mit ngira. Cac két qua co thé xay ra
trong 3 lan tung dugc thé hién & so d6 hinh cdy nhu Hinh 2.

C6 tat ca 8 két qua co thé xay ra, trong d6 c6 3 két qua thuén loi cho A. Do d6: P(A) = >

8
Lin 1 Lin2 Lin3 Kétqua A xayra
S SSS co
S <
N SSN co
S
S SNS  khéng
N <
N SNN  khéng
N < S NSS co
N NSN  khong
N
N < S NNS  khong
N NNN  khong
Hinh 2

111. BIEN CO POI )
Cho A 1a mdt bién c¢6. Khi d6 bién c6 “Khong xdy ra A”, ki hi¢u 1a A, dugc goi 1a bién co
doi cua A. B
A=Q0\A; P(A)+P(A) =1
Tir @6 suy ra: P(A4)=1-P(4)

(£ Vidu2: Gieo dong thoi ba con xuc xdc can ddi va dong chat. Goi A
13 bién ¢6 “Tich sb chAm ¢ mit xuét hién trén ba con xuc xic d6 1a s6
chan”.

a) Hay tim bién cb ddi cta bién cb A.
b) Hay tinh xéc suét ciia bién cd A.

Loi giai
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a) Bién c6 dbi cua bién ¢b A 1a bién ¢ “Tich cac sb chAm & mit xuét hién trén ba con xtc
xac d6 1a s6 18”.

b) Tong sb két qua co thé xay ra cua phép thir la n(Q) = 63

A xay ra khi mat xuét hién trén ca ba con xtic xdc déu c6 s6 cham 1a sb 1¢. Sb két qua thuan
lgi cho A lan(A) = 33.

Xéc suat ciia bién cd A 1a P(A) = —3 = g

Xéc sudt ciia bién b A 1a P(A) = 1 P(A) =1

IV.NGUYEN Li XAC SUAT BE

* Trong thyec té, cac bién cb co xac sudt xay ra gan bang 1 thi gan nhu 1a lu6n xay ra trong
mot phép thir. Nguoc lai, cac bién cd ma xac suat xay ra gan bang 0 thi gin nhu khong xay ra
trong mdt phép thir.

* Trong Li thuyét Xac suét, Nguyén li xac suit bé dugc phat biéu nhu sau:

(&' Néu mét bién cé c6 xdc sudt rat bé thi trong mot phép thu, bién cé do s€ khong xay ra.

* Vi du nhu khi mdt con tau luu thong trén bién, x4c suat no bi ddm 1a sb duong. Tuy nhién,
néu tuan thu cac quy tic an toan thi xac suat xay ra bién cb nay 1a rat nho, con tau co thé yén tim
hoat dong.

* Néu mot nha san xudt tuyén bb ti le gy soc phan vé nang khi tiém mot loai véc xin 14 rat
nho, chi khoang 0,001, thi ¢6 thé tiém viac xin d6 cho moi nguoi duoc khong? Cau tra loi 1a
khong, vi stre kho¢ va tinh mang con nguoi la vo gia, néu tiém loai vic xin d6 cho hang ti nguoi
thi kha nang c6 nhiéu ngudi bi sbc phan vé ning 14 rét cao.

Bai tap 1: Gieo mdt con xtc xdc can doi, déng chét. Tinh x4c suit xuat hién mat chin.
Giai
Goi A, 1a bién ¢6 xuat hién mit i cham va A 1a bién c6 xuat hién m3t chan thi
A=A,+A, +A,
Ta thiy phép thtr c6 khong gian mau 13 6 bién cb ddng kha ning xay ra trong d6 c6 3 bién cb thuan
loi cho A.
1
6 2
Bai tap 2: Trong hop gom c6 6 bi mau tring, 4 bi mau den. Tim xac sudt dé lay tir hop ra duoc:
a) 2 vién bi mau den;
b) 3 vién bi mau tring.
Giai

P(A) =

Goi A 1a bién c0 lay tu hdp ra dugce 2 vién bi mau den va B 1a bién co 1ay tir hop ra 3 vién bi
mau trang.

2
Tacod: a) P(A) = —= G, _£z0,133
C2 45

C3
b) PB) = o =20 L0167
cl 120
Bai tap 3: Rat ngau nhién tir mot bo bai ta lo kho ¢6 52 14 ra 5 1. Tim x4c sudt sao cho trong 5 14
rut ra co:

a) 214 do va 3 14 den;
- - - -
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b) 2 con 1o, 1 con co, 2 con chudn.
Giai
Goi A 1a bién c6 riit ra dugc 2 14 @6 va 3 1a den.
B 14 bién ¢6 rit ra duge 2 con rd, 1 con co, 2 con chudn.
S6 bién co thé xay ra khi rat 5 14 bai 1a: C3,
a) S6 bién c6 thuan loi cho A 1a: C2,C3,

CxCx 845000

P(A) = _ -
) C, 2598960

0,3251

b) S6 bién cb thuan loi cho B 1a: C3C!.C?

13713 713"
BAI TAP
Bai 1: Vi cac chir sd 1,2, 3, 4, 5.

a) C6 thé 1ap ra bao nhiéu sé ty nhién gdm 3 chir sé khac nhau;

b) Chon mét s6 tu nhién d6.Tinh x4c suét s6 tu nhién do6 1a s6 chn.

Bai 2: M§t nhom hoc sinh gém 6 nam va 4 nit. Chon ngau nhién 4 hoc sinh.
Tinh x4c suét dé:

a) Ca 4 hoc sinh duogc chon déu 13 nam;

b) Bdn hoc sinh dugc chon 1 2 nam va 2 nit.

Bai 3: Gieo dong thoi hai con xtc xdc. Tim xac suat de:

a) Tong s xuat hién trén hai con 13 7;

b) Tong s6 nét xuét hién trén hai con 13 8;

¢) S ndt xut hién trén hai con hon kém nhau 2.

Bai 4: Trong hop gdm c6 6 bi den va 4 bi tring. Rt ngiu nhién tir hop ra 2 bi.
Tinh xéc suét dé duoc:

a) Hai bi den;

b) it nhat mot bi den.

Bai 5: Mot hoc sinh di thi chi thudc 25 cau héi trong s6 30 cau hoi. Mdi hoc sinh di thi phai rat ra
3 cau hoi. Tinh x4c suét:

a) Hoc sinh d6 tra 161 duoc ba cau;

b) Hoc sinh d6 tra 161 it nhat mot cu.

Bai 6. Gieo mdt con suc sic can ddi va déng chét, xac suit dé mat c6 sd chdm chin xuit hién la
bao nhiéu?

Bai 7. Trong gid co 5 doi tat khac mau, cac chiéc tat ciing doi thi cung mau. Ly ngau nhién ra 2
chiéc. Tinh xéc suat dé 2 chiéc d6 cuing mau.

Bai 8. Mot 16 hang ¢6 100 san pham, trong d6 c6 80 san pham tét va 20 san phdm x4u. Liy ngiu
nhién 4 san pham tir hop, tinh xac sudt dé 4 san pham l4y ra déu 1a san pham tdt.

|
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Bai 9. C6 3 chiéc hop. Mdi hop chira 4 tAm thé dugc danh sb tir 1 dén 4. LAy ngiu nhién tir mdi
hop mat thé. Tinh x4c suat dé 3 thé duoc lay ra déu mang s6 chan.

ON TAP CHUONG VII
Bai 1: Tir cac chits6 0, 1,2, 3,4, 5.
a) C6 thé 1ap duoc bao nhiéu sé ty nhién 1é gém 3 chit s6 khac nhau;
b) C6 thé 1ap dugc bao nhiéu sb ty nhién gdm 3 chir s6 khac nhau va s ty nhién
d6 chia hét cho 5.
Bai 2: Hay tim: i
c¢) So hang thir 6 trong khai trién: (3 — x)'°

15
d) Tim hé s cua sb hang thir 4 trong khai trién: (\/; + lj
X

Bai 3: Mot hop chira 4 cai thé duoc danh sb 1, 2, 3, 4. Lay ngau nhién hai thé:

a) Mo ta khong gian mau;

b) Xac dinh céc bién cb sau:

A: “Tdng cac sb trén hai thé 1a sé chin”’

B: “Tich cac s trén hai thé 1 chan”’.
Bai 4: Mot hoc sinh di thi chi thudc 25 cau hdi trong s6 30 cau hoi. Mdi hoc sinh di thi phai rat ra
4 cau hoi. Tinh x4c suat:

a) Hoc sinh d6 tra 161 duogc 4 cau hoi;

b) Hoc sinh d6 tra 101 it nhat 2 cau hoi.

|
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